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These lecture notes

Course information

This is PHY 300: Waves and Optics. I'm Prof. Chris Jacobsen.

We'll make heavy use of the course web site at
http://tinyurl.com/5sofbb (which points to
xrayl.physics.sunysb.edu/ jacobsen/phy300f2008 )
where homework assignments and solutions will be postedillas
lecture notes, lab handouts and so on.

Grades will be posted dolackboard.stonybrook.edu

For more info, seeourseinfo.pdf which is listed under
lecture 1 on the course web site.


http://tinyurl.com/5sofbb
blackboard.stonybrook.edu

These lecture notes

Creating these lecture notes

These lecture notes were prepared using the Hannover stytlect
beamer package forATpX.

TpX is a mathematical typesetting language created by Stanfor
mathematician Donald Knuth starting about 30 years ago.

IATEX is a simpler, lazy person’s version ofX developed
originally by Leslie Lamport at SRI internationafTEX is widely
used by physicists and mathematicians, and has all sortgaf g
features for big, complicated documents.

IATEX is free, and available on nearly every computer type! See
TeX Live athttp://www.tug.org/texlive , or for
Windows sedttp://www.miktex.org

These packages also includsB=X which is used for
automatically formatting and numbering citations. Thefre
multiplatform program JabRef

(http://jabref.sourceforge.net ) provides a great way
to manage BTEX citation databases.


http://www.tug.org/texlive
http://www.miktex.org
http://jabref.sourceforge.net

These lecture notes

Using these lecture notes

| will make every effort to have lecture notes up on the cowsb
page 24 hours in advance of each lecture.

| will usually prepare far more slides than | think we’ll gatough,
and then re-post the lecture to reflect where we actuallypstip
(and correct any typos).

This means you don'’t have to write down every formula we
discuss; instead, be an active listener and ask questiodsnaybe
make notes on particular points brought up in discussion.

| will quite often use the chalkboard too! | hope you don't tise
on-line notes as an excuse to not attend class, as | think the
discussions are important for grasping the material.
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These lecture note:

Why waves?

Why study waves?

Restoring forces are ubiquitous in nature, with displacame
leading to oscillations. Often periodic: waves.

This happens in optics (henBélY 300: Waves and Optics), with
liquid surfaces, gases, solids (earthquake waves, phanons
It also happens with particles at very small scales: de Bzxogl

wavelength\ = h/p and the Schrédinger formulation of Quantum
Mechanics.

So it's very worthwhile to study wave motion!



Restoring forces

These lecture note:

e Consider an object that experiences a position-depende f
F(x). For small displacements about some equilibrium positipn
we can always consider a Taylor series expansion of the:force

Restoring forces

Cu\2 o2
i FOO = FO0) + (x—50) S Fheno + X DRl +
aiion )3 B

%&F(xnmja..

Let's take the case of = 0 as the equilibrium position, and roll
the termg1/n!)(d"/dx")F (X)|x—o into coefficientds,. We then have

F(X) ~ ko + kix + kox® + kax® + . ...

If xo = O represents an equilibrium position, then we have to have
ko = 0. Also, if it's an equilibrium position, we have to have a
negative value fok;.



Restoring forces

Restoring forces |l

e Again, we had
F(X) ~ ko + kax + kox® + kax® + . ...

with kg = 0 andk; a negative number.

e What abouk,? If it's a positive term, then we have a force pushing
to the right for both leftward and rightward displacementsrf
equilibrium, which does not sound like an equilibrium at &ame
story if it's negative. Therefore we must hakebe zero or at least
very small if we have an equilibrium (same fy, ks, and so on).

e \We might have non-zero terms fky, ks, and so on. However, they

must be either negative for a restoring force, or if posithey must
be small compared tek;x. Because these terms involve higher
derivatives of the force, and because they are divideal oye will
assume they can be small.



Simple restoring forces

o OK, we've determined that if a particle has an equilibriungifon
Xo = 0 then the force it experiences can be approximated as

Restoring forces
F(x) ~ —kx
at least for small displacements.
e Newton tells us that this is mass times acceleration:

i
dt?

= —kx (1)

A good trial to this differential equation is= Asin(wt + o).
Let's try it out:

x = Asin(wt+ o) @)
X = %( = wAcogwt + o)
2
X! — dx = —w?Asin(wt + o) 3)

dt?



Simple restoring forces Il

These lecture notes

Restoring forces

e Insert the Eq. 3 result a?x/dt? = —w?Asin(wt + o) into Eq. 1
of m(d?x/dt?) = —kx to obtain

—mw?Asin(wt + o) = —KAsIn(wt + o)

from which we find

ms? = Kk

w = — (4)
e \We could have also chosen a cosine solution, but since

cogx — m/2) = sin(x) the only difference would be in the value of
the starting phasgo.



Harmonic oscillator

e We have found that a simple restoring force with equilibrium
positionxy = 0 is well described by simple harmonic motion
(referred to by French as SHM, but you should not confuse this
with “single Hispanic male” in the personals section of theniv

ads):
X = Asin(wt + o) with w= \/E

¢ How to interpret the coefficient? Well, if we displace the particle
it returns to the same displacement position wher wty = 27.
This defines a period of oscillatiohto be

Harmonic oscillator

2

T (5)

w
givingw = 27 /T as angular frequency (expressed in radians per
second). We often prefer to talk about a frequency in cyabgs p
second or Hertz, dr = w/27 = 1/T.



Determining coefficients

These lecture notes

Harmonic oscillator l <

gl

Euler equation

Rotations

Multiplication

T

IA
Addition '5 5
e Besides determining the period, we can measure the amglitud

from measuring the maximum displacemgifitom x = 0. The
total range of motion is from-A to +A.

1 15

.0\.t




Determining coefficients Il

e How to determinepg? Well, if we knowx—g, we can say

Harmonic oscillator

X=0 = Asin(w-0+ ¢o)
Euler equation Xt:O .
. — = sin
A (o)
. 1, %=0
0o = sin l(tT)

Alternatively we can find a timg—q where the position is zero:

0 = ASin(th:() + (po)
nm = wity=0+ ¢o
Yo = Nnm—wti—o

If we also know the velocitglx/dt, we will want to use this as well
in determiningpo (the net effect will be to change to
wo = (2n+ no)m — wty—p Wheren is an integer andy is 0 or 1).



Complex algebra

e Our equation for periodic motion is= Asin(wt + ). This is not
an entirely satisfactory way of writing things. Consides ttase
whenwt + pg = 2nw such thak — 0.

e A good way to do this is to use complex notation:

Complex algebra

X = Re[Aexp(iwt +o)| = Re[Aeithr«po]

e Ais magnitude (some say
amplitude), whilep is !
phase. Together they make Im A/
a complex amplitude. 1

)

e Phase lets us keep track of |
whether we're at the max, Re
zero, or min of the
wavefield.

Look at the movie




An eye oni

e Again, we can describe wave displacement as

Euler equation

Complex algebra X = RB[A EXF(IUJ'[ + (}QO):| — Re[Aeiwt-i-Lpo]

_ whereA again gives the amplitude, gives the angular frequency,
andyyg gives the starting phase.

e French usegfor v/—1 and [ E—
says that this is what most nIva
physics and engineering !
books use (bottom of o\ |
p. 11). In my experience,
engineers tend to ugdout
physicists tend to use I'll

usei for v/—1.




Euler’s expression

How can we relaté\é’ to sines and cosines? Let's do a Taylor
expansion on sifi aboutd = 0:

Euler equation

(0 - 02 &

. d
sinf ~ sinf|g— o+(9 0)— sinf|g—o + 5 Sinfo—o

de 20 dh?
Mutpicaion (6 —0)3
Addiion + 3 d93 S|n9|9 o+.
6? 63
~ 0+6(cosQ+ — ( sin0) + 3( cosQ +..
6 65 '

1
>
|
=+
|
=+

A similar expansion of cog aboutf = 0 gives

62 64
cos@:l—E+E+...



Euler’s expression Il
Now let's consider co8 + i sinf using these series expansions and

i2=—-1:
L. 2 03 04
cosf +isind ~ 1+i6— '_|§ 4'+
~ (i0)> | (i9)°  (i0)*
~ 1406+ 5 + 3 + 2 + (6)

Do a Taylor expansion o& aboutx = 0, recognizing thatle*/dx = €*

ande® = 1:
d x —0)? d?
e ~ eX|X:0+(X—O)&eX|x_o %@ |x:0
(x—0)3 d (x— 0)* d*
3 et 0T A el o
o 0 o, x=07 4 (x=0°, (x=01*,
~ e+ (x—0)-e+ o e’ + 3 e’ + a e +...
XX o 3
= l4xXt gt gt gt ()

3!



Euler’s expression Il

Again, we had from Eq. 6 the series
expansion

(02, (07, ()",

cosf+ising ~ 1+i+ o 3 + z

and from Eq. 7 the series expansion

X o3 X

eX:1+x+§+§+E+...

These two series expansions are
identical if we sek = i6, so we have
shown Euler’s result that

€? = cosf + isiné.

Now you can see that if we treat the
measurable position a&cosf, it's
just the real part of the complex ex-
ponential RGAE"].

Acosp = REAEY]



Rotations in complex space

» Consider the multiplication of
€% with €2

gl gz — (0:+02) \e

That is, we simply add the two
rotations together.

e What about a rotation of /2?
é7/2 = cosr/2+isint/2=0+4i-1=i

That is, multiplication by is the same as rotation by 90
counter-clockwise. Multiplication bi? = —1 equals a rotation by
18, and so on.



Euler equation

Rotations

Differentiati

Re-runs of the movie

Here agairis the movie of simple harmonic motion ¢ad + o). It can
be expressed as the real part of a complex exponent{aﬂ‘ﬁe@ﬂ
which is steadily rotating around in the complex plane.



ule
Rotations

Differentiation and
exponentiation

Multiplication

ition

i

Other tricks

We can use all the machinery developed for exponential fomsin
other ways. Here’s a derivative:

d oo gy dotn)2
dee' =id’dd =¢ deo

which involves rotation by 90and multiplication bydf to get the
tangent. Compare with differentiating sine and cosine:

%(cos@ +isinf) = (—sinf+icosd)dd = (icosh+i-isinb)db

= i(cosd +ising) dd

so we have again shown Euler’s relationship to hold trueelddrow we
do powers of exponentials:

@) =t

It's a piece of cake as a complex numief )¢, right? Try doing
(cosf + isinf)¥ for some simple non-integer value @f



Multiplication

Multiply complex numbers with lengths other than 1:

Aeiel . Beiez — ABei(01+92)

We can again show this with the trig version:

Huplcaton (Acosfy + iAsinb;) = ABcosf; cos, — ABsind, sinf,

-(Bcosh; + iBsinbs) +iAB sinf; cost, + iAB cosh siné,
= AB|cog61 + 0) +isin(f1 + 62)
= ABg(#1tf2)

where we have made use of the trig identities

sin(61 £ 607) sinf, cosh, £+ cosh; sinb,
cog6, +6,) = cosh;cosl, F sinb;sings,



Addition

Addition
Consider the addition of two vectoAg“'+* andBe“'*5, viewed at a
moment in time:

B

(03

If the two waves have the exact same frequancyoth terms have a
common factoe“! which we can pull out, and thus deal with the static
case. How do we calculate the length of the resultant veéimf the
law of cosines, we have

R? = A% + B? — 2ABcosyp (8)



Addition Il

Addition

We can express cgsas
CoSp = cos(a +90° + (90° — 6)) = cos<180°‘ + (o — ﬂ)) 9)
Let’s use the trig identity cds & ) = cosa cosf F sinasing:

cog180C° + ) = cos 180 cosf — sin 180 sind = — cosd (10)



Multipl
Addition

Addition Il

Repeating the results of Egs. 9 and 10, we have

COSp = cos<180° + (a— ﬂ)) = —coga — ) (12)

We can then substitute this into Eq. 8 to find that the lengthef
resultant vector is

R? = A2 + B> — 2ABcogp) = A2 + B> + 2ABcoda — )  (12)

Let's extend this result to consider adding up

lots of waves. The net phase an{lis given by 4//4
~ > A cost /




Addition IV

For adding up lots of waves at the same frequendhe net length is
2 2
R = (ZA. sinei) + (ZA. cosei) (14)
i i

Muliplcaton which at first glance doesn’t appear to be very illuminatiigwever,
Aadten let's imagine expanding the first three terms of these sguare

(épq sin@i)z

(Agsinfy + Ay sin, + Az sings) (15)

-(Agsinfy + Ay sind, + Agsinds)

= AZsir? 0y + A3sirf 0, + A2sir? 63
+2A1A; sinf; sinfy + 2A1Az Sindy sinfs
+2A,Az sinf sinds



Addition V

Again, we had in Eqg. 16 the result

(ipq sin@i)z

i=1

(Agsinfy + Az sinf, + Az sinfs)

-(Al sinfy + Axsinfs + Az Sin03)

= AZsir? 0y + A3sirf 0, + A2sir? 63
+2A1A; sinf; sinfy + 2A1Az Sind; sinfs
+2A,Az sinf sinds

Multipl
Addition

Examination of this result shows that we can generalizeitreesum to

N N N N
(ZA; sinei)2 =Y Asif 6 +2) > AAsingsing  (16)
i=1

i=1 > i=1



Addition VI

2 2
Now let’s return to Eq. 14 olR? = (Zi A sinei) + (Zi A cosei)

2
and make use of the result of Eq. 16 {0 ; A sinai) and the
equivalent cosine sum:

ZA, Sirt 6; + ZZ ZA.A, sing; siné,

]>||l

+ZA co2 6, + ZZ ZA.A, cost; cost);

i>ii=1

ZA?(SihZ 6 4+ cog 6;)
N
+ZZ Z AA(sind; sind; + cosh; cosh)) (17)

i>ii=1

R




Addition VII

e Where were we? Oh yes, at Eq. 17:

N
R = ) AXsif6+cosh)

i=1

N N
+23 > " AA(sing; sind; + cost; cost))
i>i =1
- Z’* +ZZZA.AJCOS(9.—0,) (18)
> i=1

where we have again made use of the trig identity
cofa + ) = cosa cosf F sinasing.
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