Quantum statistics

Quantum statistics

The relative probability of particles having a particulaeegyE, or
n(E), is given by the product of

Density of available statagE)

Probability of occupying available statbdE), which we will also
call adistribution function

Thus we'll want to calculate (see Serway Eg. 10.6)
n(E) dE = g(E)f(E) dE 1)

Probability distributions:

Maxwell- fus / Wl:ksﬂ Non-interacting particles
Boltzmann: (e.g, ideal gas)

Fermi- fep = WJHBW Electrons (Pauli-exclusion
Dirac: principle)

Bose- foe = m{?iml Photons, phonons, other

Einstein: bosons



Quantum statistics

Einstein, atoms, and radiation

SpontaneousAbsorption Stimulated
emission emission

No,E>
lAlez [Bllef (n) J B21Nor (n) I hn
N1,E1

We haveB;, = Bpi: the stimulated emission and absorption
coef cients are one and the same. Calculate via Fermi'sgold
rule.

A 8 h3
We have—2t =

for the ratio between spontaneous emissiol
21
Ay1 and stimulated emissidBp;.

Our processes then becon%\‘tl sim= BN (),

dd_’\t}2 spont: ANZ’ and % abs: + BNl ( )
If we can put lots of atoms into stal& and have high photon
density ( ), we can have stimulated emission dominate. Since th
electric eld of one photon stimulates the emission of arotthey
are in phase with each other.



Lasers

Lasers

Who invented the laser? Many people were in the st®ikipediahas a
good, concise history.

Laser cavity

Helium-Neon laser scheme
(Krane Fig. 8.20)


http://en.wikipedia.org/wiki/Laser

Let's go to Livermore

For the biggest, baddest laser around, let's go to Liverritgsene of
the two nuclear weapons physics lab, along with Los Alamdsaw
Mexico.

Lasers: NIF/LLNL



Livermore lab

Leserst NIFLLNL—— | awrence Livermore National LaNIF is at the upper right.



Lasers: NIF/LLNL

NIF: National Ignition Facility

Anticipated operation: 2009. Cost: $1B? Web site:
http://mwww.lInl.gov/nif/

192 beams (3072 slab ampli ers), total energy of 1.8 MJ, @udlsration
3-20 nsec. During those 3-20 nsec, the lasers emit a power dft*
Watts. US electric power generating capacity: 1012 Watts.



NIF: an aerial view

teserst NIFLLNL—— Ahout the size of a football stadium:



NIF components

Lasers: NIF/LLNL

Part of one capacitor bank

One replaceable amplier slab
on its mounting robot



NIF target chamber
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NIF target chamber II, and

Hohlraum
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Hohlraum leading to fusion

Lasers: NIF/LLNL

Direct laser heating of pellet produced too many nonuniftes
Indirect heating instead!

Mini H-bomb. Relevant to understanding weapons, supemdvature
energy source???



Three distribution functions

To review, we have found three distribution functions:
Distribution For non-interacting particles, we have the Maxwell-Bolé&am
funtions distribution function:
fmg (E) / -
MB exdE=(ksT)]

For Fermions (particles which sense each other so that whasan
only 0 or 1 in a given quantum state), we have the Fermi-Dirac
distribution function:

_ 1
fFD(B) = exd(E  Ep)=kgT] + 1

For Bosons (particles which can happily overlap each othére
same quantum state), we have the Bose-Einstein distributio

function:
1

BEO” e 1



Distribution
functions

Back to Bose-Einstein

If the occupancy of a state can be any integer (such as wittophar
phonons), we use the already-normalized Bose-Einstetinitditon
function (Serway Eq. 10.3):

1

ve(E) = SETeT 1

)

Here's Fig. 24-1 of Sandirgssentials of Modern Physicllote that at
E = kgT = 25 meV for room temperature, we ggg(E) 1.



Einstein heat
capacity

Classical heat capacity

Consider atoms in a solid. They all have equillibrium pasis. We
know that solids have some elasticity, so there must be ariegt
force for displacement from starting positions.
What about the electrons? We will see that a few electroms (th
conduction electrons) are so easily removed that it takeslitte
energy, while the rest happily stay put with their atom. Farse
others, they again will have a restoring force towards their
equillibrium position relative to the nucleus.
The lowest order expansion term for these restoring foices i
F = kx so we can approximate the system as a collection of
harmonic oscillators.
For a harmonic oscillator, we have an energ%k\iT per degree of
freedom.
How many degrees of freedom are there?
3 for an atom being able to “choose” to have its displacement b
distributed over three orthogonal directions
2 for an atom being able to “choose” its ratio of kinetic togutal
energy
There are 6 degrees of freedom.



Einstein heat
capacity

Classical heat capacity of a solid

Again, we have three degrees of freedom for orthogonal tilines,
and two degrees of freedom for kinetic versus potentialgntar
storing energy, an(il=2)ks T energy per degree of freedom.
Therefore the relationship between energy and temperpéure
atom should be

1
E=3 2 EkBT: 3ksT;

or E = 3NaksT = 3RT per mole of atoms.

It's tough to measure the total energy of a solid as a funation
temperature starting from zero. What's easier to measuheiseat
capacity which tells us how the temperature changes as we add
heat (Serway Eq. 10.29):

du d
C = ﬁ = ﬁ3RT: 3R= 3NA|(B
- : 3 atom : 239\ _ opq_ Y
= 3 (602 1 molss (138 10 Py = 249

Since 1 calorie=4.184 Joules, we h&we 5:95 cal/(mol K). This
matches room temperature experiments; see Serway Fig. 10.9



Heat capacity: experimental data

The heat capacit€ of many substances approach&=35:95
EeiEm cal/(molK) at high temperatures:

capacity



Einstein heat
capacity

Einstein heat capacity |

How independent are atoms in a solid? Since in the harmonic
oscillator approximation they're all tied to each otheroihgh
springs, the displacement of one atom should affect itshieigs

ad in nitum. These acoustical waves of displacement about mear
positions are calleghonons

Let's assume that phonons carry an eneffjyywhere! is some
atom-dependent resonance frequency for acoustical &roita

Let's assume that we can have multiple occupancy of phonon
states, so that Bose-Einstein statistics apply. The eriergynole

of atoms is then3! per atom for three orthogonal directions. The
total energy must include the Bose-Einstein probability fo
occupying modes (Serway Eq. 10.33):

1

U=3Na Simer 1

®3)



Einstein heat
capacity

Einstein heat capacity |l

The total energy was (Eq. 3)

~
U= 3N = en 1

The average enerdyper 1D atom mode can be found from letting
x ~I=kgT which gives

~l X
E = ——— =kgT—————
exg~l=ksT] 1 8 exgx] 1
X , 1
kBT1+x+x2+x3+::: 1 I(BT1+x+x2+:::
keT(1 x X ::2)
E ' keT 4)

where we have used a high temperaturkgdr  ~! limit.



Einstein heat capacity Ill

Once more, the total energy was (Eq. 3)

Einstein heat
capacity

~!
e 1

It's easier to measure heat capacity than it is to measua tot
energy (Serway Eq. 10.32):

C

du d
- = ~ — ~l= I 1
T 3Np~! oT (exd~'=kgT] 1)

3Na~! %T—zl( 1) ex~!= keTl(exp~!=keT] 1) ?

~I 2 expg~'=ksT]
keT  (exg~'=ksT] 1)2

3Naks )



Einstein heat
capacity

Einstein heat capacity IV

Again, we have Eq. 5 of

_ ~l 2 exg~l=ksT]
C=3Ne (T (oi=ket] D2

Is this consistent with the classical restltE 3R at high
temperatures? Let's rewrite our result as

el
C= 3R¥———
(e« 1)?

withx ~l=kgT sothatx! 0OasT!1l . The Taylor series
expansion o€*ise‘' 1+ xfor smallx, so we have

1+ X 1+ X

I 3RX ' 3RX " 3R(1+
Cc! 3 1+ x 17 3 2 3R(1+ X)

So we agree with the classical result at high temperatunelsi &
found that this relationship works well at low temperatumes(see
Serway Fig. 10.10).



Einstein heat capacity V

Here's Eq. 5 of

~l 2 exd~l=kgT]
instein heat = N k o :
R B (A T

and data for diamond from Serway Fig. 10.10:




The Fermi sea

Back to Fermions

If the occupancy of a state can be only 0 or 1 (such as withreles),
we use the already-normalized Fermi-Dirac distributiomcfion
(Serway Eg. 10.25):

1

exd(E Ef)=kgT]+ 1 ©

fro(E) =

Note thatfep(E) = 1=2 whenE = Eg, and that the Fermi enerds
stands in for a chemical potential (binding of most electrmparticular
atoms). Here's Fig. 24-3 of SandiBssentials of Modern Physics
which is just like Serway Fig. 10.11:



The Fermi sea

Swimming in the Fermi sea |

Let's populate electrons onto nuclei starting from low gyer
Becausdrp(E) stays near 1 and then makes a fairly sharp
transition to 0 aE = Eg, we will Il up all states till we reach the
Fermi energyEr at which point we'll stop.

We therefore speak offeermi sea there are electrons below the
surface of the sea (&), but not above.

Well, the distribution is not an absolute 1 0 except at zero
temperature, so there are some electrons above the Fernitsea
occupancy of electrons in these energy states will be vevsio
one electron will rarely encounter another. That is, theyeap like
non-interacting particles so they are sometimes calleermi gas



The Fermi sea

Swimming in the Fermi sea Il

The Fermi-Dirac distribution functiofip(E) tells us how we
populateavailablestates. To get the actual energy distribution of
electrons, we must consider the availability of staj@s) as well,
because(E) = g(E)f(E).

Let's consider just those electrons that are free to moveratothe
valence electrons.

If we consider quantum states up to some limit in the prinicipa
guantum numbenm, the number of statds can be found from a
sphere of states with < nmaxin (ny; ny; n;) space as we've done
before:

N

(# sping (octant of sphere with > 0) (sphere oh with E



The Fermi sea

Swimming in the Fermi sea lll
Again, the total number of statééis related to the maximum state

indexnmax according toN = §nﬁ1ax.

Consider a metal cube of volunhé, which has particle-in-a-box
energieE, = nZ, h?>=(8mL?). If we Il all the states up to a certain
value ofnmax, We see that this gives us the Fermi enefgy
(Serway Eg. 10.44):

2 , _ R (3N=)Z?

Be = gz g ves
e 3N 3
= 8sm Vv (7)
N 2=3
= (3646 10 Yev md) v

where we have used = L2 to give the volume.

At low temperature, copper has a valence (free-to-movejrele
every 0.23 nm or so (that is, about one per atom), or a fre¢retec
density ofN=V = 85 10?® m 3 from which one obtains a Fermi
energy ofEr = 7:0 eV.



The Fermi sea

Swimming in the Fermi sea IV

Let's rearrange the Fermi energy expression into an exjore s
the number of occupied states:
o PN LV EmE T
F78m v ' T3
The rate at which states become available as energy is addeel t

system is just the derivative of the inverse of the Fermigyer
expression of Eq. 7 (like Krane Eqg. 10.35, or Serway 10.39):

_ dN_ VvV 8m ¥*_
0B = "2 w F

= —N _V 8_rn 3:2El:2
V. 8mE 32 2 h2
3 R
3 N P=

= Z__"E
3=2
2EF



The Fermi sea

Swimming in the Fermi sea V

Putting the density of available staig4) together with the probability
of occupying available statésp(E), we have the Fermi-Dirac
distribution function for electron occupannfE) (compare with Krane
Eqg. 10.36, or Serway Eq. 10.41):

v 8m *? Pe

2 m ex%(E Er)=(ksT)] + 1
3N E _
2g¥2 exfl(E  Er)=(keT)]+ 1’

This function is plotted in Serway Fig. 10-12. It reaches &imam
near the point whek = Eg, in which casen(E) ! (3N)=(2Ego).

n(E)




The Fermi sea

Average energy of an electron?

What's the average energy of an electron? We can use our usual
approachto ndit: Z,

1
— E n(E) dE

N, n(E) d

from which it can be found thdEi = g’EF. That is, even as we

approach a temperature of absolute zero the conductiom@isthave
signi cant energy!



The Fermi sea

Floating above the Fermi sea

In fact the Fermi-Dirac distribution does not make a sudden
transition from 1 to 0 aEr, especially at higher temperatures.
Here's

anormalized plot ofgp(E) with Er = 7:0 eV at room temperature:
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What fraction of electrons are above the surface of the Feear?

Approximate the curve as having a triangular region aboge th
Fermi energy. Height of the triangleis half the peak height, or
3N

h= o
4Er



Floating I

To get the width, we should look at the slope:

4 - 3 N Pe
= EEE EEE 26X exl(E Ep)=(ka)] *+ 1

T Use Maplefxiza * sqrt(x)/(exp((x-x_0)/k)+1);
g[x]:=simplify(diff(f[x],x));
eval(g[x],x=x_0);
This gives a slopen of

3N Er loT
2 E,3::2 4ksT Er
but sinceEr = 7:0 eV andkgT = 1=40 eV, we can drop the kgT in the

numerator and write the slope as

3N
8ErksT



Floating Il

Now we go fromh to 0 with the above
slope j mj, which is the same as going
from 0 toh with a slopet+ jmj, which
happens at an ener@y= h=m. The area
of the triangle is therefore

The Fermi sea
,h_1p
2’m 2m

We therefore have an approximate result

for the number of electrons above the T ae
Fermi sea of R ‘
1h 9 N2 8ErkgT _ 3 NkgT

1
N = —_ — — =
®FT2mT 216EZ 3N 4 Ef

Realize that this is an underestimate.



Floating IV

Now that we know how many electrons t
in the triangle above the Fermi sea, we
need to ask how far we moved them.

Consider triangles with slopes. The
height of the rst one idh, and the height
of the second triangle i The second
triangle has half the area of the rst one:

The Fermi sea

1 12 1y?

= === ! h?= 2

2 2m 2m Y :

o p_ Soym T
givingy = h= 2. h/m

Now that we know the height of the

smaller triangle, we can nd its widtk
h

y o

fromm= y=xorx= = = p—
m 2m



Floating V

This is the width over from the vertex to
the edge of the little triangle. What we
really want is the width difference

The Fermi sea h h _ h _p— _ ) h
m PeoT (1 1= 2)= 029

which we'll approximate ag=(3m).

Therefore we have to move electrons
from h=(3m) on the left to+ h=(3m) on

the right or abou{2=3)(h=m) or an P
energy distance T 3
3N
2h _ 2 4E 4
= _ = —ksgT
3m- 3 N 3



The Fermi sea

Floating VI

OK, where are we at? We know that the number of electrons
swapping triangles is

We know that a typical energy changeékBT

We can then estimate that the heat capacity of the freeretegas
is given by the derivative of number of electrons that chasides,
multipled by their energy, or

_du _ d 4 _3NkT _ deBZ kB
T dT dekBT4 Er  dT Ef ™= 2EF
The surprising part of this result is that the heat capadith®

valence electrons in a metal goes to zero as the temperatasdq
zero!



The Fermi sea

Final comments

Again,C/ T for electrons, so the heat capacity goes to zero as tt
temperature goes to zero.

In other words, when we add energy into the system, we very
quickly knock some electrons out from the Fermi sea, and once
they're out there are a large number of states availablegimth

Since temperature is the inverse of the log of the numbertést
made available per energy added, we cannot add much he#ténto
system without quickly affecting its temperature.

This has consequences for phenomena including superciritguc
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