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Addition to homework

� For Monday, Sep. 29, you already had an assignment of doing
French problems 4-16, 17 and 5-6, 7, 9.

� Add three things to that assignment:
A) Show how to obtain Eq. 10 from Eq. 6 on today's lecture
B) Show how to obtain Eq. 12 from Eq. 6 on today's lecture
C) Using Eq. 10 from today's lecture, estimate the refractive index for

air assuming that it is composed entirely of nitrogen (look up the
density of air).

� This revised homework assignment is posted on the web page (as
are the solutions to HW3).

� And looking ahead:
� Monday, Sep. 29: lecture, plus homework due.
� Wednesday, Oct. 1: no class (Rosh Hashana).
� Monday, Oct. 6: Exam 1, in class. Exam will cover French chapters

1–5, plus the DDHO model of the refractive index (like the above
problems).
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Relating~E and~B
Last time we said:

� For electrostatically neutral material, Gauss' law gives
~r � ~E = ~r � ~B = 0 which, for waves~E = ~E0e� i(kx� ! t) and
~B = ~B0e� i(kx� ! t) traveling in thêx direction, means that
(~E0)x̂ = ( ~B0)x̂ = 0. Therefore for plane waves the~E and~B �elds
oscillatetransverseto the direction of wave propagation.

� From Faraday's law of~r � ~E = � @~B=@t, one obtains
� k(~E0)ẑ = ! t(~B0)ŷ andk(~E0)ŷ = ! (~B0)ẑ. Since multipication byi
represents a rotation by 90� transverse to thêx direction, this gives
~B0 = ( k=! )(~i � ~E0) sojB0j = ( k=! )jE0j = ( n=c)jE0j, and~E and~B
are mutually perpendicular.

� See this �gure from Grif�ths' E&M book for linear polarization:
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Expanding upon Gauss' law

� Consider~r � ~E = 0 for no enclosed charge (electrostatically neutral
medium) with~E = ~E0e� i(~k�~x� ! t) and~k = k̂x:

~r � ~E =
�

@
@x

x̂ +
@
@y

ŷ +
@
@z

ẑ
�

~E0e� i(kx� ! t)

= � ik~E0e� i(kx� ! t) x̂ + 0 + 0 = 0 (1)

or (~E0)x̂ = 0.

� That is, Gauss' law does not allow us to have anyx̂ axis component
to the electric �eld of an EM wave traveling in thêx direction.

� Ditto with ~B.

� Therefore for plane waves the~E and~B �elds oscillatetransverseto
the direction of wave propagation.
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Expanding upon Faraday's law
� Faraday's law says~r � ~E = � @~B=@t.

� Consider the curl of~E = ~E0e� i(~k�~x� ! t) with ~k = k̂x:

~r � ~E = (
@Ez

@y
�

@Ey

@z
) x̂ + (

@Ex

@z
�

@Ez

@x
) ŷ + (

@Ey

@x
�

@Ex

@y
) ẑ

=
h�

0 � 0
�

x̂ +
�

0 � (� ik)E0;z

�
ŷ +

�
(� ik)E0;y � 0

�
ẑ
i

e� i(~k�~x� ! t)

=
h
ikE0;z ŷ � ikE0;y ẑ

i
e� i(~k�~x� ! t) : (2)

� Consider the time derivative� @~B=@t for ~B = ~B0e� i(~k�~x� ! t) :

@
@t

~B = � � i! (B0;x x̂ + B0;y ŷ + B0;z ẑ) e� i(~k�~x� ! t) (3)

� If we match up vector components from Eqs. 2 and 3, we have

x̂: 0 = � i! B0;x ŷ: ikE0;z = � i! B0;y ẑ: � ikE0;y = � i! B0;z

(4)
which again indicates that there is noB �eld in the x̂ direction.
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Faraday's law II

� Again, from Eq. 4 we have

x̂: 0 = � i! B0;x ŷ: ikE0;z = � i! B0;y ẑ: � ikE0;y = � i! B0;z

� This tells us that there is noB �eld in the x̂ direction, which we
already knew.

� It tells us in thêy direction thatB0;y = � (k=! )E0;z = � (n=c)E0;z

� It tells us in thêz direction thatB0;z = ( k=! )E0;y = ( n=c)E0;y

� Again, we �nd out thatjB0j = ( k=! )jE0j = ( n=c)jE0j, and~E and~B
are mutually perpendicular.
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Refractive index as DDHO
� Recall that we used a damped, driven harmonic oscillator model

with

Ftotal = Fbinding + Fdamping+ Fdriving

me•x = � me! 2
j x � me
 j _x + q E0ei! t

� We found that this gave us an electric susceptability of

� e =
nae2

me� 0

X

j

fj
(! 2

j � ! 2) + i
 j !
: (5)

� Because we foundn ' (1 + � e)1=2 ' (1 + � e=2) we obtained

n = 1 +
nae2

2me� 0

X

j

fj
(! 2

j � ! 2) + i
 j !

= 1 �
nae2

2me� 0

X

j

fj
(! 2

j � ! 2)2 + 
 2
j ! 2

�
(! 2 � ! 2

j ) + i
 j !
�
(6)
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Refractive index as DDHO II
� We were able to write Eq. 6 in terms of separate real and imaginary

parts:

Re[n] = 1 �
nae2

2me� 0

X

j

(! 2 � ! 2
j ) fj

(! 2
j � ! 2)2 + 
 2

j ! 2
(7)

Im[n] = �
nae2

2me� 0

X

j


 j ! fj
(! 2

j � ! 2)2 + 
 2
j ! 2

: (8)

! =driving frequency
! j=thej th oscillator's resonance frequency
fj=the weight of thej th oscillator, such that

P
j jfj j ) Z


 j=the damping coef�cient for thej th oscillator.
� Since a wave propagates in real space ase� inkx, this gives

separately an absorption and a phase shift:

e� inkx = e� i Re[n] kx e� i ( � ij Im[n]j ) kx = e� ikxe� i(Re[n]� 1)kx e�j Im[n]j kx

� The Kramers-Kronig relations let us calculate Re[n(! )] from
Im[n(! )] and vice-versa.
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Plasma frequency

� In examining Eq. 6 of

n = 1 �
nae2

2me� 0

X

j

fj
(! 2

j � ! 2)2 + 
 2
j ! 2

�
(! 2 � ! 2

j ) + i
 j !
�

and ignoring the driving term! and damping terms
 j , we can
solve for a dominant resonant frequency! j which is referred to as
the plasma frequency! p:

! 2
p =

nae2

me� 0

X

j

jfj j =
nae2Z
me� 0

(9)

where we have recognized that the term
P

j fj is just the sum of all
the oscillators, which is the total number of electronsZ.

� Theplasma frequencyis the frequency at which we have collective
oscillations of the electrons in a solid. For most solids, the plasma
frequency corresponds to an energy of~! p ' 10–20 eV.
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EELS and the plasma frequency

100 keV electrons onto a thin �lm. Measure what fraction of electrons
lose what amount of energy in single inelastic scattering events.
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Visible light: the low frequency
limit

� For most materials, the plasma frequency corresponds to light in
the� = 100–200 nm wavelength range. This is why glass is
opaque to UV light.

� So visible light represents a low frequency limit! A Taylor series
expansion of with! � ! j then gives

Re[n] ' 1 +

 
nae2

2me� 0

X

j

fj
! 2

j

!

+ ! 2

 
nae2

2me� 0

X

j

fj
! 4

j

!

(10)

which agrees with a well-known empirical parameterizationof the
refractive index in glass: Cauchy's equation of

Re[n] ' 1 + A(1 + B=� 2) (11)
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What does the refractive index do?

� If we ignore attenuation, plane waves propagate as
exp[� iknz] = exp[� ikz] exp[� ik(n � 1)z].

� Thus there is a phase delay (wave slows down) of

k(n � 1)z = 2� (n � 1)
� z.

� If n = 1:5, it means that light gets delayed by half a wave per
wavelength. This can be used to make focusing lenses!
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Visible light dispersion

Again, we expected strong absorption below� = 200 nm or 0.2� m, and
n ' 1 + A(1 + B=� 2):

Frequency w

http://en.wikipedia.org/wiki/Image:Dispersion-curve .png
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On to high frequencies: X rays!

� We had from Eq. 6 the result

n = 1 �
nae2

2me� 0

X

j

fj
(! 2

j � ! 2)2 + 
 2
j ! 2

�
(! 2 � ! 2

j ) + i
 j !
�

� At high frequencies! � ! j and low damping
 ! 0, this reduces
to

n ' 1 �
nae2

2me� 0! 2

X

j

fj = 1 � �� 2(f1 + if2) = 1 � � � i� (12)

� At a particular driving frequency, we're using the complex quantity
(f1 + if2) for the net effect of all oscillators. We're also using

� = nare=(2� )

wherere = e2=mec2 = 2:818� 10� 15 m is the classical radius of
the electron (the radius at which the Coulomb energy equalsmec2).
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How to write the x-ray refractive
index

� It's completely arbitrary to say that forward wave propagation is
exp[� ikz] instead of exp[+ ikz]. Unfortunately, different books use
different conventions: : :

� With forward wave propagation as exp[� ikz], we have
n = 1 � � � i� = 1 � �� 2(f1 + if2).

� With forward wave propagation as exp[+ ikz], we have
n = 1 � � + i� = 1 + �� 2(f1 � if2).

� In any case, X rays in media have their phase advanced and their
amplitude attenuated.

� Soft x-ray literature (E <� 5 keV): (f1 + if2) is common.

� Hard x-ray literature (E >� 5 keV): (f0 + f 0+ if 00) is common,
wheref0 ' Z.
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But X rays haven < 1!

� n ' 1 � � � i� so(n � 1)
is small and negative.

� Crest of waves:phase
velocity is
vp = !

k ' c(1 + � f1� 2),
which isfaster than the
speed of light!

� But main body of wave
moves more slowly:
groupvelocity is
vg = d!

dk ' c(1 � � f1� 2),
as we'll see later: : :

� X rays undergo
dispersion, and thus are
attenuated. Think of
breakers crashing at the
beach: : :
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How X rays propagate

� Wave propagates as

exp[� iknz] = exp[� ikz] exp[� ik(n � 1)z]

= exp[� ikz] exp[+ ik� z] exp[� k� z]

� Phase isadvancedby exp[+ ik� z]

� Wave is attenuated by exp[� k� z]

X-ray refractive media

Wave propagation direction

Figure inspired by Benjamin Hornberger



Transverse E&M
waves

Refractive index as
DDHO

Plasma frequency

EELS

Visible light: low
frequency limit

X-ray refractive
index

Henke data

Phase and group
velocities

Beats

Calculatingvp

Calculatingvg

Visible light

X rays

Deep ocean waves

Refraction is opposite!

� Because phase isadvancedin materials, prisms work the opposite
way from visible light. Can that be so? Yes! Larsson, Siegbahn,
and Waller,Naturwiss.(1924):

� Lenses work the opposite way, too: concave lenses focus, rather
than defocus!
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Kramers-Kronig for X rays

� For X rays we haven = 1 � �� 2(f1 + if2)

� The Kramers-Kronig relationship then becomes (Henke, 1981)

f1(E) = Z +
2
E

Z 1

0

� 2 f2(E)
E2 � � 2 d� � � fr ;

where� fr is a small relativistic correction term that can usually be
ignored.

� Since x-ray intensity is attenuated in a material thicknesst by

exp[� 2k� t] = exp[� 4��� f2t] = exp[� � t]

we can determinef2 over “all” x-ray energies from absorption
measurements.

� We can then use this complete set off2(E) to determine the
phase-shifting part of the refractive indexf1(E) using
Kramers-Kronig!
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The Henke data

� At the University of Hawaii, Burt Henke worked with a series of
undergraduates to make exceedingly careful measurements of x-ray
absorption of all elements, over a wide energy range, using x-ray
tubes. (He did this while losing his eyesight over his career, too!)
We owe him a lot!

� At the end of his career, he moved to the Center for X-ray Optics at
Lawrence Berkeley Lab, where Erik Gullikson (a former student of
Henke) continues to re�ne the work.

� The Henke data:f2 from 10 eV to 30,000 eV over 501 energies, and
f1 from 50 eV to 30,000 eV.

� Original version: Henkeet al., Atomic Data and Nuclear Data Tables
27, 1–144 (1982).

� Latest version: Henke, Gullikson, and Davis,Atomic Data and
Nuclear Data Tables54, 181–342 (1993) with subsequent updates.
Seehttp://henke.lbl.gov/optical_constants/
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Behavior of(f1 + if2)

Notice: f1 ! Z at high energies, andf2 / E� 2 with edge jumps
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Phase and group velocities
� Now let's consider the case of two different wave frequencies and

propagation velocities but with the same amplitude. That is,
consider 1 = Ae� i(k1x� ! 1t) and 2 = Ae� i(k2x� ! 2t) .

� As in lecture 2, let� � � k1x + ! 1t and� � � k2x + ! 2t. Our
two-wave sum is then

 = Aei� + Aei� = A[cos� + cos� ] + iA[sin� + sin� ]: (13)

� As before, we dig deep into our toolbox of trig identities:

cos� + cos� = 2 cos
� + �

2
cos

� � �
2

(14)

sin� + sin� = 2 sin
� + �

2
cos

� � �
2

(15)

� With these identities, we can write Eq. 13 as

 = 2Acos
� + �

2
cos

� � �
2

+ 2iA sin
� + �

2
cos

� � �
2

(16)
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Phase and group velocities II

Again, Eq. 16 is

 = Aei� + Aei�

= 2Acos
� + �

2
cos

� � �
2

+ 2iA sin
� + �

2
cos

� � �
2

= 2A
h
cos

� + �
2

+ i sin
� + �

2

i
cos

� � �
2

(17)

Now let's write �� � (� + � )=2 as the average angle, and
� � � (� � � )=2 as the typical difference from the average. We then see
that the result of mixing waves at the two frequencies is

 = Aei� + Aei� = 2Aei �� cos(� � ) = 2Aei �� Re[ei� � ] (18)

where�� = � [(k1x � ! 1t) + ( k2x � ! 2t)]=2 = � (�kx � �! t)
and� � = � [(k1x � ! 1t) � (k2x � ! 2t)]=2 = � (� k x � � ! t)
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Phase and group velocities III
Again, we have shown that

 = Ae� i(k1x� ! 1t) + Ae� i(k2x� ! 2t) = 2Ae� i(�kx� �! t) Re[e� i(� k x� � ! t) ]:
(19)

where�� = � [(k1x � ! 1t) + ( k2x � ! 2t)]=2 = � (�kx � �! t)
and� � = � [(k1x � ! 1t) � (k2x � ! 2t)]=2 = � (� k x � � ! t).

The combined result (at bottom) looks like two different waves
propagating!
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Phase and group velocities IV

Again, we have = 2Ae� i(�kx� �! t) Re[e� i(� k x� � ! t) ]

� Becausek = 2�=� giving � = 2�= k, and! = 2� f = 2�= T giving
T = 2�=! , the velocity of a wave (which travels a distance� in a
timeT) is given by

v =
�
T

=
2�= k
2�=!

=
!
k

(20)

� We therefore have two velocities going on here:

vwave crest=
�!
�k

vbeat envelope=
� !
� k
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Phase and group velocities V
Again, we had

vwave crest=
�!
�k

vbeat envelope=
� !
� k

In the limit of in�nitessimal changes in wavelength and frequency, this
leads to two different frequencies!

� Thephase velocity vp is the speed of wave crests:

vp =
!
k

(21)

� Thegroup velocity vg is the speed at which the main wave body
travels (i.e., the speed at which most energy is carried):

vg =
d!
dk

(22)

� Dispersionarises in situations where the differences betweenvp

andvg are noticeable!
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Calculatingvp

� On Eq. 4 ofl6.pdf, we found that electromagnetic waves in linear
media obey the relationshipk2 = ��! 2, giving

!
k

=
1

p
��

=
c
n

(23)

with n �
p

��=
p

� 0� 0.

� We therefore see that the phase velocity is trivial to calculate if we
known:

vp =
!
k

=
c
n

(24)
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� To calculate the group velocity, let's start with Eq. 23 of
!= k = c=n, rewrite it asck = ! n, and differentiate:

d[! n(! )] = d[ck]

d! � n(! ) + ! � d[n(! )] = c dk

d! � n(! ) + d! � ! �
d[n(! )]

d!
= c dk

d!
h
n(! ) + !

dn(! )
d!

i
= c dk

d!
dk

=
c

n(! ) + !
dn(! )

d!

� We therefore see that the group velocityvg can be calculated from

vg =
d!
dk

=
c

n(! ) + !
dn(! )

d!

(25)
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vp andvg for visible light
� For visible light, we found the Cauchy form of Eqs. 10 and 11

Re[n] ' 1 +

 
nae2

2me� 0

X

j

fj
! 2

j

!

+ ! 2

 
nae2

2me� 0

X

j

fj
! 4

j

!

' 1 + A0+ B0! 2 ' 1 + A(1 + B=� 2):

� The phase velocity is

vp =
c
n

=
c

1 + A0+ B0! 2 ' c (1 � A0 � B0! 2) (26)

where in the last step we've used the binomial expansion
(1 + x)n ' 1 + nx for x � 1.

� The group velocity can be found usingd[1 + A0+ B0! 2] = 2B0! :

vg =
c

n(! ) + !
dn(! )

d!

=
c

(1 + A0+ B0! 2) + ! (2B0! )

=
c

1 + A0+ 3B0! 2 ' c(1 � A0 � 3B0! 2) (27)
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vp andvg for visible light II

� Again, for visible light withn ' 1 + A0+ B0! 2 we had velocities
from Eqs. 26 and 27 of

vp ' c(1 � A0 � B0! 2) and vg ' c(1 � A0 � 3B0! 2)

� The phase and group velocities are both less than the speed oflight,
making us happy.

� The phase and group velocities are slightly different, sodispersion
effects must be considered in some cases. (An example we'll soon
see involveschromatic aberrations).
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vp andvg with X rays
� From Eq. 12 we hadn ' 1 � �� 2(f1 + if2). Let's simplify with

~f = ( f1 + if2), and� 0 = � (2� c)2, so that we have

n ' 1 � � 0~f ! � 2

� The phase velocity is

vp =
c
n

=
c

1 � � 0~f ! � 2
' c(1 + � 0~f ! � 2) (28)

� The group velocity can be found using
dn=d! = d[1 � � 0~f ! � 2]=d! = + 2� 0~f ! � 3 so that we have

vg =
c

n(! ) + !
dn(! )

d!

=
c

(1 � � 0~f ! � 2) + ! (+ 2� 0~f ! � 3)

=
c

1 + � 0~f ! � 2

' c(1 � � 0~f ! � 2) (29)
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vp andvg with X rays II

� Again, for X rays withn ' 1 � � 0~f ! � 2 we had velocities from
Eqs. 28 and 29 of

vp ' c(1 + � 0~f ! � 2) and vg ' c(1 � � 0~f ! � 2)

� While the phase velocity is faster than the speed of light, the group
velocity is slower. Therefore wave crests outrun wave bodies,
leading to breakers on the beach: : : Oops, I mean attenuation of
x-ray beams in media.
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Deep ocean waves

Wikipedia has some good info:
http://en.wikipedia.org/wiki/Ocean_surface_wave
http://en.wikipedia.org/wiki/Gravity_wave

� The phase velocity is
approximatelyvp '

p
g=k,

and the group velocity is
approximatelyvg = vp=2.

� This dispersion is why
sometimes you can get
rogue waves (many
wavelengths
superimposing) and
sometimes relatively calm
spots.

Shallow water

Deep water

Propagation direction

Crest

Trough

Track of particle in water

Figure courtesy Wikipedia
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The Great Wave off Kanagawa

1832 woodcut by Hokusai; one of36 Views of Mount Fuji
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