Rube Goldberg machines

Rube Goldberg

How to Keep You From Forgetting To Mail Your Wife's Letter:

As you walk past cobbler shop, hook (A) strikes suspended (®)ocausing it to kick football (C) through goal posts (Bpotball drops into
basket (E) and string (F) tilts sprinkling can, (G) causirager to soak coat tails (H). As coat shrinks, cord (I) opere dd) of cage, allowing
bird (K) to walk out on perch (L) and grab worm (M) which is atted to string (N). This pulls down window shade (O) on whighviitten,
“YOU SAP, MAIL THAT LETTER."” A simple way to avoid all this trable is to marry a wife who can't write.
www.rubegoldberg.com
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The Schrédinger
prescription

The Schrédinger prescription

A wave equation for matter waves that propagate as
exd i(kx !t)withk 2= and = h=p.

Usesp?=(2m) = E U (kinetic energy equals total minus
potential).

With a static potential(x), gives a differential equation of

2
S WrUW W=E )
Solving for wave function (x) lets you also determine state
energie€. Often times have integer-indexed solutions; often
indexed byn.

Find (X), and normalize it W|th i (¥j%dx= 1. Thenj (X)j?
gives probability of particle bemg xt



Spherical coordinates

Spherical
coordinates AZ

,(raf)

Just to make sure | get

it right this time:
=azimuthal angle
— oni q
=zenith angle

r = radius from origin




The atom |
Let's now tackle an especially relevant problem in quantuechanics:
the solution of electron orbitals! (Chapter 8 of Serway).
We expect to have some constants of motion:

@ Total kinetic energy: quantum numbermis
@® Total angular momenturh: quantum number is
® Projection ofL onto one axis: quantum numbenms

The time-independent Schrddinger equation in multipleatisions
involves a Laplacian 2:

The atom

2
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—r +U(r) = E

o (r)
We'll use spherical coordinatés; ; ), where is angle from the
2 axis, while is the azimuthal angle. The Laplacian or second
derivativer 2 in spherical coordinate(s; ; ) becomes (equivalent
but different form from Serway)
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The atom

The atom I

Assume separable variables, as we did with the 2D in nite {@&trway
Eq. 8.11):

(s )=RNC ()
The Schrédinger equation then becomes
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Multiply through by —5- and rearrange.



The atom

The atom Il

2mr smz( )

Multiplying through by—5- and rearranging gives (see

Serway Eq. 8.12)

1d2

sif()d ,dR
dz ar " dr

R dr dr

Z—mrzsinz( YU(r) E)

sin( )E sin )_

Look at this result: the left hand side depends(on), while the right
hand side does not. This must be true for é&ny) so the left hand side
equals a constant!



The atom

The atom IV

Again, we have

1 d2 _ 2
gz constant or 9z

(constant = O (2)
Let's assume this is associated with the angular momentojegied on
theZ axis ofL, involving the quantum numben-. In this case we can
assume solutions to (see Serway Eq. 8.13)

d2

W+m?: 0 (3)

which have the form 1
()= psem (4)

he 1:p 2 term gives us the proper normalization of

02 j( )j?2d = 1. Notealsothaf ) hasthe same value atas it
does at + 2n : no matter how many times we go around the circle, th
wave at the same place should be the same. This is anotherfway o
saying tham has to be an integer.



The atom V

2 2
From Eq. 6 ofg—2 + m? = 0, we can say thaiLg—2 = m? sowe
can substitute n? on the left hand side of Eq. 2:

The atom

2 _ ir()d ,dR

= s )ur) B > R( )E P
si()d ., .d
q sin( )d— :

This can be rearranged to give (see Serway Eq. 8.14)

1 d d m?

oS sin( ) = 2—I;an(U(r) E) =— r’—:

d sif()  ~
)
Again, we have all dependency dn ) on the left, and all dependency
onR(r) on the right. We must satisfy this for amyand any , so both

sides must equal a constant. With some foresight, let'stlealiconstant
C+1).



The atom

The atom VI

With both the right and left hands sides of Eq. 5 equal 1¢" + 1), we
now obtain separate differential equations end in . The equation
is like Serway Eq. 8.15

1 mP

sin( ) )d 'n() YO e 0 ©

and ther equation is like Serway Eq. 8.17:

1d ,drR  2m ~ _
2 r ar > (B U(r) > C+1)R=0 @)
Now recall that the Coulomb potentiali(r) = 41 Ze2 so Eq.7
becomes
2
1d ,dR 2m Ze2+ (+1) R= 0 ®)

- r _ R
r2dr  dr ~2 4 o 2mr?

. _ M .
wheremis the reduced mags, = %L;M as before. Mathematically
similar to drum head modes, electrostatics on sphetes,



Radial
wavefunctions

Radial wavefunctions |
Consider again the radial differential equation:

1d ,dR 2m z& = -2
r2dr = dr ~2 4 or  2mr2
It's beyond our course toFgIerlve the solutions, but they haedorm

Ry (r) with normalization ; RZ.(r)r2dr = 1. The rst several
solutions, expressed in terms of the Bohr radius

‘C+1) R=0

ap=(4 o~?)=(me?) = 0:053 nm, are (see Serway Table 8.4):
Rio(r)= £ e 0
3=2
RZO(r) - % 2 Zr e Zr=2ay
3=2
Ra(r)= &  pi-e % .
3=2 2 _
Ro(N= = 21 Z+Z47% ez %
32 p_ B
Rau(n) = & 528 1 & e #a
z 2 2q 2z 2, 73
Raar) = = ¥ 5 5 €7



Radial wavefunctions Il

e can calculate the probability of being in aregign r  r, from
r'f R2.(r) r?dr. Here are several of the radial probability distribution

padil functionsr?Ry (r) (Serway Fig. 8.11):

wavefunctions
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Recall Bohr radiusr, = agn?=Z



nand

Interpretation oh and”

n: principal quantum number, which determines the energy
*: orbital quantum number, or angular momentum quantum numbe
The notation of “shells” comes from Moseley's x-ray workfdxe Bohr.

shell * | symbol
K sfor sharp
p for principal
d for diffuse
f for fundamental

g
51| h

AWN| PO

OO W N| D

v oZZr

One typically speaks of asktate rather than a 180, orKs state.



Spherical harmonics |
We had in Eq. 6 an azimuthal differential equation (see Sgrwa

Eq. 8.15):
1 d _ .d . e
- — sin( )— + +1) —— =0
sin( ) d ()d ( ) sin?( )
_ This can be solved in terms of Legendre polynomials (see 8efable
eimonies 8.2). Itis more common to talk about the prodyct ) ( ) as

spherical harmonicer Y™ (; ). They occur in many situations in
physics, and thus were already known to early researchesntum
mechanics. The rst several normalized spherical harnmoaie (see

Serway Table 8.3)
q_—
Ygzpqu_ Y{’:qicos
Yi= q isin e Y9 = 4i_(§c052 2
Yl = Bsin cos € VYZ=1 Bsit &

Allowed values for are” = 0;1;:::;(n 1). Allowed values fom
arem = ;( "+ 1);:550:050C D,



Spherical harmonics Il

Spherical harmonic¥™ (; ) show up lots of times in physics,
such as in the motion of drum heads, electromagnetic modes in
cylinders and spheres, and so on.

It turns out that the spherical harmonics for an orthonoitvaals
set, so that one can express any functipn ) in terms of some
linear combination of spherical harmoniésS (; ).

Spherical

BERITEIES Because they are orthogonal, their overlap is driven by thay t
are integrated over a spherical coordinate system:
z
;¢ . ;i . H
Yoo )Y, (s )sind d
It turns out that the integral is zerounlgss  “jj= 1or “= 1
(Serway Eg. 8.40). This means that only certain electronic
transitions are allowed!

In fact this is weakly violated in multielectron atoms besathe
wave function of one electron is slightly modi ed by the peese
of other electrons, giving slight mixing of spherical
harmonics—but * = 1is still a pretty good rule.



Selection rules

Here's an illustration from Serway on how the = 1 selection rule
can play out:
E(eV)
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Figure 8.8 Energy-level diagram of atomic hydrogen. Allowed photon transitions are
those obeying the selection rule A = *1. The 3p—> 2p transition (A€ = 0) is said to
be forbidden, though it may still occur (but only rarely).



Selection rules

Putting it all together

Recall that we assumed a wavefunction solution in separable
variables:

(r;; )

nm (15 )

Rn:‘(r) ‘;m( ) m( )

R (DY (5 ) 9)
We now have a full solution to the time-independent Schrgelin
equation for electrons in an atom!

We can plug these wavefunctions into the Schrodinger eguatid
calculate the energy. Lo and behold, to rst approximatienget a
simple and familiar result, just like Bohr obtained:

22
E,= EoF (10)

But the wavefunctions are not limited to a few discrete tadii
Instead, they are fuzzy in both radius and in angle! Boy, waisrB
lucky that his wrong picture gave so many right answers!



Pictures of wavefunctions

To look at the probability distribution for an electron in arficular state

n:m » We need to consider the integral in spherical coordinates:

zZ,2 2Z,
i nom(r;; )j%r?drsin dd =1
r=0 =0 =0

Considering that the spherical harmom® parts of .., come
pre-normalized, the relative probability of being at a atar radiusr
is given by (Serway Eq. 8.44)

P(r)dr=j j24 r2dr= rjjR, (r)j?dr

We can therefore look aZR?(r) to see more of what the electron
wavefunctions look like.
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Here's one picture, from T.R. SandiBssentials of Modern Physics
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A photographic representation of the electron probability density, y*y, for some hydrogen-
like states. These are views sectioned along any plane containing the z axis but are not to

scale.

Source: Courtesy of Robert B Leighton, California Institute of Technology.
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Here are some “isosurface” representations, where a slidgtaced at
a particular probability level:

n=2,€=1,mp==%1 n=3£f=1,m=0 n=3,{=2,m=0
(a) (b) (c)

Figure 8.12 (2) The probability density |1 [? for a hydrogen-like 2p state. Note the
axial symmetry about the zaxis. (b) and (c) The probability densities [i(r) I2 for several
other hydrogen-like states. The electron “cloud” is axially symmetric about the zaxis
for all the hydrogen-like states 1,0, (r).
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Some more isosurface representations:
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