Adding up point sources

Fresnel and
Fraunhofer
diffraction

e Recall that we start with a wavefield at an input plane
! : (X0, Yo, Z= 0). We treat it as a bunch of Huygens point sources,
e each with magnitude and phase modulate@y, yo).
e To get the field at a downstream positioqy, z), add up the
contribution from the input plane sources:

¥(XY,2) :wo%/ / Q(m,yo)w cosh. (1)

Xo /Yo

e The radiug is given by (xy.2)
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Fresnel and
Fraunhofer
diffraction

Fresnel approximation

We then did a Taylor series expansiorrdfom the form in Eq. 2 to
obtain

(x=%)*  (Y=)* (x=x)* -y

~zl1 -
e 87 = G

TheFresnedl approximation involved discarding terms like
(x — %0)*/(82) in phase, or saying

Z > p*/(2\)  (Fresnel approximation)

with p = /(X — X0)2 + (Y — Yo)2. We also said that/t = 1/zfor the
magnitude term.
This led to the Fresnel-Kirchoff diffraction integral:

Y(XY,2) = wo—leXp{ Zﬂ]eXp[ 2+y2] (4)
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Fresnel and
Fraunhofer
diffraction

Fraunhofer approximation

We also considered tHeraunhofer approximation, which assumes the
Fresnel approximation plus saying th& + y3)/(\z) < 1 or

z> (Fraunhofer approximation)

X5+ Y
49 70
A
This (plus disregarding the out-of-integral phase fagtsirece they
cancel out when calculating intensities) leads to the Rrafer
diffraction integral:

wx.2) = voy 5 | [ a0, yo) explizn(xt-+ )| oo (9
Xo

Yo

wherefy = X/(Az) = 0x/ X andfy = y/(\z) = 6,/ arespatial
frequencies. We recognized this last expression as a Fourier transform



Diffraction from a slit: analytical

We start by considering diffraction from a slit of widthin the

?jf:jfjfj‘°” Fraunhofer approximation:
. XXo . YYo
’De;.:eHVL“v;HHHu A 1 ee} o0 B |27T(— + =
P v = ¢°EZ\/ 00, Yo)e ~ AZ  AZ'dxodyp (6)
.. XXo
A1 (P2 i2r—
_ wo__/ e Az dxo. (7)
ZA J 2

where we have useg(xp) = 1 for —b/2 > x < b/2. Because
€? = cosd + i sing, the integral can be written as

b/2 XX b/2
/ cos<27r—) dxo + i/ sin (2#—0) dxo
—b/2 AZ —b/2 AZ

b/2 b/2
= / cos(Bxg) dxo + i / sin(Bxg) dxo (8)
—b/2 —b/2

with B = 27x/(A\z) = 2rfx.



Slit diffraction

Sinc functior

ry pal

essel functions

ttern

Diffraction from a slit Il

Now

dsin(Bxg) = BcogBxo)dxg d[— cogBxo)] = Bsin(Bxg)dxo
1d[sin(Bxo)] = cogBxo)dxo —zd[cogBxo)] = sin(Bxo)dxo

so the integral of Eq. 8 becomes

b/2 b/2 2%
/ cos(Bxp) dxo + i/ sin(Bxg) dxo with B= —

—b/2 —b/2 ‘
_ % [sin(Bxo) "2, — i cos(Bxo) |
— i—)z(sin(wi—tz)) (10)

because sif+-0) = — sind, and coé—6) = cosd.



Diffraction from a slit Il
From Eqg. 10, we have for the farfield wavefield the result

Slit diffraction

Al bz xb
e Now let b
X
With this we have Absing
sin
with a limit asg — 0 given by L'Hopital’s rule as
. sing  cosp cog0)
|Imﬁ_,07 = T|g_,o = 1 =1. (14)
The irradiance is given by
| o ﬁ = sinds. (15)

B



Sinc function

Bessel functions

Airy pattern
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Diffraction from a slit IV

The first minimum of the slit diffraction pattern is whéh= = which is

when
xo x A

=7 or 255" siné. (16)
Maxima are at
dsing  —sing cosB
O A 40
0 = -—sing+ pBcoss (18)
_sing
6 = 053 tang (19)

which is why we don’t quite havéb/2) sinf = A for maxima. Finally,
note that our slit function could be defined as (brt= I1(fy) with a
Fourier transform of

F{rectb)} = F{II(b)} = sinc(fy). (20)



Slit maxima

showing that the intensity
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Diffraction from a slit: what you
knew before

You've probably seen this construction in
your first year physics course. Imag-
ine dividing a slit up into many point
sources. You can then pick, two-by-two,
point sources that cancel each other when
you meet the condition o2

b . A o

Esm@ = 3 :
. A

sind = b I

which is exactly the same condition as we
foundin Eq. 16.



Double slit diffraction

Sinc function

You already know about the result
for double-slit diffraction. You get
‘ constructive interference when the
path length difference is equal to an
integer number of wavelengths, or

d

However, we now want to know — y
about the overall intensity pattern |
using Fraunhofer diffraction which

is just a Fourier transform of the
aperture function.

dsind = n\




Double slits Il

¢ We've already solved the diffraction pattern of a singlealiwidth
b by considering the Fourier transform of rézt = I1(b).

e Let's now consider two infinitessimally narrow slits tha¢ar
separated by a distanagand centered on the optical axis (slits at
+a/2,—a/2). We then have an impulse pair functiogd):

_________ -

r

e Each impulse function (af function) has the property of
S5, 6(x0)f (x) dx = f (xo) so the Fourier transform of an impulse
pair is [using coé—6) = cog6) and sir{—0) = — sin(9)]:

/ I(@e?™dx = [cos2nSf) +isin(2rSh)

+ cos(Zw%afx) ti sin(Zw%afx)
= 2cografx) = 2 cosw (21)

with o = mafy.



Double slits 1l
We know the solution for a slit of width, where
F{II(b)} = sinB/pB with 3 = wbf,.
We know the solution for two infintessimal slits separatedpy
whereF{ll(a)} = 2 cosx with o = af.

We can put them together using convolution! The far-field
diffraction pattern is

v o= g [ M) @)

Al .
= onZ\f{H(b)} -]-"{II (a)} (Convolution theorem)
= Yo —; 2C0sx (22)
The intensity varies like
sir? 8

| = |07 cofa  with 3 =xbfyanda = wafy  (23)



Double slits Il

Again, we found from Eg. 23 that

||n26
=lo~z

andb represents the width of each individual slit whileepresents a slit
spacing. It's possible to wipe out certain diffraction pglalkor example,
whena = nrrorafy, = nwithn= 1,2, ... we will get zeroes of cdsy.
Yet we always requiré < a. ..

cofa  with (= xbf,anda = wafy (24)



Diffraction from N slits

e Let us now consider diffraction from slits.

e We know that one slit on axis produces a diffracted wavefiield (
the Fraunhofer approximation) of

Absing , B
¥ =1to_~ 5 with 3 = nbfy. (25)
o If we move this slit off-axis by a distanee the shift theorem gives
us
i2r—
Flox—a)} = F{gxle Az (26)

Let us now add upN slits:

sing oL 12 sing oy _
Ze :—Z(e ) with o = rafy

(27)
How are we going to evaluate this sum?



N slit diffraction Il

Again, we have from Eq. 27:

Siﬂ XN: (ei2a)j with o = mafy
2

Now recall something we found earlier for serf= 1+ x+ ...+ x™

X — Xm+1

1=
s 1-xX

SO we can write our sum as

Sinﬂ ei2a _ eiZNaeiZa
5 1_em

If we multiply top and bottom bg~'® we obtain

Sinﬁ efia(eiZQ _ eiZNoceiZa) B Sinﬁ eia _ eiaeiZNa

(28)

(29)

_sing j,1—eMNe

ﬂ efia(l _ ei2a) - ﬂ efia _ eia

where we've used? — e'? = 2 sing.

8 —2sina
(30)



N slit diffraction Il

Continuing from Eq. 30:

sinﬂeia 1—@Ne sinﬂeia 1 — cog2Na) — isin(2Na)
B —2sina Zsina
_ sing . o (sin(2Na) —i (1 — cog2Na, )g
B (=i)e Zsma *1)
The Intensity varies like
_,/SinB, sin(Na) ,
I = lo( 3 ) Sina ) (32)

By varying the width of the slit a certain fringes will be emcad and
others will be cancelled out.



Sinc functior

Pinhole diffraction
Bessel functions

attern

Diffraction by a pinhole
Now let’s consider circular diffraction. We make the sutgions
Xo = roCOSh, Yo = roSink, X = r cosp, andy = r sinp. The Fraunhofer
diffraction integral then becomes
rr

)\2 (cosh cosy + sind sing)

AL [ > i2r
Y =o-+ / d9/ rodrog(ro)d’(9)e

zA Jy 0

(33)
The trigonometric function in parenthesis is just@s ), and if we
have no azimuthal angular dependence to the apert@y'é¢dr= 1, we
have
re

o0 2ar 272 cogf —
¢=¢oéi/ rog(ro)dfo/ e AZ 1= do. (34)
ZA Jo 0

The angular integral should be true for any valueaince by saying
@'(0) = 1 we made the problem cylindrically symmetric. This angular
integral is a Bessel function, which is defined by

/27T dxcosagna g, (35)
0

N|_.
3

In(x) =



Bessel functions

Airy pattern

Bessel functions

Here’s whatlp(v) andJi(v) look like:
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Diffraction by a pinhole Il

Again, we had a Bessel function which is defined by

In(X)

j —n 2 . .
| / dxcosagna 4,
27T 0

Bessel functions
Airy pattern

It has the property

d
& (X" In2(X)] = X" (X) (36)
The cylindrically symmetrical far-field diffraction integl of Eq. 34 then
becomes N1 oo
~ rr
¢ = ’lﬂo; K /O l'o g(ro) Jo(ZT(}\—z) dro. (37)

For an aperture of radiws we havey(r) = 1 forr < a, andg(r) =0
otherwise. We then have

Al 2 rro



Bessel functions

Airy pattern

Diffraction by a pinhole Il

Again, from Eg. 38 we have
Al 2 rro
= o= 27— ) dro.
v wozA/o foJo(23; ) dro

Now letr’ = 2rrro/(A\z) sodr’ = 271 /(Az) dro. We then have

A
)= %EK (ﬁ) /0 r' Jo(r')dr’. (39)
However, in this expression note that
d
i (X Jo41] = x*TJp(x) (40)

so the integral iJ;(x)[3, giving

A1 /z\? 1 [2rar (zwar)_zwm 270r
\Z 1 \Z

2r ) r2 Az 1 )\z) (41)



Diffraction by a pinhole IV

Sinc functior

Again, we had from Eq. 41 the result which we now want to evalua
further:

Bessel functions

Airy pattern

P =

|
<
S

|

|

A1 /Az\2 1 [2rar (Zwar) 270r (2770r)
2 ) r2 | az Nz 2z Bz
A1 N\2Z2 1 2rar .  2rar

= Yozaae e oz M)
a2 23 (v) _ 2rmar
= %EK— where v = ~ (42)

where 2, (v)/v is known as an Airy function. The diffraction intensity
goes like[2J;(v) /v]?, which is shown on the next slide. The first
minimum is atv = 1.227 = 3.83.



Bessel functions

Airy pattern

Airy pattern

Here is the Airy pattern:
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