Photons? Waves? Rays?

You've had PHY 251, so you know all about photons from Planck
and Einstein. Light comes in discrete packets of en&gyhc=
and momenturp = Ec.

But then we stepped back a few decades, and learned from Nlaxw
that light can be described in terms of electromagnetic wave

But if we step back even further, physicists described light
propagation in terms of ray optics. What's withat?

How do waves travel in straight lines? The answer: they oimig&
sorta do.

But before we address this question, let's consider sonoe$ssf
adding up waves.



Adding waves

Wave superposition

Back in Lecture 2, we learned a few things about adding wages u
A movie to illustrate how phase affects wave additiohése

i If we addN wavesjAje' * ° with identical magnitudejj and

frequencies but random phase offsets (incoherent
superposition), we found a net or resultant magnijiRj®f

q p_
jRiinconerent= N A2 =" NjAj: (1)

If all the waves have identical frequencies and identicalgeh
offsets €oherentsuperposition), we found

- P— P—— o
jRiconeren=  RZ = N2A? = NjA;: (2)

What about intermediate cases, where the phases are not
completely random but are not absolutely identical either?



Wave superposition

Let's now consider the
addition of waves where
the phase is neither
uniform, nor completely
random.

Instead, let's consider
phases that vary uniformly
about zero over a uniform
range.

How is the sum of many
waves affected by the
range of starting phases?
See at right.

We see that if the phase is
within about =4, the net
effect is only moderately
reduced. This is known as
theRayleigh quarter wave
criterion.

Adding waves Il
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Ray optics

Rays and Fermat's principle

Consider light traveling
from point A to point

B. If we consider point
A to be emitting
spherical waves, why
do we draw a straight
line ray path to point B?

Let's think about two simple cases: a wave traveling a distan
along a straight line (path A), and a wave traveling througbiat
y off of the straight line (path B).

PointA 72 PathA  z2 Point B

In each case the wave propagates accordireg f*, wherek
diverges to all directions in the case of a spherical wavélgsh
describes the vector path.



Ray optics

Apparentdepth
fagr

Rays and Fermat Il

Again, we're path C

considering the straight

line path A versus the pathB ____

off-axispathBin  «Lesazzo 270 IVASRLEEEE R

e IMkx. PointA Z2  PathA  Z2  pointB

Let's handle the path by saying that we have spherical walés (
directions ink) and a distance along a particular path. That is,
nk %) nk where’ measures the distance along a path il
the refractive index, telling us the speed of wave front pugadion.

We refer ton” as theoptical path lengthandnk’ as the
accumulated optical phase.

For the straight line path A, the distance travelethis z
For the off-axis path B, the distance traveled is
r r 5
. z ,
=2 (3P+¥=z 1+(22 z 1+ 207

where we have made use of the binomial expansion.



Rays and Fermat Ill

R Again, we're
considering the straight
line path A versus the

off-axis path B in
e IMkx PointA 22 PathA 22 Point B

Path A has an optical path lengthfy = nz
Path B has an optical path lengthrog ' nzZ1+ 2y?=7)

These paths, plus those “bounded inside,” reinforce edudr dft
their net optical path lengths are within= 4:

B oAl z 1+ 2(3—2/)2 z
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Ray optics

Rays and Fermat IV
From Eq. 3 we fpund that

paths withjyj z=8 satisfy Path C

theRayleigh quarter wave

criterion; they add up nearly ___Ee_n_h?{..]y ___________
coherently. PomiA 22 PathA 22 PontB

Consider = 532 nm (green
laser pointer), and= 5
meteg: this says

i (532 10 °)(5)=8)
orjyj  0:58 mm.

So waves that travel within a
millimeter of the straight line
path satisfy the quarter-wave
criterion, and add up nearly
coherently.

With z= 1 mm, we have
ivi 8 m.
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Ray optics

oparent depth

Rays and Fermat V

By the way, the Rayleigh quarter wave criterion is relatethto
method of stationary phase in complex integrals.

Also, we'll see later on that we can do the “adding up waves”
calculation using Fourier transforms, and nd that the @attwe
calculated is equivalent to the diffraction pattern of aaagular
aperture{sin(x)=xJ°.

And nally, what we have shown is Fermat's principle, which i
that light travels the path of least time (because that'siiremum
optical path lengtm’ or minimum phasek™ path, which does not
get canceled out by other paths).
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. The Huygens construction
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The Huygens construction
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Huygens Il

Huygens

The Huygens construction shows us that we can make a plaree w
from lots of little spherical wave point sources.

A plane wave travels in a particular direction, like a ray sloe
So we have yet another way of justifying light traveling agsta




Snell's law

oparent depth

Snell's law

Apply Fermat's principle to a
ray reaching an interface
between two different
refractive indices; andn,.

This was done by several
people, including Ibn Sahl in
984, Thomas Harriot in 1602,
the Dutch mathematician
Willebrord Snellius in 1621,
René Descartes in 1637
Most of them before Fermat'
principle!

We know it today as Snell's
law: nysin 1 = npsin 5.

SWe use a darker shading fos
to indicaten, > nj.



Snell's law

Apparentdepth
fagr

Deriving Snell's law

We have shown that light travels according
to the principal of stationary phase, or least
time. Let's consider how light goes fror
point P; to P, as it travels across a refrar
tive boundary. The time is distance over v
locity, or

I I
222

I1n lon
11+22

t= L @)

Vi Vo C C

where we have used the phase velogjty
c=n. Light will travel along a straight line !
within one medium, but what about at ¢ ™
interface? What value df minimizes the
travel time/produces a path of stationary
phase?




Snell's law

Snell's law Il

To nd the path of least time, let's write thi
lengthsl; andl; in terms ofb:

g q —
li= i+ b2 o= yi+(a b)?

Y, |

The travel time of Eq. 4 then becomes

myi + P12 mbi+(a b))

c

(5)
To minimize the time, let's set the derivati\
as we vanp equal to zerodt=db = 0.

t=

Y, |




Snell's law

Snell's law llI

Again, we want to minimize the time of Eq. 5 of

(= Mbi+ P b+ (a D)
C C

by settingdt=db = 0:

dt _ Im[yi+ b7 2 1mfyz+(a b)? ¥2
b 0 = 5 c 2b+ > c 2(a b)( 1)
a b
0 = Mp—— mp———m—— 6
1Hy§+b2 2r—'y§+(a b)2 ()



Snell's law

Apparentdepth

Magni cation

Snell's law 1V

Again our condition for minimizing the
time was given in Eq. 6:

O—n“_b n“_a b :
TVre T r(a b v

If we consult again our original diagram, w

A4
A

see that we can also express this as

0
givingng sin

nisin 1 nxsin »
npsin » G

so we have proved Snell's law.



TIR: total internal re ection

TIR
Apparent depth Again, withn, > n;, we can n,
e get total internal re ection. n
. 2

SO As ;increases,; goesto 90
Lensmakers equaton and then you get total interna

re ection!

Known as the critical angle.: n

nysin90 = npsin ¢, or
sin ¢ = ng=n,.




TIR

Apparentdepth

Magni cation

TIR for swimming pools

Remember Snell's law:

nisin 1= nysin ».

Sit at the bottom of a

swimming pool (water:

ny = 1:33) and look up at the

sky, wheren; = 1. Thatis,

no > nNp.

As ;increases,; goes to 90 n
and then you get total intern

re ection! 2

Pool photohttp://lifshitz.ucdavis.edu/~dmartin/phy7/7C/Refrac tion/Refraction.html



TIR

Apparentdepth
fagr

TIR for X rays

Reminder: we get Total
Internal Re ection (TIR)
within n, at a critical angle
sin ¢ = ni=n, whenn, > ny.
But for X raysn= 1 i,
orjustn=1 if we ignore D
absorption.

Therefore we hava, > nq if
n, = 1 for vacuum/air, and
n=1 for a medium.

That is, external re ection for

q,.

X rays is reallytotal internal
re ection!

The critical angle is

sin =1 with . from the
surface normal, or

cos =1 fromthe
surface.




TIR

Apparentdepth

Magni cation

X-ray critical angle ?

Again, for X rays we haveco§ =1  with ?measured from
the surface.

Since is small, let's use an approximation:

(92,
1 < 0

cos P P
2

=1 ) o T2 = T2

Since is small, X rays only re ect at small grazing angles!
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Refraction

Appare
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cation

Refraction at a curved interface

Consider refraction at an interface with
aradius of curvature R. We'll follow a
ray from the poinO as it travels at some
angle and hits the interface at a poil
P. Now Snell's law tells us

nisin 1 = npsin »

N1 N 2

mC ) " om(% ) (®

where we have used the small angle ¢
proximation. We get the relationshi

1= ' from considering the trian-
glesPCQ CPO, andPOQ We get the
relationship , = © ' from consider-

ing the triangle$CQ, CPI, andPIQ.




Refraction
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itdepth

Refraction I
Again, we had from Eq. 8 the relationship
()= %)

in the small angle approximation. Now let’
express these angles in terms of distance:

the diagram, where we ignore the distar n ( b
QV: Y .
h h, _ h  h 17 4 fale
ms R T Mg R © LEf
N1 np _ N2 N R

ST T R ©)

which is Fowles Eq. 10.4. Notice that

de ned the distances’ andR to be nega-
tive in anticipation of what will follow. This

is a general relationship for refraction at a
curved interface.



Apparent depth

Let's consider some consequences of the
expression of Eq. 9 of

N Nn_n n
1, M_ N M,

s & R

Apparentdepth

First of all, consider standing on the side
n, and looking at an object at poi@twithin
n;, and lettingR ! 1 for a at interface.
As you look at the object and as your bra

assumes that light travels in straight line ,a :
you will think that the object is really lo- | | L?;S:;;%V
cated at point. That is, the apparent depi e E
s of the object will be at
N _ nz
s 9
o = g (10)
Ny

so if you're trying to spear a sh you will
miss!



oparent depth

Magni cation

Magni cation
Now let's consider multiple rays from one
point to another, hitting a convex refractive
surface with positiveR. One ray hits the
spherical surface at; = 0 so that , = 0.
Another ray goes through the centerline of the
lens so that the angle from the source to the
refractive interface is equal (in the small angle
approximation) tv=s. The two rays cross ata
points’ on the other side of the surface (henpé
our choice of sign convention earlier fe). e
The second ray reaches that point at an angle °

2 = h%’. From Snell's law we have n,
n h n L
's 7 %9
. ho n]_SO
— o= om
giving m H s (12)

where the negative sign accounts for the fact
that the object is inverted.




Curved refractive surfaces

Consider two refractive surfaces. For the
rst surface we have

,,,,,,,,,,,,,,,,,,,,,,,,,,

N, N2_N2 M
— 4+ — =
s & Ry

Consider a second surface immediately fo
lowing. For it, we have the opposite order

ing for n; andn,, and we have the opposite | 5
radius of curvature, giving

(12)

n2 + n_m m
2 S R>
Here's the key: if the lens is truly thin, then X

L= o (14)

(13)




Two surfaces Il

We can rewrite our expression of Eq. 12 for the rst refraetinterface

as 1 1 1
n, n n
5= = 2= (15)
s n R ms
o and our expression of Eq. 13 for the second refractive iaterbs
QRECEED 1 n nl n 1l
e =1 2 a- (16)

. s- m R md

Now let's use the result of Eq. 14 s? = s, to combine these two:

momloml o om ol oml
017 R]_ N S Ny R2 Ny §
nitr o e 101
n s ny Ri R
1 1 nn n 1 1 1
—+ = = — = - Fowles 10.7
s S Ny R R f ( )



Lensmakers equation

Two surfaces I

For the overall optical system, we'll writefor s; ands® for 5.
Therefore we have derived the lensmaker's equation in Eq. 17

N Np 1 1
Ny Ry R,

0l

s 21 in
L f

This allows us to calculate the focal length of a lens with setyof

spherical surfaces. This equation assumBdor centers of curvature

located “downstream” of the lens, so for a double-conveg lga have

R =+ ]R]_j andR, = j sz
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