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Review: DDHO

We discussed the damped, driven harmonic oscillator, wiiti®ns
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At resonance, the power dissipatiorPigsonance F%! 0Q=(2k) and
the FWHM of the resonance curvelig=Q.
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CO: coupled oscillators

We have discussed single, isolated oscillators. Now letssaler two
oscillators that are coupled together:

B A

Pendulum bol& has a positioxa, and bolB has a positiorxg. We'll
assume both pendulum bobs have the same mass and the same arm
length, so thamand! g is the same for each pendulum. Each pendulunr
bob has two separate restoring forces trying to bring it éoetuilibrium
position shown above: the gravitational restoring forcéchhwve

showed earlier can be written e 2x, and a spring force which
depends on the separatipn  Xgj:

dZXA 2

mw + m! oXA + k(XA XB) = 0 (1)
d2x

szB +m2g kxa xg) = O 2)
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COll

If we write the spring force resonant frequency &= k=m, we can
rewrite Eq. 1:

d?x
md—zA + m! OXA+ k(XA XB) = 0
2
ddi(A+('2+'2)XA lixg = 0 (3)
and Eq. 2:
d’xg
m—— ae + ml OxB k(xa xg) = O
2
ddi(B+('2+'2)XB 2 = 0 (4)

which together reproduce French Eq. 5-4. In other wordstvtioe
equations are coupled; Eqgs. 3 and 4 each contaimbathdxg.
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Again, we have Egs. 3 and 4 of

d?x
Do (15 1m 136 = 0
dd;(B+('2+'2)XB 12, = 0

We can get two interesting other equations by addition, ésallay
subtraction, of these two equations:

d2
@(XA+ Xg) + ! 3(Xa+ Xg)

|
o

®)

2
de

Can you think of a better way of expressing these two equsition

(Xa Xg)+(15+ 209 (%a %) 0 (6)



COolll

S Again, we have Egs. 5 and 6 of
differential modes

ickling A 2

ALzl E(XA'F XB) + 1 g(XA"' XB) = 0
2
@(XA )+ (15+29(xa xe) = 0
Letsdeneqg: xa+ xgforacommon modeotion, so that Eq. 5
becomes &
q
d—tgl +150m=10 (7)
q__
anddeneq, xa xsaswellad® I 2+ 2! Zfor adifferential
modemotion: P
Q2
T | ®gp = 0 (8)

Thus we are now back to simple harmonic motion equationsr t
variablesy; andg, with resonant frequenciés, and! °, respectively.
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Again, we had Egs. 7 and 8 of

d?0,

Sz t'8m = 0 witha xatxe
o , g
dgz 1% = 0 withgy x xgand!© 12+ 212

The solution to each of these is of the fogw Ad' * . Going back to

our original variablesy = (g1 + gz)=2 andxg = (1  g2)=2 and using
C andD for the respective amplitudes of thhgandg, motions, we see

that we can write the motion of each individual pendulum beb a

1 1.0
= = I ot + =D I 5t+
1w 1o
= Zcd' Zpé' 1
We have chosen to assign a relative phase shift to the difiafenode

motion in! %only, since we can always apply a common static phase
shift to the combined motion.
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CO: excitation by “tickling” A

Let's now consider the case where we displace and hold thé-hignd
pendulum bob by an amplitud® while the left-hand bob is at rest at its
equilibrium positionxg. We thus have the following conditions:

dxa _ dxs
a0 =0 5

Putting these conditions into Eq. 9 gives

t=0 XA:AO =0

1 1 . 1
Xp = ECé! of 4 EDe“ e ) Xa= Ao= 5

1 .
5C+ 5De (1)

and putting them into Eq. 10 gives

1 1 .0 1 1.
= _ Lot _ P = = _ _
Xg 2Cé 2De' ) XB 2C 2De' (12)
Adding the two equations give&s = Ag while subtraction give® = Ag
if = 0. Thus we see that the amplitudes will be the same for the
common mode motion ig; as for the differential mode motion up.
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Again, we've considered the starting condition of havingtehob at rest
butxa displaced by?,. We've found that both the common mode and
differential mode oscillations have the same amplitude&gs. 11 and
12 give for the measureable, real parts of the complex st

Xa = %Ao(cos! ot + cos! %) (13)
Xs = %Ao(cos! ot cos! %) (14)

which, by using the proper trigonometric identities, camwloitten as
(see French Eg. 5-7)

10 1 0 1041 0
Xa = Apcos t cos t (15)
10 0 104 0
Xg = Agsin t sin t (16)
o ! Ot 0 ! 9t 17
= cos — CoSs =
Ao 2 2 2 2 (17)

Thus we see that the motion looks like a beat frequency type
phenomenon and thag lagsxa in phase by 90



Conditions for arbitrary ?

Let's step back from what we know and consider motion at some
arbitrary frequency according to

Xa = Cél t
Xg = COei! t

Let's insert these assumed solutions into Egs. 3 and 4:

dX/_\

@ H(134 1% 126 = 0
L NTENT P

This gives
(12+12+12C 12¢® = 0 (18)
12C+( 12+13+19C® = 0 (19)



Coupling |
The result of Eq. 18 of
(12+12+13C 12c°=0
gives
C 12

— C
CO™ 12+12+12 (20)

while the result of Eq. 19 of

12C+( 12+1%3+15C%=0

gives
C 12+12+12
—_= == (21)
Co 12
Thus we must say
12 12412412

C
= (22)
t2+12+12 12



Coupling Il

Again, we had Eq. 22 of

differential modes

Arbitary ! |§ _ |2+|g+|g

2 2 2~
e+ lo+ 1 !

onN

oo which gives

String frequencies

Frequency cutoff 2 2 22 _ 2\2
(! +!0+!c) - (!c)
2 2 2 _ 2
12412412 = 12

2 _ 2 2 2

12 = 12412 12

so we must have two solutions fbr

| @

1
on on
+
\S)
on

| 0@

What have we learned from this? Nothing, and everything.
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Our solutions of

4

2

0

oa — 2
! 2

are of the same form as what we found fquaticular problem of
displacingA and letting things go. We have now seen that these are
generalsolutions. Let's go back to Eq. 20 of

C 12

co ™ 2 2 2
C 2+ 1g+12

andinsert 2=1®=124+ 21 2
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Coupling IV

Letsalsotry! 2=102=12in Eq. 20:

N

2 2

C_ ! 2 _ 12 _ !
0 2 2 2 2 2 2 |

CO™ 12412412 12412412 1

|

=+ 1

onN

Again, we have eithe€=C°= + 1 or 1. Our general equations of
motion must always have the same magnitude si@ge jCY, though
the differential motion at °can have & 1 or 1 sign associated with it.
We can in general write solutions for coupled oscillators of

xa=Céd' o and xg= Cé' (23)
for common mode motion, or
xa= D" and xg= Dé'" (24)

Because our original differential equations of motion wetdinear, we
can also have sums and differences of these two solutions.



Coupled, forced |

Let's now consider coupled oscillators with a driving foaggplied to

J oscillatorA:
‘:j‘ d2X i
ptary mTzA =  maxa k(xa xs)+ Foe'! (25)
Driven CO
d2
md—t)f = m2e+ k(%) (26)
B A Foe'vvt

Dividing through bym, using! 2 = k=m, and rearranging gives

d?x Fo .
g UG the = e (27)
dxg +(12+129xg 12 = O (28)

ae



Coupled, forced Il

Again, we had Egs. 27 and 28 of

Arbitary!

d? XA Fo
Driven CO ] 2 + 1 2 X 1 2X - el! t
d2XB
2 2 2 — .
+(!0+!C)XB !CXA = 0O

e

Let's rst add these two equations:

dZXA d XB 2 2 2 _ FO it

F dt2 + ( Ig+ ! c)(XA + XB) ! c(XA + XB) = Ee’
And let's subtract them:

d2X/.\ d XB FO

9z ae | +(15+ 1D x8)+ ! (xa XB):EE“t

(29)

(30)
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Coupled, forced IlI
Again, we had Eq. 29 of

*x %
de ~ de

If we again use);  xa + Xg we obtain

(151 D0+ x8) ! E(xat ) = %e“t

d? Fo |
S+ = (31)

And we had Eq. 30 of

dZXA dZXB

Fo it
G de m¢

2,12 2 _
F(1og+!1O)(xa xg)+ !g(xa X8) =
If we againuse, xa Xxsand! @ 12+ 2! 2 we obtain

— 2418, = 2 't (32)
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Driven CO

Coupled, forced IV

Again, we have from Eqgs. 31 and 32

dch

szz _Fo
dt2 | q =

Togrt
dt2 " m
To quote Yogi Berra, “it's like déja vu all over again.” We'sslved
differential equations of this form when we considered theen
harmonic oscillator! We found solutions that look lige= Cé' !, which
when inserted into the differential equations above give

I 30y = —e"t and

il I:0 il
(rEerpcet = et
12413 = Fo
mC
Fo=i
c = o (33)

2 12
121
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Coupled, forced V

Again, our solutions to Egs. 31 and 32 look lige= Cé' t with C given
by Eq. 33:

abs[1/(v,>-w?)]

08 09 10 1.1 12 13
wiw,

orjCj and'
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Coupled, forced VI
These were solutions for the individual modes of motion: mwn
modeq; Xa + Xg at frequency o, and differential mode, = xa  Xg
at frequency @ = 1 2+ 21 2. So let's look at the net motion @

Arbitary !

Driven CO XA = Aél t = %(Ch + q2) = %(Cél t+ DelI t) (34)
- i 1 1 il il
xg = Bd's= S @)= E(Cé't De" ) (35)
sowe nd
B Fo=m 1 1
A(' ) - 2 1 g 1 2 + 1 @ | 2
_ Fo (1% 19+(12 19
To2m (13 (e 1y
_ Fo 12+41@ 912
3 e =
2
B(!) = Fo 2 (37)

2m (12 19)(1@ 12
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French Fig. 5.8, showing the amplitudes of the oscillatgts) andB(! ).



Coupled oscillators: from 2 to
oodles

Let's move from two coupled pendulumsitbcoupled oscillators.
Now each oscillator experiences a force from a neighbor oh ea
side. We'll assume that the coupling between oscillators is
dominant, and talk about them being on a string with tengion
We'll index each oscillator with an integerfor position.
Each position will be a distanceapart along the axis, of along
the string.




Angles between points:

1Y Y1 o Y W1

(38)
What's % we can write
~0— ) ! ) N1+ 2=
cos 1 2= (1 2)
(39)
So0'% =" 222 Welllignore 2 effects

throughout. If®' , then the tensiofl on
each point is the same.

Oodles |



Oodles Il

Since the tension is independent of
i (inthelimit 2 1), wesayT isa
constant.

Net force inx onp:

Frequency cuto Fx = Tcos p 1+ Tcos Yo
b1 b O
OT( 1+ +1 = Yo
( > >) pla
T 1
R (40) i

Since this depends or?, we will
ignore this force; each point stays at a
constant positiom,.



Oodles Il

Consider now the net force in

Fy = Tsin , 1+ Tsin
T )
T y
~Wor1 Yo Yot Yo 1) A p+1
T \e)
o< 2t Yt Yp 1) (41) You a,
a
p-1

where we have made use of the result of
Eg. 38 of

v Y Yp2
p 1 —=
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Oodles IV

We have found that we can igndfg, so thatx, is a constant. In thg
direction, the net force of Eq. 41 produces acceleration:

d? T
m% = <( 2%+ Yor1t Yp 1)
m' d?y,
T dt2 + 2% (Yor1t Yp 1)

0 (42)

We have a puzzle here: we have a differential equatigg,ibut it is also
coupled to neighboring positiolys 1 andyp. 1. Still, this looks enough
like a harmonic oscillator that we will assume that we areing for
solutions of the forny, = As€" !, in which case Eq. 42 becomes

lzmApé'w 2AE L (Ag i+ Ay DE'T= 0 (43)
We see that 2 has the same dimensionss(m’), so we will make the
de nition

15— (44)



Oodles V

With the de nition of Eq. 44 oft 3 T=(m’), we can rewrite Eq. 42 as

o dZYp |2 | 2 _
a2’ 25y 'o(Ypr1tYp 1)=0 (45)

If we return to our assumption gf = Ap€' !, this becomes
L2Aget 4 20 8Ae" 1 B (Apat Ay et = 0

or  ((1Z+2HA, 15AN1+ A 1) 0
or (12+22)A, L 2(Ape 1+ A{4D)

Oodles of CO

This gives us the relationship

Ap 1'ZPAP+1 - ! 2|+2 2! 5 (47)
-0




Oodles VI

Let's think again about the relationship between amplituale

successive points:
A

T T T T T |

Let's test a reasonable guess for the relationship betwegtitades of
successive point#y, = Csin(p ). Thatis, is anincrement of
amplitude from one point to another for a standing wave smiyuts
we'll see later. If we consider a standing wave with xed esdsh that
Ap=0= 0andAp-n+1= 0, we cansaythgN + 1) = n with
(n=1;2;3;:::) and thus write the amplitud&, as

Ay = Cysin sz 1 withn=1;2;3;::: (48)



Oodles VI

With the assumptiod, = Csin(p ), we have

h [
Csin(p 1) +sin(p+1)

h

Ay 1+ Aprs

Oodles of CO = Csin(p )cog )+ cogp )sin( )
|

+ sin(p ) cog )+ cogp )sin( )
= Chsin(p Jcog ) cogp )sin( ) _
+ sin(p ) cog ) + cogp ) sin( )I
= 2Csin(p )cog )
= 2A,cos (49)

where we have used the trig identity for 6in+ ), and
co{ )=coq ),andsif )= sin( ) toreproduce French
Eq. 5-21.




Oodles VIII

Again, from Eq. 49 we havé, 1+ A1 = 2Apcos . If we now use
theresul(N + 1) = n arrived at before Eq. 48, and Eq. 47, we have

Atbitary ! + 1 24 ] 2
Ap 1 Ap+1 - 2 _ n (50)

Let's de ne n= (N + 1) and solve for the variable frequenkty

12+ 212 = 21 2cos
12 = 2041 cos)
1 cos
= 2= >
° 2
= 4 2sirf(=
oSl (2)

= 2 osin(E): 2! gsin (51)

n
2(N+ 1)

were we have made use of the trig identity’sin2 = (1=2)(1 cos )
in arriving at the nal result.



Oodles IX
What hath we wrought? We have from Eq. 48

- it = . pn !
Yp = Ae' ' = Cpsin N+ 1 gt

and from Eg. 51 the result

I h= 2l gsin = 2l gsin withn=1;2;3;:::

n n
2(N+ 1) N+12
so we should really write the position of tpg1 particle agypn(t). Now
let us consider the frequencies allowed by Eq. 51. If we iasea from

1 up toN + 1 (the number of oscillating points, becaysgoes from 0 to
N + 1), we will have unique values of,. However, whem goes to

N+ 2, we have

N+2 N+1 . 1

N+1 N+1 N+1

butsincesii=2+ )= sin(=2 ), we'll have the same result for
Eq.51forn=(N+ 1)+ lasforn=(N+ 1) 1. Thatis, we have
onlyn= 1;2;:::;N+ 1 unique frequencies.




Oodles: summary

We have determined that we have only 1;2;:::;N+ 1 unique
frequencies in the result of Eq. 48 of

Yor() = Casin 2L €'t
In fact, whem = N + 1, the amplitude i€y+ 1 sin(p ), and sincep is
an integer the amplitude for= N + 1 is zero. (Well, duh; this was built
into our assumption thgN + 1) = n when arriving at Eq. 48). So
really we have only1 = 1;2;:::; N unique frequencies with non-zero
amplitude. Also, just as we found that there are dvilynique
frequencies, the same argument applied to the ampltudesstgavs
that there are onli{l unique results. We've learned something importan
N oscillators between xed points haveN allowed modes of oscillation
and we should write Eq. 48 as

Ypn(t) = Cpsin % et withn=1;2::::N  (52)



Standing waves

Standing waves

Again, we have Eqg. 52 of

pn

' nt i Y — 01
N+1e' withn= 1;2;:::;Nandp=0;1;:::;N+1

Yon(t) = Cpsin

Let's consider then = 1 case:

il gt

. p

= C;ysin
I
Each pointp oscillates at the frequendy; with an amplitude ofZ;
times sin with going from 0 to . This is a standing wave with
maximum amplitude in the center (French Fig. 5-13).
Then = 2 case looks like

Yp2 = Cpsin 2 '

p
N+ 1
which goes like sin with = 0! 2 . We have a node in the middle
(French Fig. 5-14). Get the pattern?



Strings to springs
Let's now considep = 1;2;:::; N massesn coupled by springs with
mmonand spring constark = m! 3 (pointsp= 0 andp = N+ 1 will be xed

Commol
differer N

points at either end of the system). lygtrepresent the displacement of

Arbitary !

each point from its equilibrium position. The force that ap@ feels is
given by the relative spring force it feels from each side:

szp _

mw = k(Ypr1 Yp) k(¥p Yo 1)
d?y, k
sz = ﬁ( 2Yp+ Ypr1t Yp 1)

d2
S 22y 1Byt Yo 1) 0

de2
This is exactly the same mathematical form as we had in Eqlrithiat
case we hadiZ = T=(m’), while now we have 2 = k=m; and we
interpretedy, as the vertical displacement of a string stretched
horizontally rathe than the displacement from a longitatléguilibrium
position, but everything we've done above also applies terges ofN
masses coupled by springs.



String frequencies

Let's consider the case of very large valuedNofFor standing waves on

a string, the total length of the stringliss (N + 1) and its total mass

is M = Nmwith a mass per unit length of m=. Now our spectrum
of allowed frequencies was given by Eq. 51 as

Standing waves . n

o lh=2gsIn ————
Strings to springs “n -0

2(N+ 1)
Frequency cutoff

which in the limitn N becomes
r

T n
ln ' 2 ==
" m 2(N + 1)
S — r
, T n _Tn
pre i S (®3)

We see that heavier strings have lower frequencies for e $angth
and tension, which tells us about things like how to buildans and
pianos.



Frequency cutoff

The highest mode is with = N, which from Eq. 51 gives in the limit
N 1

N .

2 — ' 2

Z(N T 1) 2! gsin 5 2o

What does the motion look like at this frequency? We had fram32
the result of

I'h= 2 gsin

_ . pn il o _ . pN
- ; p
= Cysinp N+ 1

so the position of each successive pqifias an opposite sign.
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