Beat frequencies

Beat frequencies

We talked about the addition of two waves with slightly diéat
frequencies, leading to an average frequethayth beats at the
difference frequencyld, or Aé~ + Aé? = 2A€% cogd):

An example of this effect while tuning a guitar can be heaodnfr
beats_guitar_tuning. npdorbeats_guitar_tuni ng. wav


beats_guitar_tuning.mp4
beats_guitar_tuning.wav

Damped harmonic motion |

Damped HM

At the end of lecture 2, we considered damped harmonic motion

d?x dx

Usingwo = y/k/mand~y = b/m, we rewrote this as

P, o
az 7t

and we found that the motion goes like

+wix=0 2)

x = Ae~ (7/dtd(wt+a) ©)
with ) b2
szwg—%zwg—m 4)



Damped HM

Damped harmonic motion Il

In the limit of weak damping, we can approximate the dampedrrant
frequency as

2 11/2
N
2 1
o~ wO(l_Sz;_g):wO(l_S—QZ) (%)

where we have used the binomial expansiofilof x)" ~ 1 + nx for
x < 1 which is just the leading term of a Taylor series expansiod,
defined what is called a quality fact@r= wo/~.



Damped HM

Damped harmonic motion Il

We have seen that the resonant frequeneydergoes a slight
decrease when damping is brought into play; since freqesrace
often the things that can be most easily measured in a physica
experiment, one can have good sensitivity to damping.

This is used in some types of scanning probe microscope evher
the resonant frequency of a tip is observed to shift whenipise t
motion is damped by proximity to a surface.

The damping given above is for the amplitude of motion; siioce
F = —kx the energy at extreme points of motion is given by

E = (1/2)k¢?, so the energy is damped accordingdar e,

If we want to consider larger values of damping thag 2wg, we
have a complex value of in Eq. 3 ofx = Ae—(7/2tg(«wt+a) g0 we
have additional damping. It's not hard to do, but we’'ll nangr
through it here. In mechanics you'll look at underdampingical
damping, and overdamping in more detail; it's also discdisse
briefly on pp. 68-70 in French.



Damped harmonic motion 1V

Damped HM

Our equation of motion from Eq. 3 is= Ae~(7/Dtd(wt+a) with
( given from Eq.4 as/? = w2 — v2/4 and the limit (see above Eq. 4 ) of
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Driven HM

The driven harmonic oscillator
No, by “driven” we do not mean “determined...” Let's consida object
with a linear restoring force and an extra force which isidgvt in an
oscillatory fashion:

2 .
sz;( = —kX+F0e'“t
d2
OI2+|<x Foed“t = 0 (6)

While the undriven object might have its own resonance feegy

wo = /k/m, we're exciting its motion at a (possibly) different
frequencyw so we'll seek solutions involving this frequency, or trial
solutions ofx = Ce«'*¢. Putting this into Eq. 6, we have

(—w?m+k — % )Cewtte = 0. 7)

This must be true at all timegswhich means the terms in parenthesis

must be zero or F
—w?m+k— EO =0 )



Driven HM

phase angléS (w)
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LRC circuit example

Driven harmonic oscillator Il

Again, we required Eq. 8 or

=
2 0
—wm+k——=0
wm+ C

so that motion with a driving force @€“'*¥ has an amplitude

c— Fo o Fo/m
Ck—mw? W - w?

9)

Are we happy with this result?



Driven HM

phase anglé (w)
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LRC circuit example

Driven harmonic oscillator 1l

Again, we've found that motion with a driving fordge«“+# is given
by Eq. 9 as

1.3




Driven harmonic oscillator IV

Driven HM

We can also describe Eq. 9 as

Fo/m

phase angle§ (w ) |C| = W

Amplitude |A(w) |

with p(w) (20)

Quality factorQ

Phase through
resonance

wherep(w < wp) = 0 andp(w > wp) = 7.

Complex amplitude
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DDHO: damped,
driven harmonic
oscillator

pt

DDHO: damped, driven harmonic
oscillator

When the harmonic oscillator is driven at its resonanceueegy, its
amplitude tends towards infinity. Do we honestly believe this will
accurately describe real life? Probably not. A more rdalituation
will be to have both a driving force and a damping force, or

d?x dx ot
M = —kx + —ba + Foé
d>x  dx Fo ut
W—F’Ya +woX = Ee‘ (12)

where in the second expression we have again assugedk/m and
~ = b/m. Again, we’ll assume that the solution is of the form

x = ReA“! ) (12)

where we will allow for a time-independant phase retaraedion our
solution.



DDHO |l

Placing our assumed solution form of Eq. 12 into our difféien
N equation of Eq. 11, we have
: damped,

driven harmonic
oscillator

. i Fo ;
(—w?A + iywA + wiA)E0 = ﬁoe"”t (13)
Again, this must be true for any timgso we require
2 2 ; Fo js
(W —wHA+ iIywA = Ee' (14)

This has the same form ast- iy = Re"’:

|
§o YOA

\ &

(0,-0)A



DDHO Il

The geometrical interpretation of Eq. 14

phase angléS (w) . Fo
anptunde[ () (W§ — WA+ iywA= Eéé

implies the following:

(W3 —w)HA = %cos& (15)

Fo .
A = — 1
Yw o sing (16)

The ratio of Eq. 16 over Eq. 15 tells us the frequency-depetalease
angled(w):
yw

2

tand(w) = o
0

(17)



DDHO IV

Let’s again consider Eq. 14:

phase angléS (w)
Amplitude [A(w) |
Q orQ

. Fo
(W8 — WA+ iywA = Eoe"s

If we square both sides by multiplying by their respectivenptex
conjugates, we have

2
F
(6 - 2+ (= (22)

from which we obtain
Fo/m
V@~ w22+ ()2

as the frequency-dependent pure-real representatioe airtiplitude
(with €°) providing the phase).

[Alw)| =

(18)
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LRC circuit example

DDHO V

Let’s take a look at our solutions for the amplitude and pluseotion
for the damped, driven harmonic oscillator:

121
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Note that the motion is in phase with the driving force at loeguencies
and 180 out of phase at high frequencies.



phase ¢

Amplit

\(w
Quality factorQ

Quiality factorQ

As with the damped harmonic oscillator, let's characteoi@esolution
in terms of a quality facto® = wo/~y and look again at the solution of
Eq. 18 for|A(w)|:

AW = Fo/m
V(@ — 0?2 + (qw)?
- Fo/m (19)
\/(wg — w?2)2 + (wwp/Q)?
At the point whenv = wy, this reduces to
Ao = —2M o Fo _qfe (20)

Jor@zQr mE K

Thus we see th&@ = wo/~ factors directly and linearly into the
maximum amplitude, so that low dampingorresponds to large
amplitudeQ.



Phase through
resonance

Phase of resonant motion

Let’s also examine the phase of the resonant motion from Eqf 1

yw
tand(w) =
) wg — w?
As w — wyg, the denominator goes towards zero so that the
argument(w) of the tangent function tends towaréissg) — 7/2.

When driven at exactly the undamped resonance frequency
wo = /k/m, the motion of the object is phase-shifted by 90
relative to the driving force.

As we noted before, at driving frequenciesvell below the
resonant frequenayo the motion is in-phase with the driving
force:§(w < wg) — 0.

At driving frequencies well above the resonance frequengythe
motion becomes exactly out-of-phase with the driving force
d(w > wo) — .



Complex amplitude

Let’s return to the expression of Eq. 14 of

. Fo
(W8 — WA+ iywA = Eoe"s

except we'll now makeé\ be complex g — A) so that we can throw
away the tern@? as it is no longer needed for the “bookkeeping” of
handling a phase angle. Let's then solve for the complex gl
Alw):
~ Fo/m
A =" 21
(W) (wg — wz) T |"/w ( )



Low frequency limit
Again, we have Eq. 21 of
Fo/m
(wg — w?) +iyw
Let’s consider the low frequency limit, whete< wg andy < wp. In
this case we have

Aw) =

Fo/m

w
w(z)(l— 2+|Z} )
“o 0

Fo_ (1+12—i1—f) (22)

where we have used the binomial expansion (the lowest oaldoiT
series expansion ¢fL + x)" ~ 1 + nx for X < 1) to obtain the
approximate result. We see again that in the low frequenaiy the
amplitude is nearly pure real (in-phase motion) and it hasnstant
term plus a weaker term that increases wifh Later on in the course
we will see that this describes the refractive index forbleslight,
among other things.

Alw < wy) =

12



High frequency limit
Now let’s consider the result of Eq. 21 of
Fo/m
(wg — w?) +iyw

in the high frequency limit where >> wp, and the limit of modest
: dampingy < wo. In this case the leading term in the denominatoris
ity i so that the amplitude becomes

Energy in DDHO

. F
Nw»w@:—a% (23)

We see two things in the high frequency limit:

©® The amplitude is negative, or sinéé = —1, itis 180 out of
phase with the driving force; and

® The amplitude decreases a&.t.

As we will see later on in the course, this describes the cafmindex
for x rays.



Energy in the DDHO

Recall a few fun facts about the damped, driven harmonidlagui:
Driving force: F = Fod“!  position:x = RgA“=9]  (24)
Fo/m
V(@F = w2 + (wwo/QP

gives the amplitude of the motion [and in fact the ph&geEq. 24 is a
frequency-dependent phasgv)]. This was for a velocity-dependant
damping force of

Amplitude: |A(w)| =

(25)

dx b
Fdamping: —ba where = g (26)

wo E

and quality factoQ = —  with w3 = - (27)
Y



Power dissipated
With that reminder, let's consider power dissipated in ty&tem:

dw dx dx
P=-g  but  dW= (Friction)dx = (~bg)dx= —(vma()zdg)

where we have recalled that the damping/frictional forcasigliven by
Eq. 26. The power dissipated is

m—dxdx
daw My dx. ,
P=% ~—a« Mg (29)

OK, so what'sdx/dt? We can get that from Eq. 24 for the position:
x = Ad“t=9) so%( = jwAd“t=9) (30)

Therefore q
X\2 _  2p2(20t—26)
(dt) wAe

and P— _,ym(_wZAZei(Zwt726)) _ ,Yn‘wZAZei(Zwt726) (31)
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Energy in DDHO

Power dissipated

Power dissipated Il

OK, we have from Eq. 31 the power dissipated as
P— szAzei(zwtfza)

so let’s look atA? using Eq. 25:

2 2
e[ (6f —w2)? + (we0/Q] w2 - Ly ]
W wo Q?
We then can write the power dissipated as
F2 .
P= ")/mdz 0 el(2wt—25) (32)

mPw?w? [(ﬂ - i)z + é}

w wo



Power dissipatec

Instantaneous power
FWHM A w
LRC circuit example

Power dissipated Il

Again, we have from Eq. 32
2 FS

2 2[,%0 W2 1
mfw wo[(z—w—o) +@}

butw3 = k/mandy = wp/Q, so 1/(mw3) = 1/k and we can write
Eq. 32 as

P — ymu ol (2t-23)

woFS 1
kQ wo w.y
(2-2P+ 5
w  wo Q

This gives the instantaneous power dissipated at any pkatitmet. To

get the overall trend, let’s average this over one cycle ofllaton of

the positiond (“t=9) which means a time that goes frasm = 0 to

wt=2m, ort =0tot = 27 /w. The only time-dependent part is

¢(21=2%) and furthermore let’s recall that our measureables arecthle r

part of the complex exponential.

P=

ei(2wt—2<5). (33)



Power dissipated IV
Again, we had from Eq. 33

P— WOF(% 1 g (20t—26)
kQ (20 i)Z S
w Q@?
and we want to find the time-averaged powy which means we must
find
i (2wt— =27 /w w 27 /w 2# w

(Relg @2 IZ57 = (Ref(€“")2(e™*)?) =5 = {coS wt)|i 5"/
where we have realized that the length of the square of ac’tat
complex numbefe—'?)2 is 1. We then need to find

27 [w
(cog wt)[I=57/+ :/ codwtdt = =
0

We can then use this along with Eq. 33 to write (see French £8)4
woFZ 1

P) = 2 1

2Q (0“2, o

w  wo Q?

(34)



Power dissipated V

Again, from Eq. 34 we had

Py — Fowo 1 :
AQ o _wyp L " N *
w  wo Q? s ]
<P>
At resonance, wheres = wy, ¢ ]
this reduces to £
Sy Féwo i
P, Presonance= —— (35) , ‘
2k 0.0 0.5 1.0 15 2.0

wlo,
so that we see that the power dis- - p(.,) > for Fo/(2k) = 1 and
sipated at resonance scales lin-
early with the quality facto® =
wo/7y-

wO=1



Instantaneous power
FWHM A w
LRC circuit example

Power dissipated VI
Again, from Eq. 34 we had

F2w0 1
P) = o 1
2kQ (20 Yy, o
w  wo Q?

What's the frequency range over which power is dissipatest® L

consider a small range of frequencies- wp + Aw. The

frequency-dependent part of the above expression loo&s lik
wo w_w_g_w_z_(wg—wz)_(wo—i—w)(wo—w)

w wo wwo wwo wwo wwo

Now let’s defineAw = w — wg and thereby make the replacement
w — wg + Aw:

wo w _ (wotwo+Aw)(wo—wo—Aw)  (2wo+ Aw)(—Aw)
w  wy (wo + Aw)wo - wg + woAw
—2woAw — (Aw)? 2A
= Toeow (Aw)” 24w (36)
w§ + woAw wo

where in the final step we have discarded all terms of o@eyw?).



Dissipated power VI
With the result of Eq. 36, we can write the time-averaged powe
expression of Eq. 34 as

szo 1 szo 1
angé () (P(Aw)) = 2(|)(Q (wo w )2 1 2(|)(Q 4 Aw , 1 (37)
v w TR e

At what value ofAw do we havgP(Aw)) = (P(w0)>/2? That is, what
is the half-power point? We can find this from
(1/2) = (P(Aw)) / {P(wo)), which when inverted gives

2 — HEL T agt (b 1

1= a2y
wo
Aw 1 (38)

wo 2Q

which reproduces French Eq. 4-27 and gives the half-width at
half-maximum. The full-width at half-maximum or FWHM freqocy

range is twice this, apg/Q.



DDHO: circuit example

Let's consider a simple LRC circuit
(like in French Fig. 4-13). Basic
electrodynamics tells us

_4a _ir—RrY

Vc—c VR_IR_Rdt
d  dq
Ve=La — b

So let's add a harmonic driving volt-
LRC circuit example age

V = Vee“! and see how it drops
across the circuit elements:

FWHM A w

w1, gdd_ da
Voo~ cd-Rg L = ©°

(39)



LRC circuit example

LRC circuit
Again, from Eq. 39 we had

2
dq qu

wt__ - H
Voe' — 0 -Ry L

=0

which can be rewritten in the form

d?q qu 1 Vo ot -

e 4 Tt —Cq Te' (LRC circuit) (40)
d>x bdx k Fo jut
R (DDHO)

(where DDHO=damped, driven harmonic oscillator). Thus ae make
the associations

Damping:y = E & B Resonanceu? = E & i SOwg =
PING:Y =< ¢ " m 7 LC wo =
2 L2 1 /L
Resonator quality facto? = “0 o Q? = — — orQ==4/=
quality Q 2 Q CRe Q R\ G
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