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Blackbody radiation: review

� We are interested in the spectrum of radiation emitted by an object
as its temperature is changed. How hot is red-hot? Blue-hot?

� We start by taking our �rst peek into quantum statistics. We'll want
to know of two things:

� Density of available states g(E), which in this case will deal with the
number of possible con�gurations of photons.

� Probability of occupying available states f(E), which in this case will
deal with how many photons are likely to be in each of various states.

� From considering allowed modes in a cavity [where we require
n(�= 2) = L], we �gured out that the density of available states
goes like

� (� ) = ( 8�= c3)� 2 d�: (1)

� Next: what about probability of occupying those states thatare
available?
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Occupying available states I
� It may be foolish, but we're now going to dive into a cartoon

version of statistical mechanics and thermodynamics. Don't worry
too much about following every detail of the calculation; we'll
revisit this a bit more later on in the course, and you'll really learn
it in PHY 306, CHE 301, or MEC 301 if you take one of those
courses.

� Notation used here is ofThermal Physicsby Charles Kittel and
Herbert Kroemer (W. H. Freeman and Company, 1980).

� A systemS hasgR (E) states accessible for total energyE.
� Put this systemS into thermal contact with a reservoirR which

originally had a total energyU0. The reservoir is so large that the
systemS has a weak effect on the reservoirR.

� Think about all the half-waves of light in a box; big numbers,so
let's work with the logarithmgR (E), or

� R (E) = loggR (E); (2)

The logarithm of the number of available states is known by a
particular name in statistical mechanics: it is theentropyof a
system.
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Occupying available states II

� SystemS is in a state 1 with energy� 1, or a state 2 with energy� 2.
What happens to the reservoirR as a consequence of these two
choices?

� Fundamental assumption: equal likelihood for all available
energy=U0 states.

� Therefore probabilityP that the reservoir is in state 1 versus state 2
is simply given by the ratio of statesgR (E) accessible to the
reservoir at the two energies, or

P(� 1)
P(� 2)

=
gR (U0 � � 1)
gR (U0 � � 2)

=
exp

�
� R (U0 � � 1)

�

exp
�
� R (U0 � � 2)

�

= exp
�
� R (U0 � � 1) � � R (U0 � � 2)

�
(3)

using logarithm of the density of available states, or entropy, of Eq.
2.
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Occupying available states III

� Approximate the entropy with the �rst two terms of a Taylor
expansion:

� (U0 � � ) ' � (U0) � �
@�
@U

+
� 2

2!
@2�
@U2 + : : : (4)

� The quantity(@�=@U) measures how entropy (i.e., number of
states) increases as energy is added into the system.

� De�ne temperature� of a system with a �xed number of particles
N as

1
�

�
�

@�
@U

�

N
: (5)

� Use a scale factor to relate to the usual Kelvin temperatureT:

� = kBT; (6)

wherekB = 1:381� 10� 23 Joules/Kelvin is known as Boltzmann's
constant. Note:kB � (300 K) = 0:026 eV, or about 1/40 eV.
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Occupying available states IV

� Use Taylor expansion of Eq. 4, Eq. 5 of 1=� � (@�=@U)N and
Eq. 6 of� = kBT into Eq. 3 to obtain

P(� 1)
P(� 2)

= exp
h
� R (U0 � � 1) � � R (U0 � � 2)

i

' exp
h�

� (U0) � � 1
@�
@U

�
�

�
� (U0) � � 2

@�
@U

� i

' exp
�
� � 1

1
�

+ � 2
1
�

�
'

exp
�
� � 1

kBT

�

exp
�
� � 2

kBT

� : (7)

� In other words, therelativelikelihood of a system with temperature
T choosing one particular state with energyE is given by

exp[� E=kBT] (8)

which is known as the Maxwell-Boltzmann distribution function.
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What you should put in your pocket

Again, you didn't have to worry about digesting all the details of what
we just did. For now, just be aware of the following:

� Entropy� R (E) is the logarithm of the number of available states as
a function of energyE.

� The inverse of temperature� measures the degree to which entropy
changes as the energy in the system is changed but the number of
particlesN remains �xed:

1
�

�
�

@�
@U

�

N

� This is scaled into an absolute temperatureT in Kelvin via
Boltzmann's constantkB, so that� = kBT.

� The relative likelihood that a system with temperatureT will wind
up in a particular state with energyE is given by the
Maxwell-Boltzmann distribution function which is exp[� E=kBT].
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Back to Blackbody I
� We now have the two ingredients:

� Density of available states� (� ) = 8�
c3 � 2 d� from Eq. 1.

� Occupancy of available statesas a function of temperature:
exp[� E=kBT] from Eq. 8.

� Does this explain blackbody radiation?

� (�; T) =
8�
c3 � 2 exp[� c2�= kBT] d�: (9)

Hey, at 1000 K or
1500 K it's pretty
close except in the
infrared end!
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Blackbody II

Here's another look at a spectrum at 1500 K: (Serway Fig. 3.5):

Can't we say that this is good enough? It's only a little bit off at longer
infrared wavelengths, where it's not very easy to make a measurement: : :
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Blackbody III
Measurements by Heinrich Rubens, Universitæt Berlin, 1900: measure
intensity at one infrared wavelength while turning the temperature knob
(Serway Fig. 3.6):
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Blackbody IV
Rubens' measurements at one wavelength versus temperature(Serway
Fig. 3-7):
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Blackbody IV

� Max Planck (1858–1947; Nobel Prize
1918) at Universitæt Berlin had
already used statistical mechanics to
try to explain the blackbody spectrum.

� His colleague Heinrich Rubens found
discrepancies between the Wien law
and his group's infrared
measurements.

� Oct. 7, 1900: Rubens pays a Sunday
afternoon visit to Planck. They
discuss the puzzle of Rubens' results.
By that evening, Planck has found an
answer that explains the experimental
data perfectly.

Planck in 1901
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Planck's �x
� Assume a quantized energy of

En = nh� (10)

That is, radiation at frequency� has an energyh� , and comes
quantized in integer multiplesn. Fit data to �ndh; modern value of
h = 6:63� 10� 34 Joules�sec is called Planck's constant.

� Average energy per mode is then

�E =

P
modes(energy per mode)� (likelihood of mode)

P
modes(likelihood of mode)

=

P 1
n= 0 nh� exp[� nh�= kBT]
P 1

n= 0 exp[� nh�= kBT]

=
0 + h� exp[� h�= kBT] + 2h� exp[� 2h�= kBT] + : : :

1 + exp[� h�= kBT] + exp[� 2h�= kBT] + : : :

= h� y
1 + 2y + 3y2 + : : :
1 + y + y2 + : : :

with y � exp[� h�= kBT] (11)
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Planck's �x II
� Again, we had

�E = h� y
1 + 2y + 3y2 + : : :
1 + y + y2 + : : :

with y � exp[� h�= kBT]

� Now

1 + 2y + 3y2 + : : :
1 + y + y2 + : : :

=
1 + y + y2 + : : :
1 + y + y2 + : : :

+
y + 2y2 + : : :

1 + y + y2 + : : :
;

so that if we de�neA � 1 + 2y + 3y2 + : : : and
B � 1 + y + y2 + : : :, Eq. 13 becomes

A
B

= 1+ y
A
B

giving (1� y)
A
B

= 1 giving
A
B

=
1

1 � y
:

The average energy�E of a mode is then

�E = h� y
1

1 � y
=

h�
1=y � 1

=
h�

exp[h�= kBT] � 1
: (12)
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Planck's �x III

Let's recapitulate:

� We know thedensity of available statesfrom Eq. 1 of
� (� ) = 8�

c3 � 2 d� .

� We know the combination ofoccupancy of available states
multiplied by their energy as�E = h�= (exp[h�= kBT] � 1).

The product of the two then gives the energy spectrum (cf. Serway
Eq. 3.9):

� (� ) � �E(�; T) =
8� h� 3

c3

1
exp[h�= kBT] � 1

d�: (13)

This is the celebrated Planck blackbody radiation distribution function
for energy per unit volume per unit frequency derived on thatSunday
afternoon, Oct. 7, 1900. It �ts the experimental data perfectly.
Recall our basic assumption wasEn = nh� : radiation at frequency� has
an energyh� , and comes quantized in integer multiplesn.
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Planck's �x IV

How to interpret? Planck himself was not sure. Result was not
immediately appreciated; Rayleigh-Jeans theory of Eq. 9

� (�; T) =
8�
c3 � 2 1

exp[c2�= kBT]
d�:

was publishedafterPlanck published his result of

S� = � (� ) � �E(�; T) =
8� h
c3 � 3 1

exp[h�= kBT] � 1
d�:

To convert to a spectrum in wavelength, we use� = c=� which gives
d� = � (c=� 2)d� , so that Eq. 13 becomes

S� = 8� hc
1
� 5

1
exp[hc=� kBT] � 1

d�: (14)
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Planck's �x V
� Energy per photon:E = h� = hc=� . With Planck's constant

determined from blackbody spectrum to beh = 6:63� 10� 34

Joules�sec, we can write

hc =
(6:626 069 3� 10� 34 J � s) � (2:997 924 58� 108 m=sec)

(1:602 176 53� 10� 19 J=eV)
(15)

�
109 nm

m
= 1239:8419 eV� nm

� Based on physical constants from
http://physics.nist.gov/constants which is a web
site of NIST (the National Institute of Standards and Technology).

� Consider a 5 mW laser pointer at� = 680 nm. Energy of one
photon isE = hc=� = 1239:8419=680= 1:82 eV. Photon �ux is

(5 � 10� 3 J=s)
(1:82 eV=photon) � (1:602� 10� 19 J=eV)

= 1:71� 1016 photons=s

http://physics.nist.gov/constants
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Wavelength of emission maximum

What's the frequency of the emission maximum?

d
d�

S� =
d
d�

h8� h
c3 � 3 (exp[h�= kBT] � 1)� 1 d�

i
= 0

8� h
c3

�
3� 2(exp[h�= kBT]� 1)� 1� � 3(exp[h�= kBT]� 1)� 2 exp[h�= kBT] (h=kBT)

�
3 � (exp[h�= kBT] � 1)� 1 exp[h�= kBT](h�= kBT)

�
= 0

3 =
exp[h�= kBT]

exp[h�= kBT] � 1
(h�= kBT)

3 =
1

1 � exp[� h�= kBT]
(h�= kBT)

3 =
x

1 � exp[� x]
with x � (h�= kBT)

3(1 � exp[� x]) = x
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� of emission maximum II

We want to �nd values ofx that satisfy 3(1 � e� x) = x. If we plot x (a
straight line with slope=1) and 3(1 � e� x) we can see the solution points
graphically:

-2 -1 0 1 2 3 4 5
X

-2

-1

0

1

2

3

4

5

y=
x

y=3(1-e-x)

This shows that solutions arex = 0 andx ' 2:8. We can pin it down
more using Maple:

eq:=3 * (1-exp(-x))=x; evalf(solve(eq,x));
2.821439372, 0.

Thus 2:821= h�= kBT or � peak= hc=(2:821kBT).
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Total radiated power
The total radiated power is given by
Z 1

0
S� =

Z 1

0

8� h
c3 � 3 1

exp[h�= kBT] � 1
d�

=
8� h
c3

Z 1

0
(h�= kBT)3(kBT=h)3

1
exp[h�= kBT] � 1

d(h�= kBT) (kBT=h)

=
8� h
c3 (kBT=h)4

Z 1

0

x3

exp[x] � 1
dx with x � h�= kBT

Ask Maple to solveint(xˆ3/(exp(x)-1),x=0..infinity);
This gives� 4=15, so

Z 1

0
S� =

8� 5

15(hc)3 (kBT)4

Stefan-Boltzman law from classical thermodynamics!
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Classical light

� Recallc = 1=
p

� 0� 0

� Poynting vector of EM waves gives mean �elds of

hEi =
� �

�

� 1=4 p
I and hBi =

�
� 3�

� 1=4 p
I (16)

for a given irradianceI .

� Focus of a 5 mW,� = 632 nm laser to a 10� m diameter spot:
I = 6:4 � 107 W/m2

� Mean electric �eld:hEi = 1:5 � 105 V/m. Air sparks at astatic
�eld of 8 � 105 V/m. Strip electrons from hydrogen: about 10 eV
electron binding energy and about 1 Å=10� 10 m orbital radius, so
around 1011 V/m required.

� Mean magnetic �eld:hBi = 5:2 � 10� 4 Tesla. Earth's magnetic
�eld: 0.3–0.6� 10� 4 Tesla depending on location.
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But photons are waves!

Recall double-slit diffraction:

d

dsinq

q

Interference maxima whend sin� = n� . Two photons interfere with
each other, right?
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Photons arriving one-by-one

8 quanta 270

2,000 60,000

Electrons, really, but you get the idea: : : From A. Tonomura,Electron
Holography(Springer-Verlag, 1993), p. 14.
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This time it's really photons

Position-sensing photomultiplier, ITT Electro-Optical Products; Fig. 1.1
of Hecht,Optics(4th ed., Addison-Wesley, 2002)
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