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Quantum statistics

The relative probability of particles having a particular energyE, or
n(E), is given by the product of

� Density of available statesg(E)

� Probability of occupying available statesf (E), which we will also
call adistribution function.

Thus we'll want to calculate (see Serway Eq. 10.6)

n(E) dE = g(E)f (E) dE (1)

Probability distributions:
Maxwell-
Boltzmann:

fMB / 1
exp[E=kBT] Non-interacting particles

(e.g., ideal gas)
Fermi-
Dirac:

fFD = 1
exp[( E� EF)=kBT]+ 1 Electrons (Pauli-exclusion

principle)
Bose-
Einstein:

fBE = 1
exp[E=kBT]� 1 Photons, phonons, other

bosons
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Einstein, atoms, and radiation

N1,E1

N2,E2

hn

Spontaneous
emission

Stimulated
emission

Absorption

A21N2 B12N1r (n) B21N2r (n)

� We haveB12 = B21: the stimulated emission and absorption
coef�cients are one and the same. Calculate via Fermi's golden
rule.

� We have
A21

B21
=

8� h� 3

c3 for the ratio between spontaneous emission

A21 and stimulated emissionB21.

� Our processes then become
� dN2

dt

�
stim = � BN2� (� ),

�
dN2
dt

�
spont = � AN2, and

�
dN2
dt

�
abs = + BN1� (� ).

� If we can put lots of atoms into stateN2 and have high photon
density� (� ), we can have stimulated emission dominate. Since the
electric �eld of one photon stimulates the emission of another, they
are in phase with each other.
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Lasers

Who invented the laser? Many people were in the stew.Wikipediahas a
good, concise history.

Laser cavity

Helium-Neon laser scheme
(Krane Fig. 8.20)

http://en.wikipedia.org/wiki/Laser
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Let's go to Livermore

For the biggest, baddest laser around, let's go to Livermore; it's one of
the two nuclear weapons physics lab, along with Los Alamos inNew
Mexico.
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Livermore lab

Lawrence Livermore National Lab. NIF is at the upper right.
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NIF: National Ignition Facility
Anticipated operation: 2009. Cost: $1B? Web site:
http://www.llnl.gov/nif/
192 beams (3072 slab ampli�ers), total energy of 1.8 MJ, pulse duration
3–20 nsec. During those 3-20 nsec, the lasers emit a power of 5� 1014

Watts. US electric power generating capacity: 1� 1012 Watts.
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NIF: an aerial view

About the size of a football stadium:
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NIF components

Part of one capacitor bank

One replaceable ampli�er slab
on its mounting robot
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NIF target chamber
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NIF target chamber II, and
Hohlraum
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Hohlraum leading to fusion

Direct laser heating of pellet produced too many nonuniformities.
Indirect heating instead!

Mini H-bomb. Relevant to understanding weapons, supernovae. Future
energy source???
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Three distribution functions
To review, we have found three distribution functions:

� For non-interacting particles, we have the Maxwell-Boltzmann
distribution function:

fMB(E) /
1

exp[E=(kBT)]

� For Fermions (particles which sense each other so that we canhave
only 0 or 1 in a given quantum state), we have the Fermi-Dirac
distribution function:

fFD(E) =
1

exp[(E � Ef )=kBT] + 1

� For Bosons (particles which can happily overlap each other in the
same quantum state), we have the Bose-Einstein distribution
function:

fBE(E) =
1

exp[E=kBT] � 1
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Back to Bose-Einstein
If the occupancy of a state can be any integer (such as with photons or
phonons), we use the already-normalized Bose-Einstein distribution
function (Serway Eq. 10.3):

fMB(E) =
1

exp[E=kBT] � 1
(2)

Here's Fig. 24-1 of Sandin,Essentials of Modern Physics. Note that at
E = kBT = 25 meV for room temperature, we getfMB(E) � 1.
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Classical heat capacity
� Consider atoms in a solid. They all have equillibrium positions. We

know that solids have some elasticity, so there must be a restoring
force for displacement from starting positions.

� What about the electrons? We will see that a few electrons (the
conduction electrons) are so easily removed that it takes very little
energy, while the rest happily stay put with their atom. For those
others, they again will have a restoring force towards their
equillibrium position relative to the nucleus.

� The lowest order expansion term for these restoring forces is
F = � kx, so we can approximate the system as a collection of
harmonic oscillators.

� For a harmonic oscillator, we have an energy of1
2kBT per degree of

freedom.
� How many degrees of freedom are there?

� 3 for an atom being able to “choose” to have its displacement be
distributed over three orthogonal directions

� 2 for an atom being able to “choose” its ratio of kinetic to potential
energy

There are 6 degrees of freedom.
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Classical heat capacity of a solid
� Again, we have three degrees of freedom for orthogonal directions,

and two degrees of freedom for kinetic versus potential energy for
storing energy, and(1=2)kBT energy per degree of freedom.
Therefore the relationship between energy and temperatureper
atom should be

E = 3 � 2 �
1
2

kBT = 3kBT;

or E = 3NAkBT = 3RT per mole of atoms.
� It's tough to measure the total energy of a solid as a functionof

temperature starting from zero. What's easier to measure istheheat
capacity, which tells us how the temperature changes as we add
heat (Serway Eq. 10.29):

C =
dU
dT

=
d

dT
3RT = 3R = 3NAkB

= 3 � (6:02� 1023 atoms
mol

) � (1:38� 10� 23 J
K

) = 24:9
J

mol � K

Since 1 calorie=4.184 Joules, we haveC = 5:95 cal/(mol� K). This
matches room temperature experiments; see Serway Fig. 10.9.
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Heat capacity: experimental data

The heat capacityC of many substances approaches 3R = 5:95
cal/(mol�K) at high temperatures:
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Einstein heat capacity I

� How independent are atoms in a solid? Since in the harmonic
oscillator approximation they're all tied to each other through
springs, the displacement of one atom should affect its neighbors
ad in�nitum. These acoustical waves of displacement about mean
positions are calledphonons.

� Let's assume that phonons carry an energy~! , where! is some
atom-dependent resonance frequency for acoustical excitations.

� Let's assume that we can have multiple occupancy of phonon
states, so that Bose-Einstein statistics apply. The energyin a mole
of atoms is then 3~! per atom for three orthogonal directions. The
total energy must include the Bose-Einstein probability for
occupying modes (Serway Eq. 10.33):

U = 3NA ~!
1

exp[~!= kBT] � 1
(3)
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Einstein heat capacity II

� The total energy was (Eq. 3)

U = 3NA
~!

exp[~!= kBT] � 1

� The average energy�E per 1D atom mode can be found from letting
x � ~!= kBT which gives

�E =
~!

exp[~!= kBT] � 1
= kBT

x
exp[x] � 1

' kBT
x

1 + x + x2 + x3 + : : : � 1
' kBT

1
1 + x + x2 + : : :

' kBT(1 � x � x2 � : : :)
�E ' kBT (4)

where we have used a high temperature orkBT � ~! limit.
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Einstein heat capacity III

� Once more, the total energy was (Eq. 3)

U = 3NA
~!

exp[~!= kBT] � 1

� It's easier to measure heat capacity than it is to measure total
energy (Serway Eq. 10.32):

C =
dU
dT

= 3NA ~!
d

dT
(exp[~!= kBT] � 1)� 1

= 3NA~!
~!
kB

� 1
T2 (� 1) exp[~!= kBT](exp[~!= kBT] � 1)� 2

= 3NAkB

�
~!
kBT

� 2 exp[~!= kBT]
(exp[~!= kBT] � 1)2 (5)
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Einstein heat capacity IV
� Again, we have Eq. 5 of

C = 3NAkB
� ~!

kBT

� 2 exp[~!= kBT]
(exp[~!= kBT] � 1)2 :

� Is this consistent with the classical resultC = 3Rat high
temperatures? Let's rewrite our result as

C = 3R x2 ex

(ex � 1)2

with x � ~!= kBT so thatx ! 0 asT ! 1 . The Taylor series
expansion ofex is ex ' 1 + x for smallx, so we have

C ! 3Rx2 1 + x
(1 + x � 1)2 ' 3Rx21 + x

x2 ' 3R(1 + x)

So we agree with the classical result at high temperatures, and it is
found that this relationship works well at low temperaturestoo (see
Serway Fig. 10.10).
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Einstein heat capacity V

Here's Eq. 5 of

C = 3NAkB
� ~!

kBT

� 2 exp[~!= kBT]
(exp[~!= kBT] � 1)2 :

and data for diamond from Serway Fig. 10.10:
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Back to Fermions
If the occupancy of a state can be only 0 or 1 (such as with electrons),
we use the already-normalized Fermi-Dirac distribution function
(Serway Eq. 10.25):

fFD(E) =
1

exp[(E � EF)=kBT] + 1
(6)

Note thatfFD(E) = 1=2 whenE = EF, and that the Fermi energyEF

stands in for a chemical potential (binding of most electrons to particular
atoms). Here's Fig. 24-3 of Sandin,Essentials of Modern Physics,
which is just like Serway Fig. 10.11:
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Swimming in the Fermi sea I
� Let's populate electrons onto nuclei starting from low energy.

BecausefFD(E) stays near 1 and then makes a fairly sharp
transition to 0 atE = EF, we will �ll up all states till we reach the
Fermi energyEF at which point we'll stop.

� We therefore speak of aFermi sea: there are electrons below the
surface of the sea (atEF), but not above.

� Well, the distribution is not an absolute 1! 0 except at zero
temperature, so there are some electrons above the Fermi sea. The
occupancy of electrons in these energy states will be very low so
one electron will rarely encounter another. That is, they appear like
non-interacting particles so they are sometimes called aFermi gas.
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Swimming in the Fermi sea II

� The Fermi-Dirac distribution functionfFD(E) tells us how we
populateavailablestates. To get the actual energy distribution of
electrons, we must consider the availability of statesg(E) as well,
becausen(E) = g(E)f (E).

� Let's consider just those electrons that are free to move around: the
valence electrons.

� If we consider quantum states up to some limit in the principal
quantum numbern, the number of statesN can be found from a
sphere of states withn < nmax in (nx; ny; nz) space as we've done
before:

N = ( # spins) � (octant of sphere withn > 0) � (sphere ofn with E <

= 2 �
1
8

�
4
3

� n3
max =

�
3

n3
max:
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Swimming in the Fermi sea III
� Again, the total number of statesN is related to the maximum state

indexnmax according toN =
�
3

n3
max.

� Consider a metal cube of volumeL3, which has particle-in-a-box
energiesEn = n2

maxh
2=(8mL2). If we �ll all the states up to a certain

value ofnmax, we see that this gives us the Fermi energyEF

(Serway Eq. 10.44):

EF =
h2

8mL2 n2
max =

h2

8m
(3N=� )2=3

V2=3

=
h2

8m

�
3N
� V

� 2=3

(7)

= ( 3:646� 10� 19 eV � m2)
�

N
V

� 2=3

where we have usedV = L3 to give the volume.
� At low temperature, copper has a valence (free-to-move) electron

every 0.23 nm or so (that is, about one per atom), or a free electron
density ofN=V = 8:5 � 1028 m� 3 from which one obtains a Fermi
energy ofEF = 7:0 eV.



Quantum statistics

Lasers

Lasers: NIF/LLNL

Distribution
functions

Einstein heat
capacity

The Fermi sea

Swimming in the Fermi sea IV
� Let's rearrange the Fermi energy expression into an expression for

the number of occupied states:

EF =
h2

8m

�
3N
� V

� 2=3

! N =
� V
3

�
8mEF

h2

� 3=2

� The rate at which states become available as energy is added to the
system is just the derivative of the inverse of the Fermi energy
expression of Eq. 7 (like Krane Eq. 10.35, or Serway 10.39):

g(E) =
dN
dE

=
� V
2

�
8m
h2

� 3=2

E1=2

=
N

� V
3

�
8mEF

h2

� 3=2

� V
2

�
8m
h2

� 3=2

E1=2

=
3
2

N

E3=2
F

p
E
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Swimming in the Fermi sea V
Putting the density of available statesg(E) together with the probability
of occupying available statesfFD(E), we have the Fermi-Dirac
distribution function for electron occupancyn(E) (compare with Krane
Eq. 10.36, or Serway Eq. 10.41):

n(E) =
� V
2

�
8m
h2

� 3=2 p
E

exp[(E � EF)=(kBT)] + 1

=
3
2

N

E3=2
F

p
E

exp[(E � EF)=(kBT)] + 1
:

This function is plotted in Serway Fig. 10-12. It reaches a maximum
near the point whenE = EF, in which casen(E) ! (3N)=(2EF0).
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Average energy of an electron?

What's the average energy of an electron? We can use our usual
approach to �nd it:

hEi =
1
N

Z 1

0
E n(E) dE

from which it can be found thathEi =
3
5

EF. That is, even as we

approach a temperature of absolute zero the conduction electrons have
signi�cant energy!
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Floating above the Fermi sea

� In fact the Fermi-Dirac distribution does not make a sudden
transition from 1 to 0 atEF, especially at higher temperatures.
Here's
a normalized plot offFD(E) with EF = 7:0 eV at room temperature:

6.8
0.0

0.2

0.4

0.6

0.8

1.0

6.9 7.0 7.1 7.2
Energy (eV)

What fraction of electrons are above the surface of the Fermisea?

� Approximate the curve as having a triangular region above the
Fermi energy. Height of the triangleh is half the peak height, or

h =
3
4

N
EF

.
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Floating II
To get the width, we should look at the slope:

m =
d

dE
jE= EF n(E) =

d
dE

jE= EF

3
2

N

E3=2
F

p
E

exp[(E � EF)=(kBT)] + 1

Use Maple:f[x]:=a * sqrt(x)/(exp((x-x_0)/k)+1);
g[x]:=simplify(diff(f[x],x));
eval(g[x],x=x_0);
This gives a slopem of

m = �
3
2

N

E3=2
F

EF � kBT
4kBT

p
EF

but sinceEF = 7:0 eV andkBT = 1=40 eV, we can drop the� kBT in the
numerator and write the slope as

m ' �
3N

8EFkBT
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Floating III

� Now we go fromh to 0 with the above
slope�j mj, which is the same as going
from 0 toh with a slope+ jmj, which
happens at an energyE = h=m. The area
of the triangle is therefore

1
2

h
h
m

=
1
2

h2

m

� We therefore have an approximate result
for the number of electrons above the
Fermi sea of

NE> EF =
1
2

h2

m
=

1
2

9
16

N2

E2
F

8EFkBT
3N

=
3
4

NkBT
EF

Realize that this is an underestimate.

h

h/m

y

y/m
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Floating IV

� Now that we know how many electrons �t
in the triangle above the Fermi sea, we
need to ask how far we moved them.

� Consider triangles with slopesm. The
height of the �rst one ish, and the height
of the second triangle isy. The second
triangle has half the area of the �rst one:

1
2

�
1
2

h2

m
=

1
2

y2

m
! h2 = 2y2

giving y = h=
p

2.

� Now that we know the height of the
smaller triangle, we can �nd its widthx

from m = y=x or x =
y
m

=
h

p
2m

h

h/m

y

y/m
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Floating V

� This is the width over from the vertex to
the edge of the little triangle. What we
really want is the width difference

h
m

�
h

p
2m

=
h
m

(1 � 1=
p

2) = 0:29
h
m

which we'll approximate ash=(3m).

� Therefore we have to move electrons
from � h=(3m) on the left to+ h=(3m) on
the right or about(2=3)(h=m) or an
energy distance

2
3

h
m

=
2
3

3
4

N
EF

3N
8EFkBT

=
4
3

kBT

h

h/m

y

y/m
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Floating VI

� OK, where are we at? We know that the number of electrons
swapping triangles is

NE> EF =
3
4

NkBT
EF

� We know that a typical energy change is
4
3

kBT

� We can then estimate that the heat capacity of the free-electron gas
is given by the derivative of number of electrons that changesides,
multipled by their energy, or

C =
dU
dT

=
d

dT
4
3

kBT
3
4

NkBT
EF

=
d

dT
Nk2

B

EF
T2 = 2

Nk2
B

EF
T

� The surprising part of this result is that the heat capacity of the
valence electrons in a metal goes to zero as the temperature goes to
zero!
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Final comments

� Again,C / T for electrons, so the heat capacity goes to zero as the
temperature goes to zero.

� In other words, when we add energy into the system, we very
quickly knock some electrons out from the Fermi sea, and once
they're out there are a large number of states available to them.

� Since temperature is the inverse of the log of the number of states
made available per energy added, we cannot add much heat intothe
system without quickly affecting its temperature.

� This has consequences for phenomena including superconductivity.
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