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Low co

Reflection from metals

We've talked about reflectance and transmittance from chieds. We
also need to take a long look in the mirror and consider holat ligaves

interact with conductors, which obey Ohm’s lawlof (1/R)V or

J = oE in terms of a current density; electric fieldE, and conductance

o. With this, Maxwell's equations in 1D become
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SinceE andB have the same form, we’ll considEronly in what
follows. We'll now do our usual thing of considering solutmof the

form E = Egei(kx—wt),

Some conductivities in 1/(€2 - meters: undoped silicon 2 x 10°,
aluminum 377 x 107, copper 596 x 10/, silver 630 x 10'.

1)
)

Aluminum: magnetic susceptibility igm = (u/po — 1) = 2.1 x 107>,
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Metals Il

To consider solutions of the forf = Ege— (<t we need to take
some derivatives:

(Iw) EOe—i(kx—wt)
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We can use these results for expanding Eq. 1:

(_ kZ) Eoe—i (kx—wt)
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Metals

From the differential equation of Eq. 4, we have
K = w?ue—iwpo

w\/lie 1—ii=kr—ih (5)

k

so that wave propagation becomes
Eoefi(kxfwt) — Eoefi(k,xfwt) efk,x (6)

with a phase velocity of, = w/k- and an amplitude attenuation@fk*.
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Again, we had from Eq. 5 the form

k=wyjie[1-1= =k — ik

How should we handle the factgr1l — io/(we)? At optical frequencies
(A = 500 nm corresponds to = 2rc/\ = 3.8 x 10" rad/sec), let’s
consider values for two different materials:

\/
UMINUM- %65 = 3.8 % 105-8.85 x 10 12 x 10°
Undoped silicon: -Z = 1.2 10° =22x103

W€ T 38x 10°.16-885x%x 1072

where for silicon we have a dielectric constankef €/¢p = 16. As you
can see, we have two entirely different limits fofl — io'/(we).



Metals: low conductivity limit

Low conductivity

High conductivity

Let’s first consider the case of low conductivity< we, such as the case
of undoped silicon. In that case, we can approxinkdtem Eq. 5 as

k= wy/jie |—~w\/—( 26) @)

where we've used the binomial expansion. The phase veltiaty
becomes

w w C
V=—= = — 8
kk  wype n ®)
but the light intensity is attenuated accordingeo®*)? = e~ with a

1/eattenuation distance of

1_2“’6_35

2k woyme o\

For undoped silicon, A(2k;) = 4.4 x 10~® m or 4.4m.

9)



Metals: high conductivity limit

If instead we consider the high conductivity limit @f> we (which we

High conductivity

saw earlier was the case for aluminum), we can approxiknften
Eg.5as

k= w,/ue 1—iwi:w\/ue”—iwi:\/—iauw. (20)
€ €

Now /=i = Ve i7/2 = (e717/2)1/2 = g~i7/4 = (1 —i)/\/2, so we
havek = k- — ik; with |k | = |k, and

o pw
5
The wave intensity is attenuated according to
(71 —Tk)x)2 — (g~Tkxgkix)2 = @=2X with a 1/e attenuation distance

of
1 V2 1
2 2\opw  \2ouw
which works out to be only 57 x 10~° meters or 16.7 A,

corresponding to the distance of a few atoms! Mirrors nedyl @nery
thin metal coating!

ke =—k = (11)

(12)
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Low conductivity

High conductivity

The index of refraction in this case is

o ©_ k _ 1 ouw (L —1) _ [ (1-1) (13)
Vp W/ h0€0 W/ Lo€D 2 \/i WEeQ 2

where we have assumed= 1o Or xm < 1. For aluminum with green
light, we haven = 16.7(1 —i).



Reflection coefficients for metals

Low conductivity

High conductivity

The Fresnel equations gave reflection coefficients of

cosd — \/n2 — sirt 0

te = (14)

cosd + /2 — sirf 0
n2cosf — \/n2 — sinf

= (15)

ftm =
n2cosh + v/n2 — sirt 6

If we haven > 1, the sinf and co9 terms will be small compared to
and the reflectivity will approacR — 1.




Waves from point sources

Low conductivity
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Making wavefronts

e The wave equation for a plane wave is

b = voexp|—i(K- z_wt)} . (16)

e For a spherical wave, the wave
equation is

v =0l expl-ilk —wt)]. (A7)

Notice thatk is no longer a vector
because the spherical wave goes every
which way; no direction is defined.

e How can we connect the two?



The Huygens construction

Metals
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Making wavefronts

e Christian Huygens (1629-1695):

Huygens

construction consider many point sources placed
Adding Huygens next to each other and in phase. Looks
Fresnel approximation like a plane wave!

Fraunhofer

approxination e Consider many point sources but with

oS S

daemaay

a phase delay/advance, and also
magnitude modulation, that depends W i
on position. Refer to this magnitude [
and phase modulation (which is
complex) agj(Xo, Yo)-

¢ |n other words, we treat each pointin
the input planéxg, yo, 0) as a
Huygens point source with amplitude
G(X07 yO)
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Adding Huygens
sources

Adding Huygens sources

To get the amplitude(x, y, z) at a downstream poirfk, y, z), we want
to add up all the Huygens point sources (ignoring the timesddpnce
term expiwt]):

V(X Y,2) = ¢o%/ / Q(XO,YO)M cosh. (18)

Xo “'Yo

The 1I/Aterm is for an integration area to cancel guf dxo dyo, and
the cod term is an obliquity factor which we can normally ignore.
Sincey is an amplitude (amplitude=magnitudxgiphasé), the
irradianceE is given byE = ¢ 1.
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The radiug from the spherical wave source is given by

Adding Huygens

sources _ 2 — 2
jr r= \/22 + (X=%0)% + (Y — Yo)? = Z\/“’ . ZZXO) + Y ZZyO) '
‘ (19)

(x,y,2)
A A

(Xy:z=0) | ¢

Y




Propagation distances
Again, from Eq. 19 we have

r= \/22+(X—Xo)2+(y—yo)2=2\/1+ x— %) | (y-¥)*

Z Z

In the limit of [(X — Xo)? + (Y — Yo0)? < 2%, we can write this as

(x=%)  (Y—¥)® x—x)*" (y—y)*
r ~ z|1 — — o
[ + 27 + 27 8z 8z +
X +y2 X +YE X+ Yo
~ 2 [1 TR0 AV s (ks (20)

The second version of the above assumeg-thsnel approximation,
where we ignore the*/Z*-type terms. Lep = /(X — X0)2 + (Y — Yo)?
represent transverse distances; the Fresnel approximasumes

2wz p* 7

4
il R 2> 2 21
\ 824<<2 or >>2/\ (22)



Numerical example

 Again, the Fresnel approximation assurzes> p*/(2)). If we say
- that p=0.5 mm and\ = 500 nm, we require® >> (0.4mm)3,

Fraunholer e Since the numerical aperture of a lens is defined asNmsing,
o wheref is the angle subtended by the lens relative to the optical
axis, in this example we effectively have N<&.1 sin(arctarp/z)
or N.A.< 0.4 if we pickz > 1 mm.

e This means that high resolution microscope objectives whave
large N.A. must be designed without the use of the Fresnel
approximation.

¢ Note: one can relate the numerical aperture andthritnber” or
f#—which is the focal length divided by diameter—of a lens with
N.A.= 2/f#.
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Fresnel approximation Il
Again, we want to write the expression of Eq. 18 of

A exp—ikr
P(X,Y,2) = %R/ / 0(xo, Yo) expi—ikr] cosf
Xo /Yo r

using the Fresnel approximation version (Eq. 20) of expamthie
source-to-measurement distamagving

27z X4y XE4+yE XXo+ Yo
kr~ — |1 9 _
= [ T2 oz Z

We'll use this expansion farin the expikr] phase term, while in the/t
magnitude terms we’ll simply use/2 We then have

Al -
vixyd = gy [ [ gtey) (22)
ZA Xo /Yo
217 . X4y x§+y§ .~ XX+ YYo
exp{qT—lw z —im Z +i27 3z



Fresnel approximation Il
Again, we have from Eq. 22 the expression

P(Xy,2) = 0——/ 9(Xo, Yo)
Yo

2 2 \2
exp{ %Z — i7rX ;_Zyz iﬂxo)—\i_zyo + iZWXXO)—FZWO}

Look at the terms that depend on omlgndy: they do not depend on the
variables of integration, so we can pull them out of the irdkgiving

Al 27 . 2
Y(x,y,2) = onReXp{—ITZ] eXp[—lw ;y] (23)

2 2
/ 6(x0, Yo) €xp {—iwx‘) + yo} exp {izww}
Yo

X2

pV4 pV4

This is the Fresnel-Kirchoff diffraction equation. The faretor phase
terms only matter if we talk about light amplitudes; if wejust usingy
to calculatd = ¢*v, we can forget about those phase factors outside
the integral.



The Fraunhofer approximation

e What if the object at the input plane is a relatively smallhate,
such that(x3 + y3)/(\z) never reaches a very large value?
(x.y,2)

Fresnel approximation
Fraunhofer (x, ,y(,,Z—O) i

approximation

e This condition can be written as

X5+ Y5
A
If we again use = 0.4 mm and\ = 500 nm, we require >> 2
mm. We might satisfy this condition in many cases! This ctiadi
is known as théraunhofer approximation.

o We'll also ignore the phase factor €xg2rz/ )], since it just tells
us that the wavefield changes phase byefery time we travel a
wavelength in distance.

z>4

(24)



Fraunhofer approximation |l

In the Fraunhofer approximation of Eq. 24, and ignoring pHfastors
outside the integral because they will disappear when tzlng

| = ¢*1, we can write the Fresnel-Kirchoff diffraction integral of
Eq. 23 as

~ (XX YYo
|| ats0vo exefizr (52 + 32)] arocn @5

Al
¢(Xa Y, Z) — d]OEZ\ /XD
Remember that this just results from adding up all the Huggpint
sources with their magnitude and phase variat@mg, yo). The form of

this equation should ring a bell, however!
(y.2)

(Xp:Y,2=0) | ®
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