Harmonic oscillator

The harmonic oscillator

Recall that we talked about restoring forces. We can reptesg/
force by a Taylor series expansion about the zero-forcet pdiich
we'll assume is ak = O:

F(X) ' ap+ aix+ ap+ agC + apt+ 11

We must haveyy = 0 at the no-force point.

We must havey = | ajj andaz = | agj to have a restoring force.
We must have, ' 0andas' 0 to have a symmetric restoring
force.

So at small displacemeranyrestoring force can be approximated
asF(x) ' kx

Therefore if we can solve the harmonic oscillator (Serway

Sec. 6.6), we can gain insight inbeanyphysical situations!
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FIGURE 5.11

The lowest few energy levels and corresponding

probability densities of the harmonic oscillator. The short vertical
lines mark the classical turning points.
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Harmonic oscillator

Harmonic oscillator energy
solutions

If we were to plug the various solutions of ) = H( )exd 2=2]
back into the Schrddinger equation, we would nd energy sohs
of

E=~(n+ %) with n=0;1,2;::: (Serway 6.29)

Remember that the harmonic oscillator problem is a good rst
approximation tanyground state problem.

What does this say about motion at zero temperature?



Finite square well (Serway 6.5)

Finite square well We've done a particle in a restoring force potential (thenthamic
oscillator), and also in an in nite square well. Let's nowrsider a
square well;

U:UO
| 1l 1l
U=0
x=0 x=L

Based on our solution to the harmonic oscillator, we expeattd
particle should be con ned but that it might extend out p&st i
classical limit.

Outside the well (regionisandlll), Schrédinger's equation for a
particle traveling in a constant nite potential is

2 d2

mae T T F
2 d2
- = E
2m dx2 (Uo B

02 = with —



Finite square well

Finite square well Il
Again, for outside the nite square well (regiohsndlll ) we had

= with 2 72”"(”:)2 E)

Now in the case wherg > Uy we have a particle which happily
travels along with a different net energy and thus a diffeden
Broglie wavelength, and the particle will never be bounddaghe
nite square well. So let's consider only the cases where U.
In this case, ? is always a positive number, and two possible
solutions for the wave function are= Ae" *and = Ae *.

Consider region. If we were to have = Ae *then the wave
function would grow exponentially as we went to increasing
values farther away from the con ning potential. This woulot
make sense! The converse holds for redlbnThe solutions that
domake sense for regiomsandlll are

()= Ae" ¥ and m(X)= De X



Finite square well

Finite square well 11l

What we have seen is that in regibhfor example we have a
wavefunction which is a decaying exponential:

m (X) = Ae * with

That is, the wavefunctiony (x) dies off to e of its amplitude in
a distance of 1= , or
1 ~

T ) @)

The probability 2 will be attenuated by
exd 1= exg 1=2]2= e (»” = 0:37 when we have traveled a
tunneling distance; of =2.



Leaking

This relates to the uncertainty
principle!

The particle is no longer con ned to being purely inside tlox b
even though classically it would be! The particle can “lea@ime
distance out of the box. Consider an electron With, E)= 1
ev:

~ hc
Xt = =

= p—-= p———— ) 0:09 nm
2 2°2mU, E) 4 2m&U, E) )

or about the radius of one atom.

We can compare this leakage distance with the de Broglie
wavelength for a particle with an energy = (Ug E):

= h— p—2 _ leadingto X = —:
o PomE g .

This helps us (in a hand-waving way) to understand why the
Heisenberg uncertainty principle(s x) ( p) = ~=2 rather than
h.



From in nite to nite quantum well

Leaking

Recall that for quantum well of width with in nite sides, we
found that the energies of allowed states were given by

n2 2h2

iz for n=1,2;:::

En =
We can get a rst order approximation of the energies of state
the nite quantum well by increasing the width of an in nite box by
on each side:
n2 2h2
En' ———— for n=1;2;::: 2
To2m(L+ 2)2 2)



Finite well (again)

Finite square well IV

Let's return to the wave function charageristics. We found

1= Ae" Xand , = De *,with = 2m(Ug E)=-. What
about inside the potential, in regidr?
U=Ug
| I} 1l
u=0
x=0 x=L

Well, here we have a free particle in zero potential whichtcavel
either direction, which we could write ag (X) = Be **+ Ce*
but sincegk* = sinkx+ i coskxwe can also write this as

n(X) = Bsin(k) + Ccogkx) withk= — = — = ———
3)
Now that we have forms for the wave function in each region, we
require the wave function to be continuous and un-kinked.



Boundary conditions in general,

andatx= 0
We want the wavefunction to be continuous. We have the wave
condiions functions; to get them to be unkinked we need their derieativ
% = dae =Ae X
% = d—dx (Bsin(kx) + Ccogkx)) = Bkcogkx) Cksin(kx)
% = dDe * = De *

Now let's considex = 0 which is the boundary between regions |
and Il. We want to satisfy

Ae" ° =Bsink 0)+ Ccogk 0) ) A=C
andA e ° = Bkcogk 0) Cksinlk 0) ) A =Bk

which givesA= C = Bk= .



Boundary
conditions

Boundary conditions at = L

Now let's look at the right boundary. From continuity of the
wavefunctions an€ = Bk= we get

Bsin(kL) + CcogqkL) = Bsin(kL) + B5 cogkL)= De - (4)
while from the continuity of the derivative we get
. k2 . L
BkcogkL) Cksin(kL) = BkcogkL) B—sin(kL)= D e *-: (5)

The ratio of these two expressions is

sin(kL) + X cogkL) K
K ~: = —: (6)
cogkL) = sin(kL)

While this is nothing that is easily simpli ed, we can stithip some
insight into the solution.



What have we learned from the
boundary conditions?

o We have found that the boundary conditions let us relate
oundary

conditions A=C= F53k: and once we know a particular energy solution (an

thusk = ° 2mE=-) we can get a relationship to coef cieBtfrom
Eq. 4.

More importantly, we have arrived at the relationship of &gf

sinkL) + ¥ cogkl) = k|
cogkl) EsinkL) =

wherek = pWE? and = P 2m(Uo

E)=-, or
R - Po—et r
sin( 2mEZ:) + mcos( 2mE:) E
Po—=L 4 E_ oin® 5mEL - Up E: ™
co§ 2mEZ>) o, € Sin( 2mEZ)

So what can we do with this?



Boundary
conditions

What does this tell us?

Again, by matching boundary conditions we have found theiregqent
of Eq. 7:
P e Py r
sin( 2mE:) + To E co§ 2mE:)

E
— | — .
cos(p 2mEL) e sin(p 2mEL) Uo E

This is of course not straightforward to solve! However, & inowL,
m, andUy, we can at least plot the left hand side verBuand we can
also plot the right hand side verslsThis allows us to nd a discrete
set of solutions! Let's say the left hand side was a simpléneos
function, and the right hand side was a simple linear slosd then
nd particular energy solutions graphically as follows:
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Finite square well: the picture

OK, so you get the idea. The wavefunction solutionat the discrete
energy states look like this (Serway Fig. 6.16):

(a) (b)

Figure 6.16 (a) Wavefunctions for the lowest three energy states for a particle in a
potential well of finite height. (b) Probability densities for the lowest three energy
states for a particle in a potential well of finite height.

To dive into this some more, try Serway problem 6.23!



Leaking/sloshing states

Consider two nite wells with a reduced barrier between théim
we put a classical particle in one well, with less energy tien
Finite well (yet height of the barrier, it's stuck in that well forever.

again)
Not so with quantum mechanics! The particle can “leak” oubioé
well and into the other! Particles can slosh back and fortiveen
these two wells, and end up distributed between them:

Which well is the particle in? Both! This is a better situatio
visualize than Schrédinger's cat being both alive and dead.



Tunneling

Walking through walls

Can we walk through a wall? Not very likely:
But perhaps nucleons can escape from the nucleus by tughelin
George Gamow, 1936: explanation for radioactivity. Wedk ¢p
this: ::
Tunneling of an electron over a 5 eV gap:

W~ _ 1 hc

F Y " 5 3F 75, =
2 2m(V E) 2 2 2m&\V E)

. 1240eV nm
2°2 511 10%eV 5eV

Xt =

= 0:044 nm

1
T2

so for every 0.1 nm or 1 A the current will be reduced by a faofor
exd 0:1=0:044 = 0:1.



The scanning tunneling microscope

Binning and Rohrer's
The rst STM, with its inventors Heinrich  third STM:
Rohrer (b. 1933) and Gerd Binnig (b. 1947)
at the IBM Zurich lab (they won the 1986
Nobel Prize):

Scanning
Tunneling
Microscope




Modern STMs

Scanning
Tunneling
Microscope

RHK Instruments: an exam-
ple of an ultra high vacuum

Veeco Instruments: an exam- .
system for surface studies.

ple of a system that can be
run on a desk top.



Example STM images

Scanning
Tunneling
Microscope

Silicon (111) surface, 7 7
reconstruction. Courtesy
RHK Instruments.

Iron monolayer making FeSi
on Si (111). Courtesy RHK
instruments.



The Quantum Corral
Don Eigler's quantum corral
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The atom |
Let's now tackle an especially relevant problem in quantuechanics:
the solution of electron orbitals! (Chapter 8 of Serway).
We expect to have some constants of motion:
@ Total kinetic energy: quantum numbermis
@® Total angular momenturh: quantum number is
® Projection ofL onto one axis: quantum numbenms
The time-independent Schrddinger equation in multipleatisions
involves a Laplacian 2:

The atom 2

L2 —
—r +U(r) = E

o (r)
We'll use spherical coordinatés; ; ), where is angle from the
2 axis, while is the azimuthal angle. The Laplacian or second
derivativer 2 in spherical coordinate(s; ; ) becomes (equivalent
but different form from Serway)

2_ 1 @ @ 1 @&
TRk @’

@' @ r_2sm()@

( in( )—) T)



The atom

The atom I

Assume separable variables, as we did with the 2D in nite {@&trway
Eq. 8.11):

(s )=RNC ()
The Schrédinger equation then becomes

~2n

@
) Ssin) D)
@ (0]
+sin2()@

2m r2 sin( ) @

+U(NR = ER

mr smz( )

Multiply through by —5- and rearrange.



The atom

The atom Il

2mr smz( )

Multiplying through by—5- and rearranging gives (see

Serway Eq. 8.12)

1d2

sif()d ,dR
dz ar " dr

R dr dr

Z—mrzsinz( YU(r) E)

sin( )E sin )_

Look at this result: the left hand side depends(on), while the right
hand side does not. This must be true for é&ny) so the left hand side
equals a constant!



The atom

The atom IV

Again, we have

1 d2 _ 2
gz constant or 9z

(constant = O (8)
Let's assume this is associated with the angular momentojegied on
theZ axis ofL, involving the quantum numben-. In this case we can
assume solutions to (see Serway Eq. 8.13)

d2

W+m?: 0 9)

which have the form 1
()= 197—64”‘\ (10)

he 1:p 2 term gives us the proper normalization of

02 j( )j?2d = 1. Notealsothaf ) hasthe same value atas it
does at + 2n : no matter how many times we go around the circle, th
wave at the same place should be the same. This is anotherfway o
saying tham has to be an integer.



The atom

The atom V

2 2
From Eq. 12 ofg—2 +m? = 0, we can say thzaig—2 = m? sowe
can substitute n? on the left hand side of Eq. 8:

2 _ ir()d ,dR

= s )ur) B > R( )E P
si()d ., .d
q sin( )d— :

This can be rearranged to give (see Serway Eq. 8.14)

1 d _ .d M 2m 1d ,dR
sin( ) d- sinC ) g sin() =GO Rdr rza '
(11)

Again, we have all dependency dn ) on the left, and all dependency

onR(r) on the right. We must satisfy this for amyand any , so both

sides must equal a constant. With some foresight, let'stlealiconstant
C+1).



The atom

The atom VI

With both the right and left hands sides of Eq. 11 equal i1¢" + 1), we
now obtain separate differential equations end in . The equation
is like Serway Eq. 8.15

d
sin( )d_

. d o mo
S|n()d—+ C+1) S() =0 (12)

and ther equation is like Serway Eq. 8.17:

2
1d dR 2m ‘C+1)R=0  (13)

— + — (E [
Zdr | dr = u) 2mr2
Now recall for a Coulomb force we hate U(r) = 4—10¥ SO
Eqg. 13 becomes
1d ,dR 2m 2z¢& ~2
- - - - 4 + =
r2dr ' dr ~2 4 or 2mr? (+1R=0 (14)

. _ M .
wheremis the reduced mags, = %L;M as before. Mathematically
similar to drum head modes, electrostatics on sphetes,



Radial
wavefunctions

Radial wavefunctions |
Consider again the radial differential equation:

1d ,dR 2m z& = -2
r2dr = dr ~2 4 or  2mr2
It's beyond our course toFgIerlve the solutions, but they haedorm

Ry (r) with normalization ; RZ.(r)r2dr = 1. The rst several
solutions, expressed in terms of the Bohr radius

‘C+1) R=0

ap=(4 o~?)=(me?) = 0:053 nm, are (see Serway Table 8.4):
Rio(r)= £ e 0
3=2
RZO(r) - % 2 Zr e Zr=2ay
3=2
Ra(r)= &  pi-e % .
3=2 2 _
Ro(N= = 21 Z+Z47% ez %
32 p_ B
Rau(n) = & 528 1 & e #a
z 2 2q 2z 2, 73
Raar) = = ¥ 5 5 €7



Radial wavefunctions Il

e can calculate the probability of being in aregign r  r, from
rrf R2.(r) r?dr. Here are several of the radial probability distribution

functionsr?R, (r) (Serway Fig. 8.11):

Radial
wavefunctions



nand’

Interpretation oh and”

n: principal quantum number, which determines the energy
*: orbital quantum number, or angular momentum quantum numbe
The notation of “shells” comes from Moseley's x-ray workfdxe Bohr.

shell * | symbol
K sfor sharp
p for principal
d for diffuse
f for fundamental

g
51| h

AWN| PO

OO W N| D

v oZZr

One typically speaks of asktate rather than a 180, orKs state.



Spherical
harmonics

Spherical harmonics |

We had in Eq. 12 an azimuthal differential equation (see Sgrw
Eq. 8.15):

1 d _ .d . e

snya @ 0D Gy 7O

This can be solved in terms of Legendre polynomials (see 8efable
8.2). Itis more common to talk about the prodyct ) ( ) as
spherical harmonicer Y™ (; ). They occur in many situations in
physics, and thus were already known to early researchesntum
mechanics. The rst several normalized spherical harnmoaie (see
Serway Table 8.3)

q_—

Y9 = 91? Y? = ] 2 cos
Yi= q isin e Y9 = 4i_(§c052 2
Yl = Bsin cos € VYZ=1 Bsit &

Allowed values for are” = 0;1;:::;(n 1). Allowed values fom
arem = ;( "+ 1);:550:050C D,



Spherical harmonics Il

Spherical harmonic¥™ (; ) show up lots of times in physics,
such as in the motion of drum heads, electromagnetic modes in
cylinders and spheres, and so on.

It turns out that the spherical harmonics for an orthonoitvaals
set, so that one can express any functipn ) in terms of some
linear combination of spherical harmoniésS (; ).

Because they are orthogonal, their overlap is driven by thay t
are integrated over a spherical coordinate system:
z
;¢ . ;i . H
Yoo )Y, (s )sind d
It turns out that the integral is zerounlgss  “jj= 1or “= 1
(Serway Eg. 8.40). This means that only certain electronic
transitions are allowed!

In fact this is weakly violated in multielectron atoms besathe
wave function of one electron is slightly modi ed by the peese
of other electrons, giving slight mixing of spherical
harmonics—but * = 1is still a pretty good rule.



Selection rules

Here's an illustration from Serway on how the = 1 selection rule
can play out:

Selection rules



Selection rules

Putting it all together

Recall that we assumed a wavefunction solution in separable
variables:

(r;; )

nm (15 )

Rn:‘(r) ‘;m( ) m( )

R (DY (5 ) (15)
We now have a full solution to the time-independent Schrgelin
equation for electrons in an atom!

We can plug these wavefunctions into the Schrodinger eguatid
calculate the energy. Lo and behold, to rst approximatienget a
simple and familiar result, just like Bohr obtained:

22
E,= %F (16)

But the wavefunctions are not limited to a few discrete tadii
Instead, they are fuzzy in both radius and in angle! Boy, waisrB
lucky that his wrong picture gave so many right answers!



Pictures of wavefunctions

To look at the probability distribution for an electron in arficular state

n:m » We need to consider the integral in spherical coordinates:

zZ,2 2Z,
i nom(r;; )j%r?drsin dd =1
r=0 =0 =0

Considering that the spherical harmom® parts of .., come
pre-normalized, the relative probability of being at a atar radiusr
is given by (Serway Eq. 8.44)

P(r)dr=j j24 r2dr= rjjR, (r)j?dr

We can therefore look aZR?(r) to see more of what the electron
wavefunctions look like.



Electron wavefunctions |

Here's one picture, from T.R. SandiBssentials of Modern Physics

Atom
wavefunctions



Electron wavefunctions Il

Here are some “isosurface” representations, where a slidgtaced at
a particular probability level:

Atom
wavefunctions
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Electron wavefunctions Il

Some more isosurface representations:



Total angular momentum

Equation 13 gave the differential equation for the radiat Bér) of
the solution of the Schrédinger equation:

1d ,dR  2m ~ .

——r— +—(E U —(C+1)R=0

Zdr " ar = ( (") 2mr2 ( )

In this expression, it appears thﬁi—z‘(‘ + 1) is an energy just like
E andU(r). NormallyE = U + K so let's equate it to a kinetic

energy:

I02 2 .

- = — + 1

2m 2mr2 ( )

(p? = 2(C+ D
Since for circular motioh. = myr = pr gives the angular
momentum, the quantifyj = ~ “(* + 1) appears to give the net
Angular orbital angular momentugij of an electron. This crude argument

momentum

turns out to be correct. Note that this is slightly differéoim the
Bohr assumptioh = n~! A muchmore complicated look at this is
in Serway section 8.4.



2 axis angular momentuin,

In classical physicg?=2m+ U(r) = E which we can also write as
(p?>=2m) + U(r) = E .

Compare with Schrédinger: (~?=2m)r 2 + U(r) =E .1t
looks like momentunp is replaced by i~r in quantum
mechanics.

Classical angular momentum in tAedirection is given by
L= xp, yp«from the cross produdt=+ p.

In quantum mechanics, replage!  i~@=@andp,! I~@=@
In fact, this looks like a change in the function aroundZhexis, so
it can be shown that thie, operatorid ;= I~@=@

Since( )m =(1= 2 )& |, this gives & axis angular
momentum of
L,= m~ (17)

A Aha! This looks more like what Bohr got; but remember he used
the same integer for energy state as for angular momentunrease
we now know ofn, *, andm:- : ::



Angular
momentum

L, apndL
Again, the total angular momentumis givenjhy= ~ (" + 1), while
theZ axis component ik, = m ~. We therefore nd that th axis
projection of the total angular momentum can happen onlysatete
angles! See Serway Eq. 8.18:
L, . M~ _ ., m )
Ui~ "+ " C+D




Filling states

Filling states

We have three quantum numbenss 1;2;3:::," = 0;1;:::;(n
andm = 0; 1;:::; °.Let'sconsider allowed quantum states:
State| n m Number

1Is |10 0 1

25 |20 0 1

2p |21 -1,0,+1 3

33 3]0 0 1

3p |31 -1,0,+1 3

3d |32 -2,-1,0,+1,+2 5

4s | 4|0 0 1

p [4]1 -1,0,+1 3

4d |42 -2,-1,0,+1,+2 5

4 | 4)|3|-3,-2,-1,0,+1,+2,+3 7

1),



Filling states Il

Remember that we can calculate ener-
gies from putting wavefunctions into the

Schrddinger equation and turning the
crank:

2

2 —
—r +U =E

2m

Detailed calculations give a particular
sequence of increasing energy of states
(see bottom of p. 321 in Serway):

1s< 2s< 2p< 3s< 3p< 4s 3d<

4p
< bs< 4d< Bp< 6s< 4f 5bd< 6p
< 7s< 6d 5f:::

Here's a picture of them in energy order
(from Krane ,Modern Physick

Filling states



The periodic table

The periodic table then made sense if we assumed we can t two
electrons in each state! Let's denote the number of elesfrorach
state with a superscript; we can then write the energy ardexs
1725°2p%35°3p®4s?3d1%4p®5s% : : 1. See also Serway Table 9.2. This
gure is from Sandin:

Filling states
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