Complex algebra

Complex algebra

Addition

e Recall that we decided that there are advantages to usingleam
algebra to represent wave motion:

Acogwt + @) = REAE 0] 1)

e Ais magnitude (some say
amplitude), whilevt 4+ ¢g
is the phasefp is the T ‘
starting phase, and is the W
angular frequency l
w = 2xf). Together they g\ i
make a complex amplitude.

e Phase lets us keep track of
whether we're at the max,
zero, or min of the
wavefield.

Look at the movie




Addition

poten Consider the addition of two vectofg“'+* andBe“'*”, viewed at a
moment in time:

B
o

If the two waves have the exact same frequancoth terms have a

common factoe“! which we can pull out, and thus deal with the static
case. We found in the last lecture that the length is given by

R? = A2 + B — 2ABcogy) = A2+ B2 + 2ABcoga — 3)  (2)



Addition: many waves at same
frequency

Addition

o With many waves (indexed Ly at the same frequenaybut
differing magnitudesg\, we found we could express the sum as

R = ZA +ZZZMcos<6.—6,> (3)

i>ii=1

e Let’s first consider the case where the phases are distdiavenly
from —r to 4+, so that(¢; — ¢;) takes on all values around the
circle with even probability. Since cédgyives the part of a vector
that projects along thex axis in Cartesian coordinates, the
addition of vectors all pointing out at random directionmfrthe
center will tend to give a net vector of zero, thus wiping dné t
second part of Eqg. 3.



Addition

Incoherent sum

Sum of incoherent waves

e Look again at the result of Eq. 3 of

R = ZA Jrzzz/uv cos(6; — )

i>ii=1

in the case of adding up completely random phases so that the
second term goes away.

e We've just learned something important! If we add up a burfch o

incoherent waves which all have the same amplitdaut random
phase, we have fancoherent superposition a resultant length of

N
Ri= [ D_AP=/N-A=VNA @)
i=1

This principle comes up many times in physics. Consider thkkw
of a drunken sailor: each step is of a known distance, butin a
completely random direction. We can’t say that the saildr gad

due east, or southwest; but we can say that the net distaveded
for N steps isy/N times the distance of one step. Einstein used thi
to get Avogadro’s number from observations of Brownian iomoti



Addition

Coherent sum

Sum of coherent waves

Now consider the case where all waves have the same ampéihedihe
same phase. Return again to the second term of Eq. 3:

R = ZA +ZZZA.A,COS(9.—9,)
i>ii=1

In this case, the angle distand@s— 6;) will all be zero! We then have

R = ZA +ZZZA.A, (5)

> i=1

as the resultant length for the coherent superposition case



Addition

Coherent sum

Coherent sum Il
Again, our coherent superposition result of Eq. 5is

R = ZA +ZZZA|A,

i>i =1

Let's reverse the process used to expeni A siné;)? in the first
lecture:

N
O _A)?
i=1

(AL+A+Ag+...)2

= A1+A§+A§ +2A1A2+2A1A3+2A2A3 + ...

= ZA +ZZZM (6)

i>ii=1

Therefore we see that the coherent superposition sum of Bqust
N
R = () A)?=(NA? = N°A? @)
i=1

where we have assumed that all amplitudeare the same.



Addition

Coherent sum

Coherent sum Il

Again, we have now expressed the coherent sum result in thredb

Eq. 7:
ZA' N2A2
Let’s consider the length of the resultant vedtjr
IR = VR2 = VN2AZ = NJA. (8)

This is considerably different than the incoherent supsitfom result
(Eg. 4) of[R| = v/NJA|.



Sums: different frequencies

Now let's consider the addition of two waves with equal atople but
different frequencyAe«1t + Aé«2, In fact, we could just as well

Different consider wave motion along a directinms well as along a timg so
freauencies that we havele'(kix—«1t)  pg—ikex—w2t) Byt let's make our life easier
and sayy = —kix + wit and = —kox + wot. We then have

A + AP = Alcosa + cosf] + iAlsina + sing]. (9)
Now let’s dig deep into our toolbox of trig identities:

atp -
2cos 5 cos? 5 (10)

atf B
> (11)

cos—
2

cosa + cosf

sina+sing = 2sin

With these identities, we can write Eq. 9&#* + Ae” as
a+ 0 a—f . a+f a—0 (12)

> cos 5 + 21Asin 5 cos >

= 2Acos




Different frequencies Il

Again, Eq. 12 is
Ad® + AdP = Mcosa;ﬁcosagﬁ+2iAsina;ﬂcosa;ﬁ
a+8 .. a+p a—p3
= 2A 1
cos 5 +isin > }cos > (13)

Now let's writed = (a + 3)/2 as the average angle, and
df = (a — )/2 as the typical difference from the average. We then se
that the result of mixing waves at the two frequencies is

Ad“ + A = 2A€” cogdb). (14)

That is, the resulting wave motion can be described as a wikieaw
average frequenay = (w1 + w2)/2 which is modulated by a cosine
envelope of much lower frequendy = (w1 — wy)/2. This “beat”
envelope is illustrated on the following page.



Beat envelope
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If we were to mix two audible frequencies, the beat would begged
at twice the frequency. Can you explain why?



Simple harmonic motion: review

Recall that for any restoring force, the lowest order Taglenies
expansion givef = —kx. At equilibrium we have a static system, and

thus no change in velocity, and thus no net force, or
E;m:{)ﬂi?milion o
d=x
ma=m— = —kx. 15
4 (15)
As we saw, one allowable solution is
X(t) = Acoqwt + ¢o) (16)

in which case we were able to show that

w= % a7)



Complex exponential solution

Let's now try a solution to Eq. 15 afi(d?x/dt?) = —kxinvolving a
complex exponential form of = A€“! and see what we get:

Beats

SHM: simple
harmonic motion

m(iw)(iw)Ad“t = —kae!
—-mw?> = -k
M e k
w = X
m

so we see that we have the same result for the frequency cbmoti
However, we could just as well try a solutionxof= Ae~'“*; this also
satisfies the differential equation and again gives /k/m. Does this
present a problem? What do we do with these two solutions?



Beats

SHM: simple
harmonic motion

SHM: two solutions

e Again, we found that there
were two equally valid
solutions to motion with a
F = —kxrestoring force:
Aret“t andAse “t. They

\ L)imt

correspond to rotation in
opposite directions in the
complex plane.

e They both give the same value
of ReAet«1],

/ et



SHM: two solutions Il

The two solutiong\;et“t andA,e~“! should have the same maximum
amplitude if they have the same energyfer= A, = A. Let’'s examine
a sum of these two solutions with complementary startingeba

Beats

SHM: simple X - Aeithr(p + Aeiiwtitp

harmonic motion
= A{cos(wt + ) +isin(wt + so)}

+A[Cos(—wt — ) t+isin(—wt — tp)}

= A{cos(wt + ) +isin(wt + so)}

+A[cos(wt + @) — i sin(wt + @)}
= 2Acoqwt+ ¢)

The take-home message: in most cases we can make an arblitcacg
on the sign of the exponent in the complex exponential, dinee
measureable part is real only. We'll usually consider thasgtto
increase with time, and thus ugé&'“!.



Elastic deformation

SHM: elastic deformation

e We've seen that SHM crops up with linear restoring forces
F = —kx. What physical situations give rise to SHM?

e Consider the deformation of materials. As long as we stalgimvit
the elastic yield of a material, we can say

stress  AP/A

strain  Al/ly Y (18)

whereY is a constant of proportionality called tiyeung's modulus,
AP in this case refers to a tensile force applied to an objedt wit
cross-sectional arels andA/ is the plastic deformation
(stretching) length relative to a certain tension-fregtard,.

o Let AF = —AP be the force exerted by the object under tension t

fight against the force that’s trying to stretch it out, sombkdve
dynamic equilibrium, and go over to infintessimal derivesv\We
then can write Eq. 18 as

daF = — A g (19)
Lo



Elastic deformation

Elastic deformation Il

Again, we had from Eq. 19 the expression
dF = Nl d¢
4o

which upon integration gives

F= —ﬂx (20)
Lo
if we write the position of the stretched endxasistead off in the
conventiorx = 0 whenF = 0. That is, we have a linear restoring force
with k = AY /¢y and harmonic motion applies. Think of compression
waves travelling in rock during earthquakes.



SHM: bobbing buoys

Consider a buoyant object at the boundary between two floigks (
might by air). The buoyant force is equal to the displacedatiases
gravitational acceleration. If the object is pressed dowa distance
—y, then we will have displaced a mass of the fluid belovApf pf and
replaced it by a mass of the fluid aboveAyf- po, giving a net force of

F = —Ay(pf) — po)g = —[9(pf| — po)AlY (21)

Again, we have a linear restoring Po
forcek = g(pf — po)A so simple N A

harmonic motion applies. Py



Pendulum

SHM everyw

Consider a general pendulum. When
rotated by an angle, it experiences
a torquer = —rF sing whereF =
mg. That is, the net torque is =
—rmgsind. Now the equivalent for
F = m(d?x/dt?) for torque isT =
| (d?0/dt?) wherel is the moment of
inertia, so we have
2

I% = —rmgsing  (22)
as the equation of motion for the
pendulum.

The pendulum




Pendulum

SHM everywhere!

Pendulum: small angles

Again, we had Eg. 22 of motion for the general pendulum of

I@ = —rmgsiné
az ~ M9
This is not an easy differential equation to solve diredtgwever, if we
could make the substitution sin— 6 then all would be right with the
world. When can we do that? Consider the Taylor series df:sin

. 3 6°
sing ~ 9—§+§+...
2

This is true when the fractional contribution of the secagatis small,
or#?/3! < 1 orf < /6. This ought to be pretty easy to satisfy, and
indeed it is as we show on the next slide.



Addition

Beats

Elastic deformation
Buoyantobjects
Pendulum

SHM everywhere!

Here’s the error of the approximation #in- 0, expressed as

100(6 — sinf)/ sing:

% error

singd ~ 6

5

o

15
0 (degrees)

20

25

w
o



Pendulum

SHM everywr

Pendulum

Return once more to Eq. 22 of motion for the general pendulum:
I@ = —rmgsing
az ~ M9
If we say sirf ~ 6, this again becomes a simple linear restoring force
equation:
d?0

S0 again we're going to have simple harmonic motion with

w:\/%_u/@ (24)

If the object is a massi at the end of a massless rod or string of length
r, then the moment of inertia Is= (1/2)mr2 and the frequency of
motion becomes



SHM everywhere!

Harmonic motion is ubiquitous

What we have seen is that simple harmonic motion is ubigsitou
nature. Fortunately it's an easy type of motion to solve,@edan
describe it very nicely using complex wave notatisef-t.

Real life is a bit more complicated! Motion tends to be damped
that it does not go on forever.

Damping is generally proportional to velocity, and in a diren
opposing the motion. Consider drag forces in fluids: in the
turbulent flow regimd=4 oc V2 while in the laminar flow regime it is
Fq oxv.

Of course we can always do a Taylor series expansion on any
damping force, and assume that it is linear for weak damping.

As a result we will want to go on and consider damped wave
motion equations of the form

d?x dx



SHM everyw

Damped HM

Damped harmonic motion
Again we want to consider Eq. 26 for damped harmonic waveanoti

d?x dx
mW = —kx— ba

Usingwo = y/k/mandy = b/m, we can rewrite this as

d>x  dx
G Fog Febx=0 @27)

Let's assume a complex exponential solution of the farm Ad (P+a)
Putting this into Eq. 27, we have

((ip)2 +(ip)y + wg)Aé@”a) —0= (—p2 Fipy+ wg)Aé@”a) (28)
which must be true for any time Therefore we require
PP +ipy+wi=0 (29)

if our trial solution ofx = Aé(P+2) js to work.



SHM everywhere!

Damped HM

Damped harmonic motion Il

Again, from Eq. 29 we require
—p*+ipy+wf=0

from our trail solutiorx = A(P+*), Now for this to be satisfied, the
real part and the imaginary part must both be zero. We canthiset
condition if we assume that= n+ iswith nandsboth real. In this case

p?=n?— & +i2ns
and Eq. 29 becomes
"+ —sy+wi+i(-2ns+ny) =0 (30)

which means we must have

|
o

4+ —sy+w (31)

-2ns+ny = 0 — S= (32)

N2



SHM everywhere!

Damped HM

Damped harmonic motion Il

Substituting the Eq. 32 result ef= /2 into the Eq. 31 result of
—n? 4+ &% — sy + w3 = 0 gives

nzzwz—fzh——bz
"4 m 4
where we have used the substitutions coming just before Eg/\V@ see
thatn is real (as required when we assunped n + is) only when

~v < 2wy so that limits the validity of our solution. We can then pusth
back into our trial solution for the differential equatioiitivp = n + is:

X = Ael(pt+a) N Aeint—St—H(Jn
Ae—stei(nt+oz) _ Ae—(7/2)tei(nt+a)

That's the notation used in French; it's perhaps clearenttewhis as

2

2 2 0
who= Wy (33)

X = Ae—('y/Z)tei(wt+oz) (34)



SHM everyw

Damped HM

Damped harmonic motion 1V
Again we have found from Eq. 34 that the motion goes as

X = Ae_('Y/Z)tei(“’tJ"a)

wherew is given from Eq.33 as
2 b2
4

In the limit of weak damping, we can approximate the dampedmrant
frequency as

2 4172
w = [wg(l —41(2))}
2 1
~ wo(l—;w—g)—wo( _S—QZ) (35)

where we have used the binomial expansiofilof x)" ~ 1 + nx for
x < 1 which is just the leading term of a Taylor series expansiod,
defined what is called a quality factQr= wo/~.
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