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Linear media

� Back when we derived the form of the refractive index, we said
n �

p
��=

p
� 0� 0.

� We found that� ' � 0 for most situations in optics.

� We said that media experience a bulk polarization in response to an
electric �eld of

~P = � 0� e~E (1)

where� = � 0(1 + � e) is an electric permittivity and� e is an electric
susceptibility. Also the dielectric constant isK = �=� 0.

� The dielectric response picture that we drew was as follows:
E

E

+q -qp
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P andn
We then tackled the problem of an incident EM wave on the electron
orbitals:

Ftotal = Fbinding + Fdamping+ Fdriving

me•x = � me! 2
j x � me
 j _x + q E0ei! t (2)

This gave us

� a mean displacementx of the orbitals;

� thus a dipole momentp = qx;

� thus a volume polarization ofP = nap wherena = � NA=A is the
atom number density.

We then used Eq. 1 to write� e = ~P=(� 0~E) and found

n '
r

�
� 0

=
p

1 + � e =

s

1 +
~P

� 0~E
' 1 +

1
2

~P

� 0~E
(3)

all under the assumption of linear dielectric response.
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Linear, and beyond
� Again, we made an assumption of linear response of the bulk

polarizationP in terms of the driving electric �eldE of ~P = � 0� e~E
(Eq. 1).

� What if the response is nonlinear? We might then have

� e = � 1 + � 2E + � 3E2 + : : : (4)

� Consider the� 2 term which multipliesE2. This implies

P2(+ E) = � 0� 2(+ E)2 andP2(� E) = � 0� 2(� E)2:

� Now if we have a symmetric optical medium, reversing the direction
of the electrical �eld is the same as reversing atom positions~r ! � ~r.

� Yet I / E2; that is,E2 corresponds to a light irradiance (like
intensity).

� If a medium is symmetric, we expect to get the polarization response
for the same irradiance irrespective of a 180� �ip of the medium.

� Therefore we demand� 2 = 0 in a symmetric medium! (Also� 4 = 0,
� 6 = 0, : : :)



Non-linear optics

Calcite

SHG

Frequency mixing

Pockels effect

AOM

Calcite

But not all media are symmetric! Calcite (�gures from Hecht):
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Second harmonic generation

� If we can allow� 2 to be nonzero, then we can have a volume
polarization response to an applied electric �eldE = E0 cos(! t) as
follows:

P2 = � 0� 2E2
0 cos2(! t) = � 0� 2E2

0

h1
2

�
1 + cos(2! t)

�i

=
1
2

� 0� 2E2
0 +

1
2

� 0� 2E2
0 cos(2! t) (5)

� That is, if we focus a light beam down to a small spot and thus
crank upE2

0 in a nonlinear medium, we can generate polarization
changes at twice the driving frequency 2! !

� Second harmonic generation (SHG)! Frequency doubling! Green
light from infrared light!
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SHG: dispersion
� With SHG, we now have two different waves in the medium: one at

the driving frequency! , and one at the doubled frequence 2! .
� But recall thatn ' 1 + A + B! 2. The frequencies! and 2! will

travel at different velocities within the crystal, and thuswill
eventually get out of phase!

� Since waves travel likee� iknz, the Rayleigh quarter wave criterion
for dephasing (�= 2 phase shift) gives acoherence length̀c;SHG for
maximum SHG:

kn! (`c;SHG) � kn2! (`c;SHG) =
2�
�

jn! � n2! j(`c;SHG) =
�
2

giving `c;SHG =
�

4jn! � n2! j
(6)

This suggests an optimum second harmonic generation medium
length.

� In fact,coherence lengthis a somewhat poor choice of words, in
that we'll use the same term to describe partial coherence
phenomena: : :
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SHG`c;SHG

Figure from Hecht:
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Frequency mixing

� Let's put two waves of different frequencies into a nonlinear
medium:E = E01 cos! 1t + E02 cos! 2t.

� Look at the second harmonic term:

� 0� 2
�
E2

01 cos2 ! 1t + E2
02 cos2 ! 2t + 2E01E02 cos! 1t cos! 2t

�

� Because
cos(� � � ) = cos� cos� � sin� sin� and
sin(� � � ) = sin� cos� � cos� sin� ,
you can see that we'll generate signals at 2! 1 and 2! 2 as before
(from the cos2 terms) and also at! 1 + ! 2 and! 1 � ! 2.

� This is known as parametric ampli�cation, and it's how we canuse
a lower frequency but intense laser as a pump for a higher
frequency laser (such as in erbium-doped �ber ampli�ers).
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Pockels effect
� One way to drive nonlinear

optical effects is to use a
strong DC electric �eld to
bias a medium into being
nonsymmetric!

� This happens in crystals
that show the piezoelectric
effect, where an applied
voltage can distort (i.e.,
expand or contract) the
crystal.

� One can change the
refractive index along the
direction of the applied
voltage, as opposed to the
orthogonal direction, and
thus produce a quarter
wave or half wave plate as
desired!
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Pockels cell
The net phase shift� between the two po-
larization directions is given by

� =
2�
�

rn2
0V (7)

wherer is a linear electrooptic coef�cient:

A Pockels cell uses this
with a pair of linear
polarizers to make a
voltage-controlled opti-
cal transmission device:
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Pockels cell:Q switch
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Acousto-optical modulators
Consider an acousto-optical modulator (AOM):

Path difference is 2� s sin� = 2� s sin(� D=2)
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AOM: Bragg condition

� Constructive interference when
m� = path difference, or
m� = 2� s sin� .

� Conservation of momentum requires
~k0 = ~k0+ ~ks wherek0 is the incident
wave,k0 is the scattered wave, andks

is the acoustical wave in the
modulator.

� But ks is much smaller thank0 or k0!
In fact,ks ' 2k0 sin� or
� s = � 0=(2 sin� ).

� In addition, conservation of energy
says~! 0 = ~! 0+ ~! s. That is, not
only do we diffract the beam, but we
give it a very small adjustment in
photon energy or wavelength!
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AOM modulators and dumps
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