Matrix optics
Notation

Matrix optics

To deal with more complicated optical systems, we develapatlices
for each basic operation:
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Translation: 7 = { L 1 } (1)
n 1/n
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All these matrices have the property Ddt= n/n’; so should their
products. Matrices can be used in sequences to track posjtend
anglesa:
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so that we have to calculate matrix multiplications stayfiom the right
and working our way left.
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Matrix notation: inconsistencies

Some textbooks ugg, o] instead of«, y]. To handle this, you just swap
rows and then columns, giving basic matrices of




Matrix for a thin lens

Notation
inconsistencies

Thin lens

A
What's the matrix for a thin lens of material with
e refractive indexn in a medium with refractive n |\ n
S indexng?
First surfacein — ng,n" — n_,R — Ry]
- Second surfacgy — n.,n" — ng, R — Ry

n 1/n 1
SinceR = n ﬁ(ﬁ_ ) the net effect is
0 1
S N O B A
R2R1 = N R \ng n. R \n %)

0 1 0 1



Thin lens matrix Il

inconsistencies

. Again, we had Eq. 5 of
ng 1 ng 1 No 1 No 1
RoR1 = nn R \ng n R \n
0 1 0 1

n. No 1 n n 1 /ng 1 /n
— . 4+ —(=-1)-0 —=.—(—=-1 —(—==-1-1
Using cardinal points no n_ + Rz(no ) n R (nL ) + R, (no )

0™ 11.0 S @—1>+11
L Ry \ n
which gives
1 n. 1 /n
1 —(1-2) (2
RoRy = R1< no) * Ry <n0 > (6)



Thin lens matrix Il

Thin lens

We had Eq. 6 of

RoR1 =

0 1

1 ne 1 ne
—(1-=)+=(=-1
R]_( n0>+R2 (no ) ]
We can simplify this:
“‘T o 1 ng 1 ng . 1 Nop — N 1 N — No
E(“%%@(FJQ‘E( o )w( o )
AL 1 1) n.—No 1 1
_< No )(R1+R2)_ < No ><R1 Rz)(Y)

Look familiar?




inconsistencies

Thin lens

Using cardinal points

Thin lens matrix IV

Again, after some algebraic manipulation we had
_(nL—ng 1 1
RoRy = “) (Pt )1(F€ %) ]

The careful observer should note that the upper right matement is
simply the lensmaker’s equation! (See e.g., Fowles 10.fodE on
18.pdf). Our thin lens matrix F becomes

1‘} ®)
0 1

| =

F=TRoRy =




Thin le

Interpreting matrix
elements

Matrix elementsA

We've found that we can use matrix optics to make some calonkin
a neat and clever way. Can we milk matrices for more insight?

The changes to rays afi = Aag + Byg andy; = Cag + Dyp are in the

matrix

o _ A B (670}

yi| | C D Yo
WhenA = 0, we haven; = Byp with no dependence amy. That is,
rays with any angle leaving a poiyg in the input plane will all have an

angleByy in the output plane. We will call this input position the first
focal plane of the optical system.

AR



Tt

Interpreting matrix

elements

Matrix elementsB

The changes to rays afi = Aag + Byg andy; = Cag + Dyp are in the

matrix
o o A B (670}
Y1 Cc D Yo
WhenB = 0, we haver; = Aag no matter what the value gf is. This

is the case for many telescope designs,Ard «; /g gives the angular
magnification.

AR



Matrix elementsC

Thin le

Interpreting matrix
elements

. The changes to rays afi = Aag + Byg andy; = Cag + Dyp are in the
o matrix

o1 | | A B[ ao
S yi | [C D] Yo

WhenC = 0, we havey; = Dyp with no dependence amy. That is, we
image a point to a point, and the transverse magnification=syi /yo.

R




Thin le

Interpreting matrix
elements

Matrix elementsD

The changes to rays afi = Aag + Byg andy; = Cag + Dyp are in the

HEEIR

WhenD = 0, we havey; = Cag with no dependence o. That is, rays
from any position but entering at the anglgewill be focused to a
common point. We will call this output position the seconddbplane
of the optical system.

AR



Cardinal points

With thin lenses, we had some nice, simple ray tracing rilaswe
found to be helpful:

® Rays through the lens center are undeviated.

® Rays parallel to optical axis on the input side go througHaical
point on the output side of the lens.

® Rays through the focal point on the input side emerge patalle
the optical axis on the output side.

7" We wish to find some equivalents for thick lenses. The eqeivalare:
Nodal points: rays that come in towards¥; emerge at the same
angle fromN,.

Principal planes. Rays that come in parallel to the optical axis
appear to bend at the principal pladg and emerge through the

output focal poinf; (and vice versa for going throudhto H; and
then parallel to optic axis).

Cardinal points




Cardinal points Il

Again, our cardinal points are:

Nodal points: rays that come in towards; emerge at the same
angle fromN,.

Principal planes. Rays that come in parallel to the optical axis
appear to bend at the principal pladg and emerge through the
output focal poinf;, (and vice versa for going throudghto H; and
o then parallel to optic axis).

We draw these assuming that all arrows that point backwaradvie
weons Negative numbers.

Cardinal points

Princif




Principal planes

Rays that come in parallel to the optical axis appear to bétitka
principal planeH; and emerge through the output focal pdintand
vice versa for going through to H; and then parallel to optic axis).
S Consider a ray through the first focal point to the first priatiplane:
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tility £
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Input Output
plane plane

Becausewy, = 0, if we consider the ray from the first vert¥x (the

input surface) to the first principal platly, we have

ap, = 0= Aag + Byo or ag = —(B/A)yo. At the same time, we see that
ap = Yo/(—p) in the small angle approximation, so we have

Yo/(—p) = —(B/A)yo giving p = A/B. We also havey = yi/(—f1).



Principal planes Il
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MY Again, we havegp = A/Bandag = y: /(—f1), leading to

—¥% _ —(Cao+Dyo)  —(Cao— D(A/B)ao)

f]_ - =
Qo a—0 Qo
DA AD-BC DetM npl
= —-C+ B B ~ "B "~ nB 9)

We used here the result for determinants from the last le¢tlide 31
of 19.pdf).



Principal planes I
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We can solve for based on our knowledge pfandf;:

A np 1 1 No
r=p-fi=c-—-==(A-2).
P-h=8"hB B( nf)

(10)



Second principal plane

A similar calculation can be carried out for the second ppakplane
Principal planes
1PP,
1
|
ick le yO — — =
Hzl fT e F2
" T T\
N
|
o
|
Input Output !
plane

We will simply give the corresponding result in our summary.



Nodal points

Rays that come in towards the nodal pdiitemerge at the same angle
from the nodal poinN;:
| |
v -
| |
Nogd |
N,

ﬁyol ) ’
2

Input Output
plane plane

We seen = —Yp/v. Because rays through the nodal points have
ag = af = a, We can write

af = Aag + Byo a = Aa + By

B —Yo A-1
= V= ——.
1-A"T 7y B
A calculation involving the matrix determinant, like whaasvused in

Eq. 9, leads tav = (ng/n; — D)/B.

«



Letting Maple do the dirty work

e OK, we've laid out the basic calculations to determine thsifans
of principal planes and nodal points. We still have some viortto
to come up with more complete expressions!

e Being lazy physicists, let’s let Maple do the dirty work. The
notation here is from Maple 8; you can download a Maple 12
frnters worksheet from the course web pagedlaa_lens_matrix.mw

e Let’s start by considering the matrix solution for a simgietlens:
g > s =array([[(n/nl), ((L/RL)*(n/nl-1))],[0,1]]);

n
n o 1
ml = AL
’ nl R1
0 1

Now that we've seen the Maple input and output, the other hpats are
> m2:=array([[1,0],[0,1]]);
> nmB:=array([[(nl/n), ((Y/R2)*(nl/n-1))],[0,1]11);


file:thin_lens_matrix.mw

Maple’s thin lens
. Having input the basic matrices, we can then get the thinresisix

from
> mens: =sinplify(eval m{ nB&* (n2&nil)));
: which gives
(n—nl)(-R+RY)
Thin lens mlenS = nR1R2
hick le O 1

nal points Let's rearrange Maple’s result for the upper-right matteneent:
_(n_nL)(_R2+Rl) _ (=N R— Ry
NRi Ry n R R»

_ _fh-—my /1 1) _ 1
B n RR R/ f




Thick lens surrounded by, andny

Let's make Maple work a bit harder by doing a thick lens witffedient
refractive media front and back. Again, | show here entrigdaple 8
e notation, and make available a Maple 12 (partial) worksheet
Nodal ponts thick_lens_matrix.mw

mL: =array([[(nO/nl),(nO-nl)/(nl*R1)],[0,1]1]);
hiniens nQ::array([[]-rO] ' [tr 1]])1
nB:=array([[(nl/nf),(nl-nf)/(nf+R2)],[0, 1]]);
m ens: =si mplify(eval M mB& (M2& nl)));
e This givesmlens :=

[ (—nlR2 — tnl + tnf) nO —nIR2n0+nI2R2— tnan-%—tnI2 + tnf n0 — tnfnl — R1nl2 + Rlnlnf}
R2nf ’ R2nf RLnl ’
[tnO tn0 — tnl 4 Rlnl}j|

o RLnl
- [[A. 8], [C, D]]


file:thick_lens_matrix.mw

Getting ourp’s andqg’s from Maple

Notation
inconsistencies

Thin lens

In fact, the lens with thicknegsand input and output refractive indices
of ng andn; respectively is just the thing we're looking for in our gealer
principal planes set of cardinal points:

Nodal points 1

Thin lens

Thick lens 7

Using cardinal points

iy -

We can then use Maple to obtain solutions for our cardinalfgdrom
the result we had on the previous slide fdens. The Maple inputis:
p= A/BZ p: =si npl i fy(conbi ne(m ens[1, 1]/ ens[1,2]));

gq= —A/CZ q: =si npl i fy(conbi ne(-m ens[2,2]/mens[1,2]));

r = (D — no/nf)/C: r:=sinplify(conbine((mens[1,1]-(n0/nf))/mens[1,2]));



Notation
inconsistencies

Thin lens

Principal planes

Nodal points

Thin lens

Thick lens.

Using cardinal points

Utilty

More p’s andq’s

o

S= (1— A)/C s:=sinplify(conmbine((1-mens[2,2])/mens[1,2]));
V= (D — 1)/CZ v: =si npl i fy(conbi ne((m ens[1,1]-1)/mens[1,2]));

W= (no/nf — A)/CZ w. =si npl i f y(conbi ne(((n0/nf)-niens[2,2])/niens[2, 1]));

1/t =
1/f, =

C/(no/nf) inverse_f1:=sinplify(conbine(1/(p-r)));

—C: inverse_f2:=sinplify(conmbine(1/(g-s)));



Summary of cardinal points
With a little more work, one can find

1 m—m n-n (M—-njn—n) t B
f1 NoRz noRy no N, RiR:  no/m
—I -1
f, = —f;=—
? n = B
Thin lens p o f D
hick lens = l P —
Cardinal points: C
summary q = 1
Using cardinal points no—n A - N
o r = L fflt e 0/ f
n.Ry B
n.—No 1-D
s = - ot =
nR ° B
n n—n A—1
Vv = 1-— _f L ft fl _
n nR B
No  NL—No no/ns — D
wo= (1--—- t)f=
( N n_Ry ) 2 B



Using cardinal points
Utility

Further fun facts

Note that ifng = n;, we can make some simplifying statements:
e r = vands = w, so principal and nodal points coincide.
o f; = —f;, so first and second focal lengths are equal in magnitude

e r —s=V—Ww, so the separation of the principal points is the same
as the separation of nodal points.
Most importantly, with the above expressions for focal llssgneasured
from the principal planes, it can be shown that the equivaién
l/ss+1/s=1//fis

fi f , e i
T — with magnification m= _ oS
S S NS



So what’s all this good for?

The treatment we have come up with describes thick lensds, an
even combinations of several thick lenses, in terms of ragtemties
of the optical system.

This is done either by finding th& B, C, D coefficients for the net
array, or by calculating the distangegy, . . . based on the
equations we have derived.

We've done all this for small angles. In general, good lersigie
seeks to satisfy this condition because it tends to minimize
aberrations. So in fact the basic matrix methods describedea
are pretty useful.

If you need to worry about large angles, then you can always do
numerical ray tracing on a computer. There are lots of coraraler
packages that do that!

Even so, knowing about principal planes and nodal points is
important for building even simple optical systems.
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