Momentum

Relativistic momentum

Conservation of momentum involves constant center of métss w
no external forces, and bookkeeping on how this changesslestw
different inertial frames.

Special relativity tells us to be more careful in shiftingween
different inertial frames.

Let's pick our frameS,; to havev, x = 0 andpy x = 0.
Orthogonal tak: use velocity transformation of
Voy = Viy/v[1 — vV x/C?] to give

V
P2y = MoVoy = mo%, (1)

giving pyy = Mvyy = ypo,y OF
pl,y = A/rTbVZ,Y' (2)

Inertial massmy of particle in frameS, looks to us inS; as if it has
increased by factoy.
If we brought particle to rest in our frame we would measuee th
same “rest masghy.



Forces

Relativistic forcesF L v
Force is defined as the change in momentum per time:

d(”(;)tW) = %7%7 + %V%—Z + de—rtn 3)
Rest mass is the rest massds/dt = 0.

Consider case when force is always perpendicular to velfcit
example, charged particle in a magngtic field). New. V. No
velocity and therefore no motion alogdirection so no work!
Direction ofV changes but magnitude does notdsgdt = 0. We
are therefore left with

F=

F= mofy%7 =myya (forF LV) (4)
Centripetal force:
_ V2
F=myd=—myy— ®)

giving qvB = myyV2/r orr = moyv/gB. Verified experimentally in
19009.



Forces

F Vv

e Now particle speed and thyswill not be constant. Return to Eq. 3

with dmg/dt = 0:

d(monV)
dt

Again,dv/dt = & Calculated/dt:

dav dy
= Moy ot + mova

F=
vVav o
c2 dt
because it's only when we have the square of velocity thabsae |
information on its direction.

d _ 1 _ v
LAY = (1P () 754 )

e Returning to Eq. 3 we now have

E

v V2
Myyd -+ MoV 7758 = moyd (1+vzg) @)

V2 ¢ — V2 %
Mud|l+ o—5 | =Md| -+ o




Kinetic energy

Kinetic energy

» We now know force along direction of frame sHift|| V. Calculate
kinetic energy from work done to move patrticle:

/

X X
Ex = / Fdx = / mey2adx. (8)
0 0
e Now q q
v X
adx = adx: adv=vdv, (9)

SO we can write the kinetic energy as

v v
_ 3 - v
Ex = /o ~’mpvdv = my /o I dv. (20)



Kinetic energy Il

e Again we had from Eqg. 10

Kinetic energy

v v
Ex= = av.
=m | T

DefineA = ¢?(1 — v?/c?) /2 so that

Vv

2 . 2\—3/2/ 2 _
dA = c?(—1/2)(1 — V?/c?)~¥/?(—2v/c?) dv A e dv.
(11)
* Therefore, we can recognize Eq. 10/adA = A and obtain
mc® v
B« = ———% 213l (12)

(1—v2/c2)1/2

1
e (v )
(v — 1)moc®.



Correspondence principle and
kinetic energy

Kinetic energy

* In classical limitv < ¢, we found foundy ~ 1+ 3 ‘C’—z

e Therefore the classical limit of relativistic kinetic eggiris
1v? 1
Ex~ (1+=5 —1)mec® = ZmpV? 13
K ( t5@ ) Moc” = S (13)

as expectedcprrespondence principle).
¢ In the highly relativistic limit ofy > 1, we instead obtain

Ex ~ vymoc?. (14)



Particles in motion

Rest energy

e Ex = (v — 1)moc? suggests a new interpretation of the total energy
of a particle in motion.

e Assume that a particle at rest has some enEggassociated with it;
E = Eo + Ex. (15)

e Fory > 1, we foundE ~ E, ~ ymgc?. Therefore, we make the
associatiorEy = mgc® which allows us to write the total energy as

E = Ep + Ex = moc® + (v — 1)moc? (16)

or the sum of rest and kinetic energy. We can also Vite mgc?
for the total energy.



Rest energy

Rest energy and electron-\olts

e Ey = myc? is probably the best-known result of modern physics.

“Weigh” particles in natural units for atomic and nucleagypits
calculations.

The electron-\olt, or eV: energy gained by an electron as it
experiences an electrostatic potential change of one\Waltk is
W = qV, giving

19 Coulomb

-1 Volt = 1.6 x 107*° Joule (17)
e charge

leV=16x10"

Proton mass in eV:

Eo = moc®=167x102%"kg- (3x 1® m/seg® (18)
leVv

= 15x 1019 Joules
x 1.6 x 10 19 Joules

= 039x 1PeV.

The massny = Ey/c? can then be written asy = 939 MeV/c?.
Sloppy version: “the proton mass is 939 MeV” or “the electron
mass is 511 keV.”



Rest energy

Chemical reactions

Some chemical bond energies: H-C bond 80.9 kcal/mol, C-Nlbon
184 kcal/mol, C-O 257 kcal/mol.

Convert H-C to kJ/mol:

809 kial . 4.184£ = 338 kd/mol
mol kcal

Convert to eV/atom:

kl 10°J leV 1 mol

338 0 Kk 1602x 103 6.02x 108

= 3.50 eV/bond

Equating tomyc? gives a fractional mass change for electron of

3.50eV

_ 350ev. 6
5lix10ev ' <10

Difficult to detect any mass change due to chemical bonding!
Correspondence principlein action again.



Relativistic conservation of

momentum
Conservation of « Classically, kinetic energy is?/2m. Considep? in relativity:
(pc)? = (ymove)? = (yBmoc?)?. (19)

e If we then useEg = mpc? andf? =1 — % we obtain
Pe=1"(1- 5B =0 -DE=""EB-E (20

However, since we found before that the total enerdy is yEg,
we havep?c? = E? — E3 or

E2 = E2 + pc®. (21)

e Therefore ifEx > Eo we havekg, relativistic = PC-



Mass of the photon

ohoton mace e Mass of something that is allowed to travel at the speed bt?ig
From Eq. 16 we geE = ~Eg or

E
Eo= — = Ey/1 - \2/c2. (22)
S /

With v = ¢, we getEg = Ev/1 — 1 = 0, so that the rest mas$
must also be zero.

e Because light must travel with a velocity gfwe therefore
conclude that photons have a rest mass of zero.



Invariants

Energy—momentum invariant
Rearrange Eq. 21 to give

) - (O

E 2
(E) —p;— P — Pl (23)

(Eo/c)? = (mpc)? has the same value when measured in any inertial
frame; therefore so does the quantity on the right hand dige 023.
Thus

E1\’ E2\’
(;) — Py~ Pa— P = (;) “P2-Pe-P.  (24)

between frame$S; andS,. This is really the equivalent of our statement
in a previous lecture

()= —yi—Z=(ck)’ — -5 -2 (25)

which served as the basis for our derivation of the Lorentz
transformations!



Invariants

Momentum transforms
We went from(cty)? — X2 — y2 — 7 = (ctp)? — x5 — y3 — 2 to find
transformations for position and time:
Xo = (X — Vi) and y,=w1 and =z=27

0l (tl - §X1>

From Eq. 24 of E1/c)® — pZ, — P51 — P31 = (E2/C)* —Pi2— RS2 — P2s
we can find an equivalent Lorentz transform for momentum auedgy:

to

E
P2 = ’Y(px,l - V(C_Zl)) and Py,2 = Ppy,1and Pz2 = (26)

E2 = ’y(El—VpXJ).

This is somewhat startling, for it tells us that we need torwabout the
Lorentz transformation in considering conservation ofrgpke
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