Thermodynamics
review

Thermodynamics vignette

Number of states accessible at an enétgygr (E)

gr(E) is a big number. It's more convenient to talk of the entropy
which is the natural logarithm of the number of states:

O'R(E) =In gR(E)

Thermodynamic temperaturemeasures the energy required to
produce a certain increase in the number of available stakes
Boltzmann constarky lets us scale to “thermometer”
temperaturer = kgT. Putting these together gives

1 1 _ (00
au

== ) with kg = 1.381x 10~ 22 Joule/Kelvin
kBT T N

(1)
For large systems, the relative likelihood of a system afpene
particular state with enerdy is given by the Maxwell-Boltzmann

distribution functionfiyg = expg—E/kgsT].



Quantum statistics

Quantum statistics

o We will want to look at distributions of the number of parésh as
a function of energ¥, orn(E).

e Think back to our discussion of the Planck blackbody radiati
distribution result: the number of photons having a paléicu
energyn(E) was given by the product of:

e Density of available stategE)
e Probability of occupying available stateE), which we will also
call adistribution function.

e Thus we’'ll want to calculate (see Serway Eq. 10.6)

n(E) dE = g(E)f (E) dE @)



Quantum statistics

An example

Consider a hydrogen atom with = —13.6 eV equal to its ground
state energy with no external field, and ignoring hyperfiritsm.
There are two states & 1,/ =0,ms = [—1/2,1/2]) so

9(E1) = 2.

For energyE, = —3.4 eV, we have the following possibilities:
(n=2,£=0,m, =0,ms = [—1/2,1/2]) gives 2 states
(n=2,£=1,m, =[-1,0,1], andms = [—1/2,1/2]) gives 6
states

Sog(E;) = 8.

Then consider the relative population of states at the teatye at
the surface of the sun dr = 4150 K wherdgT = 0.36 eV:

N(n=1) G(E)exp—r] 2exp—3%]

K_ —12
N(N=2) ~ G(E) exp—%]  Bexp— 24 =17x10

Almost all atoms are excited!!!



Maxwell velocity distribution |

S e Consider the distribution of speeds of atoms in an ideal
distibaton (non-interacting) gas. That is, we wari) = g(v)f(v) as a
function of speed rather than energk.

¢ To find the density of available statgé/), we realize that in
principle all velocities in 3D are possible, gov) dv is the volume
of a spherical shell of thicknesly atv:

27 T v4dv
g(v) = / d¢/ sinf d0/ rdr = 4mv2 dv (3)
0 0 \Y

e The relative distribution function for occupying a statgigen by
exp—E/ksT]. The energy associated with a state of veloeity
(1/2)mv2, and if we allow for a normallization factdk to get the
absolute probability, we have

f(v) = Aexp[—ﬂz

okaT @



Maxwell velocity distribution

o Normalize the number distribution with velocityv) according to
the total number of particleN:

/ dv—/ a(v dv_/ 47rv2AeXQ—2k?]dv—

e Let’s do the integral:

mv2
/O ArvPAexp— 2kBT]

Defininga = m/(2kgT) puts the integral to

Maxwell velocity
distribution

ArA / vz exg—av?] dv = 47TA4\/;2 N

so we findN = 47%2A/(4a%?) which, usinga = m/(2ksT), gives

3/2
A=N(-"
27k T



Maxwell velocity distribution Ill

Now that we knowA we can go back to Egs. 3 and 4 to find

Maxwell velocity
2

distribution nvydv = g(vf(v)dv= [47TV2 dv][Aexd— o

2ksT ]
2

which reproduces Serway Eg. 10.8. Here’s a plot feigils from
Fig. 22.3 of SandinEssentials of Modern Physics:

0.003~

0.002—

n(z)
v (s/m)

0.001—

600 K
150 K

o ] | | | |
b0y 300 100 500 800 T000 1200

v (m/s)

()



Maxwell velocity distribution IV

e The most common speed is found from taking the derivative of

ey and setting it to zero.
distribution Th|S g|VeSVp _ 2kBT/m

* The average speads found fromv = [ vn(v) dv.
This givesv = /8ksT/(7m) (see Serway Eq. 10.12)
e The root-mean-square or RMS speed is found from
Vrms = 1 /fooo V2 n(v) dv.
This givesvrms = +/3ksT/mfrom which we find
(1/2)mvims = (3/2)ksT (see Serway Eq. 10.13).
« Gravitational escape velocityl/2)mv? = GMMeartn/Tearth 9iVES

2GMearth
Vescape= 1/ oarth =\ SWGpeal‘thrgarth

or Vescape= 11.2 km/sec or about 25,000 mph.

e We leak a very small fraction of our atmosphere out to space!
Especially helium. Smaller planets have a lower escapeitglo
and thus leak more.




Helium

Leaking Helium

¢ Helium is formed by radioactive decay particles are helium

nuclei). This happens at the earth’s surface, and also dalostl
subsurface-generated helium is brought to the surfacetinalayas
wells. This sheds light on controversies betwesgationistand
scientific debunkers

Rather than simply vent this helium and eventually loseditrfithe
planet, a program was begun to capture and store it: the iNgtio
Helium Reserve. However, its $25M annual cost became aiposte
child of government waste in the eyes of some after the 1996
congressional elections: “We don’t have a fleet of dirigibldo

we?”

Thealarm was sounded by scientistaid a

National Academies studyas ordered. Sure enough, problems in
helium supplyare now being reported.


http://books.nap.edu/catalog.php?record_id=9860

Maxwell-Boltzman redeux

¢ In the derivation of the Maxwell-Boltzman distribution wadh
probability ratios which looked like

P(Gl) _ eXdaR(Uo — 61)]
P(Ez) EXF{UR(UO - 62)]

upon which we did a Taylor expansion like

Partition and Gibbs

€

OoRr
(Uo—ﬁ)—UR(UO)—€—|VN+ R(UO)_ﬁ—F...
B

e We then said the Maxwell-Boltzman relative probability
distribution for filling available states as we add energyes like

fmp (€) = Aexp—¢/(keT)] (6)

where we have to find the normalization facfor



Partition function

e \We now want a way of turning thelative probability of the
Maxwell-Boltzmann distribution function into aabsolute
Partition and Gibbs pI’ObabI|Ity

e For a systens, theabsolute probability can be found by the
relative probability for one particular configuration wighergyes
divided by the sum of all particular configurations:

expi—co/(ksT)] _ expl-s/(keT)
P = Seode/leT] 2 o

where

2= exp—es/(kaT)] ®)
S

is known as thepartition function, and we can writé = 1/Z in
Eqg. 6.



Partition and Gibbs

Gibbs free energy

e Now let's consider a system with a number of partidieand a

potential energy: which affects the energy of the particles. An
expansion similar to Eq. 9 of how the log of the number of state
changes aBl andy are allowed to change goes as
do do
No—N,Ug— ) = 0(No, Up) = N——|y, —e=— .. (9

a(No —N, Uo — ) = o(No, Uo) 8N0|U° €8UO|N0+ 9)
Once again, we define temperature in terms of how the log of the
number of states increases as we add enetdyfor a fixed
number of particledo:

1 oo

kT = 8—U0|N° (10)

e We also have a definition of thaemical potential 1 in terms of

how the log of the number of statesncreases as we add particles
N for a fixed energyJo:
do

—% = 8—N0|Uo (11)



Gibbs free energy Il

¢ Inserting Egs. 10 and 15 into the expansion of Eg. 9 givesivela
probabilities of
P(N1,e1) _ expl(Nip — 1)/ (kaT)]
Partition and Gibbs P(NZ7 62) exq(NZM _ 62)/(kBT)] :
e The probability term exdN; .« — €1)/(ksT)] is called a Gibbs
factor (Gibbs was one of the first Americans to make a sigmifica
contribution to physics).

e Let's do like we did with the partition functiod, except what we’ll
now have is a Gibbs sum or the grand partition function

Z(p,keT) = > exg(Np — €) /ksT]
It then turns out that the Gibbs sum can be simplified to
Z(u, ke T) = 1+ Nexpg—e/(kgT)] (13)

wherel = exp[u/(ksT)] is called theabsolute activity (though it
really looks like just another Boltzmann factor).

(12)




Quantum statistics:
the basics (again)

Quantum statistics: main parts

e g(E) describes the number of accessible states

e o(E) = logg(E) describes the entropy of a system (log of the
number of accessible states)

o f(E) describes the probability of occupying different accdssib
states

e n(E) describes the net number of particles at a particular energy
(see Serway Eq. 10.6):

n(E) dE = g(E) f (E) dE

e Temperaturd is related through Boltzmann’s constéatto the
thermodynamic temperaturewhich describes how much energy it
takes to open up more accessible states with fixed number of
particlesN: % =1= (g—g)N with kg = 1.381x 10~%3
Joules/Kelvin. Room temperature iskgil ~ 1/40 eV.



Probability functions, temperature,
and chemical potential

do
oo
e Therelativelikelihood of a system with temperatufechoosing
one particular state with enerd@yis given by the
Chemical potential Maxwell-Boltzmann distribution function (c.f., Serway Ep.3)

e Again, temperature is defined fror(nl? =
B

fMB = eXd—E/kBT] (14)

¢ We also have a definition of the chemical potentiah terms of
how the log of the number of statesncreases as we add particles
N for a fixed energy-per-particlg:

I do

_kB_TEa_N'U (15)

This chemical potentigl gives an additional term in the
probability function called a Gibbs factor: €xp — E)/(kgT)]



Applicability of the
Maxwell-Boltzmann distribution

e The derivation of the Maxwell-Boltzmann distribution fuiomn
fue(E) = exd—E/kst] relied upon a Taylor series expansion,
which is implicitly built upon continuous occupancies. Téfere it
is really a classical theory.

it e But we applied it to calculate the probability of atoms beimg
various states, which involves quantum phenomena! Are@’t w
being inconsistent there? Answer: no, because we weragglki
about the average population in various states over many
non-interacting atoms.

e Take-home message: Maxwell-Boltzmann statistics worlsparse
collections of non-iteracting atoms. Ideal gasses ceytaatisfy
this property.

¢ But what happens when we get into situations where we reailg h
to worry about quantum states having integer occupancies?



Fermi-Dirac

Fermi-Dirac statistics

e What's the distribution function(E) for things where we can have
only O or 1 occupancy to a state? Consider a chemical potentia
which represents the classical occupancy of the statehend t
energy of the state to ke

e For states wittN = 0 or 1, we have (see Serway Eq. 10.85)E)

1>, nEexpgn(yx — E)/ksT]

E Y, expan(u —E)/keT]

10-exp0- (1 —E)/keT] + (1E) - expl- (u — E)/keT]
E  exp0:(u—E)/ksT] +expl- (u — E)/ksT]

_ 1 Eexg(p—E)/keT] 1 E
~ El+exp(u—E)/keT] Eexp(E—p)/keT] + 1
= fFD(E) ! (16)

~ expl(E— Er)/keT] + L

whereEg is called the Fermi energy.

¢ We will come back to Fermi-Dirac statistics in much more deta
But first . .



Bose-Einstein statistics

e Now consider the case when we can put any number of partitles
the same state(., photons): we havigg(E)

15 ,nEexgn(n — E)/ksT]

E Yonexpn(u — E)/kaT]

10+ Eexpl(y — E)/keT] + 2Eexp2(i — E) /kaT] + . ..
E 1+ expl(u—E)/ksT] +exp2(p — E)/keT] + ...

Bose-Einstein ° LetyE qu(M_E)/kBT]We then have
1 _y+22 433 +...  14+2y+3y%°+...

fBe(E) = =E =
E~ 1+y+y?+... 1+y+y?+...

e NowletA=1+2y+3y>+...andB=1+y+y>+... We then

have
1+2y+3y*+... A

1+y+y2+... B




Bose-Einstein Il

The ratio is
A 14+yY+Y+yY3+ .+ (YV+H22+3 +..)
B 1+y+y2+y3+...
_ B+yA A
= "B 1TV

or(1-y)(A/B)=10rA/B=1/(1-Yy). As aresult,

y 1 1
fBe(E) = 1-y) 1/y—1 exd(E—p)/ksT] -1

Bose-Einstein

17)

In this case since we can put as many particles as we wantrigtstate,
the chemical potential for shifting particles into different states doesn’t
have a physically sensible non-zero value, so we end up Bihway

Eqg. 10.19)
1

'BE(E) = exgE/keT] — 1

(18)



Blackbody revisited

e Return to blackbody radiation. The density of availabléestg(E)
is given by

1 47n?dn
o(E) = g T A, (19)

where the 18 is for the positive octant of a spherey ny, n,| are

all positive), 4rn? dn represents the shell of a sphere of available
states, and the factor 2 at the end allows for two orthogonal
polarization states.

o For wavelengths fitting in a cavity of length we require
Blackbody n\/2 = L or sincec = Av we have

revisited

nizL n:2Eu dn:2Edu
2v c c

We then have

1 47n?dn 8r ,
9)=g—~y—2 — 9(v) = gv dv




Blackbody revisited

e Again, we havey(v) = %Wyz dv

e Using the Bose-Einstein distribution function wkh= hv, we have
B 1
~ exphy/keT] — 1

e The productis the photon number distributiofv) = g(v)f (v) dv.
The energy distribution involves an enefyy per photon, or
ried n(E) = hv g(v)f (v) which gives

f(v)

8rhi? 1
"E) =~ exgh ket - 1

dv

which is the Planck blackbody radiation formula!



Bose

Satyendra Nath Bose
Born in Calcutta, son of a railway engineer.

By age 22 he was a lecturer in Physics at
Calcutta University; moved to Dacca/Dhaka
University in what is now Bangladesh in
1921.

In 1924, used quantum statistics to derive
Planck’s formula as we've just described.
Could not get his paper published. In
desperation, he sent his paper to Einstein v
recognized its worth, arranged for it to get
published, and added to it in a companion
publication.

Bose then made two trips to Europe in the
1924-1926 period, visiting de Broglie,
Einstein, and Marie Curie, among others.
Upon Einstein’s recommendation, became
professor at Calcutta University in 1926
despite not having a PhD.

See the October 2006 issueRifysics Today.

Satyendra Nath
Bose in 1925
81894—1974)



Einstein and radiation

e Thisis done in Serway Sec. 12.7. Consider a two-level system
with energies€; — E; = hy, and populationsl; andN;:
Spontaneous Absorption
emission

NZ’EZ
lAlez WBIZNIP(V) Ihv
NI’EI

e Spontaneous emission: the rate at which we lose electrons from
stateN, is proportional to the number of electrons in that state:

<%> = —AaN; (20)
dt /spont

Fnstein and e Absorption: the rate at which we pump electrons up to stdés
proportional to the number of electrons in sthlteand the photon

densityp(v):

dN; > < dN, >
— =— (= = —BNip(v) (21)
< dt /abs dt /aps



Einstein and radiation Il

e Einstein proposed a third process:

Spontaneous Absorption Stimulated
emission emission
Ny.E;
lAlez BiaNjp(v) jBZINﬂ)(V) Ihv

N17El

e Stimulated emission: we can also drive transitions from state 2 to
state 1 in proportion to the population of state 2 and theqaot

densityp(v):
dN
(d—t2> = —BaNop(v) (22)
stim
Fadition  And remember our other two processes:

(ﬁ) = —ANp and <%> = Bllep(V)
dt / spont dt /) abs



Einstein and radiation Il

o Assume thermodynamic equillibrium, and assuste) is the
Planck blackbody spectrum.

Spontaneous Absorption Stimulated
emission emission
Ny.E;
lAlez }BIZNIP(V) jBZINﬂ)(V) Ihv
N 1 7El

o With the system in equilibriun®\; andN; evolve towards constant
values. As a result,

dN
d—tz =0=—-NoAy; — Nszlp(l/) =+ N]_B]_zp(v) (23)
Fadition which gives
(N1B12 — NoBo1)p(v) = NoAn

N2A21 _ A21
NiBi> — NoBo1  Bia(N1/N2) — By

plv) =



Einstein and radiation 1V

e Again,
O —
B12(N1/N2) — B2y
o Now usep(v) as provided by a Planck blackbody spectrum, and
realize thatN; /N, = expghv/kgT]. This gives

8rhu3 1 B An
3 exphy/ksT] —1  Bpaexghv/ksT] — By
3 3
87T:3V B> exdhy/kBT] — 87T:3V By = Ao quhl//kBT] —Ax
8rhi? 8rhy?
Bio — Ao1 ) exphy /keT] = B — A
( = B o) explhv/keT] = (2o B 21)
radiation 87Thl/ Bl2 A21 _ 87ThV A21

e This must be true for any temperatdreThe only way that can be
so is for the quantities insid@ to be zero on either side of the
equation!



Einstein and
radiation

Einstein and radiation V

e Pick the right hand term:

A21 _ 87ThV3

(87rhy3 A21):0 f _ S

¢ Ba

That is, the spontaneous emission coefficigntdivided by the
stimulated emission coefficieBp; scales like/3. Stimulated
emission declines like—2 or A3 relative to spontaneous emission,
so it’s easier to get stimulated emission with microwavestitis
with x rays.

Now use the above result in the left hand term:

(87rhy3%_ﬂﬂ) P

87ThV3 ( B]_z
@ B Bx

=3 ——1)20—>8122821

B21
That is, the stimulated emission and absorption coeffisiarg one
and the same! Recall Fermi’s golden rule for transitionsatiee
rate is the same for+ 2 as for 2— 1.
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