PHY 300 Lab 2, Fall 2008 Sep. 18, 2008
Lab 2: coupled oscillators

1 Introduction

In this experiment you are going to observe the normal moflesaillation of several different me-
chanical systems, first on the air tracks and then using somged pendula. The normal modes of
motion of a system of coupled oscillators are ‘stable’ wigkpect to time. That is, if you start the
masses of a system oscillating in one of the normal modes laselee it for some time, the motion
will have constant characteristics as its amplitude debagsiuse of the ever present friction forces.
Also, the frequency of oscillation of all the masses in thetem is the same, and each of the masses
executes simple harmonic motion at this frequency. Theuaqy is called the natural frequency
of the normal mode or an eigenfrequency of the system. Threreaatain relationships between the
eigenfrequencies and the frequencies of the uncoupletiadscs that will be discussed later.

If a system is excited into oscillations that are a mixturenofmal modes, then the motion will
change character over a period of time. Perhaps one of threeadll decrease amplitude and pass its
energy to another mass, which will later pass the energy.lfgkh motion is clearly different from
simple harmonic motion and therefore does not constitutemal mode, even though the oscillations
are all at the same frequency. The exchange of energy gbnecalrs at a frequency that is quite
different from the oscillation frequency. (Read this pagegdy a second time.)

2 Theory

Begin your study with two equal mass gliders on the air trackhown in FigldlL. If the masses are not
equal, certain complications arise that can obscure thelity of the motion, so you should remove
all extra weights, clips, etc. and be sure that you have twe shequal mass that you can mount
on these gliders for damping the motion by air friction. Tive gliders are coupled together with a
spring as shown in the diagram. This coupling is somewhatdigthan the coupling you will later
use with the two pendula, but it is not perfectly rigid; withigid bar the system would have only one
mode of oscillation because the gliders would not be abledeennelative to one another.
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If you displace the gliders symmetrically from their inltegquilibrium positions and release them,
their oscillations will die down in time, but the relativespiacements of the two gliders will maintain
a constant relationship. For example, if you push them tdwae another by the same amount and
release them, the displacement of one will always be equakignitude but opposite in direction to
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the displacement of the other. If you displace them both ®%de by an equal amount and release
them, they will oscillate together in a way that preservesrtquilibrium separation. You should be
able to observe both of these normal modes of oscillatioh thie pair of coupled masses before you
go any further.

You should observe that the two normal modes described dtroxeedifferent frequencies. Mea-
sure these frequencies. You should rotate the sails on itherglso that they are parallel to the air
track to minimize damping in order to do this part of the expent. There will then be many oscil-
lations for you to count before all the energy of the systetnss Now hold one of the masses fixed
and measure the oscillation frequency of the other mas®, filsthe second mass and measure the
oscillation frequency of the first one. What is the relatlipsamong the four frequencies you have
measured?

In the case of one mass vibrating with the other held fixed tbguency is simplyw = /2k/M
since the restoring force on the displaced masakis (because there are two springs each con-
tributing kx). For the oscillations with the distance between the giidmmstant, the frequency is
w = 4/2k/2M since there might just as well be a massless rigid bar bettveegliders making it
a mass oM oscillating under the same conditions as the single masgealdéor the case of the
masses oscillating in opposite directions, the frequesey- /3k/M since the restoring force from
the middle spring ik (its stretch is twice the displacement of either mass) glasiormal restor-
ing force from the outside spring. The frequencies you mreashiould therefore be in the ratio of
1 : /2 : v/3. Also notice that the sum of the squares of the individuaillasion frequencies (first
one mass fixed and then the other) is equal to the sum of theesgokthe frequencies of the normal
modes. This is not an accident!

It is constructive to consider the motion of the center of sn@M) of the system of gliders in
each of the normal modes. In this case it is easy: in the higiuEncy mode (called the optical
mode) the CM remains fixed at the middle of the center spriray ¢an hold the spring at this point
without disturbing the oscillation. This point is called ade of the motion. In the low frequency
normal mode (called acoustical mode) the CM oscillates etattoustical frequency. In the optical
mode there is motion with respect to the CM, but the CM is atetiy. In the acoustical mode there
is no motion with respect to the CM, but the CM moves. Thesegaresral properties of these two
types of modes.

Consider the motion of the gliders with respect to the CM. Himes the motion look from a
coordinate system moving with the CM in each of the normal @saaf oscillation? Describe it.

3 Procedure

The normal modes of motion represent the way a system of eduphsses oscillates naturally. In
order to see what happens to a system of coupled oscillativendcat some frequency, consider the
analogy to the case of a single mass where the motion isateciflat the driving frequency with an

amplitude that is a maximum when the driving frequency issé¢mthe natural frequency. Since the
coupled oscillators have two natural frequencies you nmegpect there to be two resonant maxima in
the amplitude of the driven motion. In order to test this, gbould mount the sails on the gliders for
damping and proceed to drive them at various frequencieg tise variable speed motor. You should
record the amplitude of oscillation of each mass as a funaifahe driving frequency and plot the

result. You should observe two resonant maxima for each amshown in Figl]2, and the maxima
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should occur near the natural frequencies you have alreadguned.
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Optional Advanced Work: If you would like to do some advanced work on this system you
should go through exactly the same procedure for three eduphsses. There are now three normal
modes. You might guess that one of them is an acoustical madarsto that of two masses in which
all three masses move together as if they were connectedigithrods. This is a good guess but
it's not correct simply because this middle mass would beeetgul to oscillate but the sum of the
forces on it from the two springs would always be zero. Thibdsause these springs retain their
equilibrium length. It is therefore necessary that the r@addass oscillate with a larger amplitude but
at approximately the same phase as the outside masses icotltiaal mode. This mode is hard to
observe by starting the gliders oscillating at some poinahee you don’'t know the amplitude of the

center glider. The frequency would be= ,/2k/3M as long as all three gliders have equal mass.

A little thought might lead you to guess that another normadlenconsists of the two end masses
oscillating in opposite directions with the center one eettly stationary. You can verify this by
starting the motion and then seeing if it maintains itseldl #nboth the masses oscillate with the
same frequency. Actually the center one can be said to atc#lt that frequency too, but with zero
amplitude. If you do it carefully, the middle mass will nevaove as the oscillation of the end ones

dies out. Show that the frequency of this oscillation is gitsg w = |/2k/M.

The third normal mode is a little more difficult to discover synply studying the equipment.
You can find it by putting the sails on the gliders and driving system at various frequencies. You
can find the approximate frequency by using the rule of the stithe squares of the frequencies
described before. The oscillation frequency of each imfial mass, if the the others were clamped,

isw = +/2k/M (they're all equal) and so the sum of the square&:i§\/. The two frequencies we
have discussed can be squared and summed td&ig¢x /M so the frequency of the third normal

mode is expected to he = /10k/3M. This is higher than the other two frequencies, but if is
still within the range of your motors. You should measuredkeillation frequencies of the clamped
masses to verify the above calculation, and when you find dnmal mode, you should verify the
sum of the squares relation.

Plot the amplitude of oscillation of one of the masses vefgeuency and you will findhree
resonance maxima, two of which correspond to the normal siyagehave already predicted. Observe
the first normal mode and measure the amplitude and phase cktiter glider. Observe the third
normal mode and measure its frequency. If you set the dritleeatesonance frequency of any of the
modes and then switch off the motor, will the oscillationsalewithout changing frequency and still
maintain the characteristics of the motion? If you are edygbu should be able to observe this.
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Consider the motion of the CM of the three coupled oscilat@escribe the motion of the CM
for each of the three normal modes of oscillation. Descriteerhotion of each of the gliders with
respect to the CM for each of the three normal modes. Coulddgoilnis for motion of the system
which is a mixture of normal modes?

4 Hintsand Kinks Department

You must remember to wait some time for oscillations at théesirable frequencies to die out after
you change the driving frequency of the variable speed m@tnerwise you will have the kind of
problems of mixed modes described at the end of Experimemdrhgely, the motion will be a super-
position of two or more frequencies. With coupled osciltatthe system is much more complicated
and too difficult to analyze in that simple way, so it's im@ort to be patient.

The damping time of an air track glider with sail is also colesably longer than the spring in
Experiment 1. You may want to measure it by clamping one ghahel just watching the other one’s
oscillations damp out (of course, with no drive). Sufficeoitsiay that the motion at any frequency
which is not a pure eigenfrequency will decay into a supetjposof the normal modes of the system
resulting in a rather complicated motion.

It is very important to match the masses of the system aslglasepossible. If you don't, the
normal modes will not be symmetrical in the coordinate dispments. Of course normal modes
exist for any system, whether or not the masses are equakllysie displacements are inversely
proportional to the masses so that the CM of the system bshaube same way as the center-of-
mass of a system with equal masses. Remember that the sailst th@ve zero mass, so that the
measurements you make of the resonant frequencies withrotieses clamped should have the sails
mounted but turned parallel to the track.

Be sure you do not drive the system into oscillations thasarkarge that the springs pop off. Be
careful not to overheat the motors.

5 Coupled Oscillators With Variable Coupling

Connect the strings of two pendula with a massless (almiggt) nod such as a soda straw. You can
do it by cutting short slits in the ends of the straw and shgpihe string of each pendulum into the
slits at the end of the straw. The distance between the pemdsirings should be just a few mm
less than the length of the straw. You should slide the cagpiod up the string until 9/10 or more
of the string is below the coupling. Find and describe themadmodes of oscillation in the plane
of the strings of this system of coupled oscillators (hihere is an acoustical and an optical mode).
What are the frequencies? Show that the measured values bEtfuencies are consistent with the
expected values. Do they also satisfy the sum of the squale?® (How would you ‘clamp’ one of
the masses in this case?)

You should observe and measure the frequencies of the norodds for several different heights
of this coupling bar. Make a plot of the frequencies of themalrmodes versus height of the coupling
bar. Is the result what you expect? Why or why not? Prove tiafrequency of one of the normal
modes is independent of the height of the bar, and that ther otbrmal frequency depends on the
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square root of the distance from the bar to the pendulum bdiicWis the optical mode and which is
the acoustical?

Put the bar near the top of the strings, displace one of thdytem bobs, and release it. What
happens? Describe the motion in detail. Go back and reacettumd paragraph of this write-up for
a third time. How long does the phenomenon you observe take® time depends on the degree
of coupling and therefore on the height of the bar. Measuwdithe it takes versus height of the bar
and make a graph. Does the curve look familiar? Is it relateghything we have done before? Is it
related to the eigenfrequencies? How? Plot the time forggrteansfer versus eigenfrequency to find
out. Speculate on the formula for the time versus bar heigiglg Can you derive it?

If you put the bar too low (lower than about 1/2 of the lengtithef strings) you will find that there
is substantial coupling to another normal mode of oscdlatthe torsional mode. Be careful to avoid
it in the measurements above, but if you choose to do advamoddon this experiment you should
study this mode as well as other normal modes of oscillatidhesystem. There are a total of four
normal modes - why is this? Can you observe them all? Destiréra.

For further advanced study you should try coupling threedp&nby putting a slit in the middle of
the straw and slipping the string of a third pendulum inteé#d Fig[3). What measurements can you
make with this system? What can you predict about the rés@tn you describe the motion of and
with respect to the CM? Can you do it for just two pendula? Gamn yerify your predictions about
the motion?
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three coupled pendula, al-
. ' though you'll start this exper-
iment using only two pendula.
On the right is a “compound
pendulum”, which is simply
® 0 o another form of coupled oscil-
lators.

You should also make a double pendulum, as shown on the riggito$ Fig.[3. What are the
normal modes of motion? What are their frequencies? Makeunements. Do the frequencies obey
the sum of the squares rule?

There are many options open to you in this experiment. Piegkarsome of them that interest
you and do them. Work carefully and accurately so that ydartsfwill not be wasted. It is better to
do a small amount of work well than to try everything and doogpy job.

6 Hintsand Kinks Department

Pick an amplitude that is large enough to be easily obsesydiit not so large that the pendulum
weights collide. Remember also that a pendulum only exseaiteple harmonic motion if the maxi-
mum of excursion is a few degrees.

In both this and the air track experiments you should try &pkitne oscillating masses from being
disturbed by random air currents. Don’t move around exgebgiand don't breathe on the oscillators
while you are trying to take measurements.
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