Uncertainty and slits

e Consider the act of trying to measure
thex momentum of a particle passing through a defined posikixn

Heisenberg
uncertainty

e Because the particle is wavelike in its properties, it wdl b
diffracted by the slit with a semi-angbeof sind = A/ Ax.

o If the particle had a velocity,, we will now have an uncertainty in
thex velocity of

Apx = p;Sing =
giving Apx Ax = h.



Heisenberg uncertainty relationship

Heisenberg
uncertainty

e Our relationshipApx Ax = hwas for the full slit width and the
semi-opening angle. We can usually estimate the centroid a b
more accurately, but we can't be too exact about the fuzgises
there is a bit of wiggle room in the prefactor used! Heisegber
concluded ¢f. Serway Eq. 5.31):

h &
AXApy~ — = = 1
XO = T2 @
in a paper irZeitschrift fur Physild3, 172—-198 (1927).

e So particles in quantum mechanics are like many politicians
overweight wrestlers: the more you try to pin them down, the
squishier they get.

e The act of limiting a particle to a certain position inevitameans
that you cannot predict its momentum exactly, and vice versa



The energy-time uncertainty
relationship

Heisenberg
uncertainty

Let’s count wave crests that go by in a time interdl
If the wave has a period, we can only counN = At/T waves.

Therefore we can really only specify the period to plus orusia
wave, orAT ~ T/N.

The product isAT At ~ (T/N)(NT) ~ T2,
Substitutings = 27/T givesAw = 27 /T2AT or

ATAt ~ T?
2

T
Aw— At ~ T2
2
AwAt ~ 21

SinceAE = i Aw we then getAE At ~ h. Again we can pin the
centroid down a bit more so the convention is to &y At ~ //2
(cf. Serway Eq. 5.34).



Heisenberg
uncertainty

Confusion over uncertainty

It will not fly if you write the following as your total solutioto an
exam problem: “According to Heisenberg, the answer is uaget

The Heisenberg uncertainty relationship is widely abuSeune
postmodernists say it means we can’t know anything for oeita
life, so all points of view are equally valid. This is a rather
sweeping overgeneralization of the observation that mh&bkaves
like de Broglie waves!

Another overinterpretation is to say that this marks thelief
classical physics, in the following argument:

¢ With Newtonian mechanics, if we could measure the positiah a
momentum of all particles in the universe, we could predietfuture
with perfect accuracy.

e The Heisenberg uncertainty relationship means we caniviuath,
so we've lost the ability to predict the future (unless, ofise, we
are astrologers).

In fact we can’t even do it in classical mechanics. There apeat
number of situations where a small change in initial condgi
produces nonlinear changes in outcomes. These situatiens a
chaotig and they exist in classical mechanics.



Clarity over uncertainty

Heisenberg
uncertainty

e So let’s limit ourselves to things we can do experiments ooh&s
electron transitions in atoms. If an excited state has rfifeof
At, we can define the energy of its transition only as well as
AE = h/At. Short-lifetime states have broad energy/wavelength
distributions; long-lifetime states have well-defined
energy/wavelength distributions. We can measure this in
spectroscopy experiments!

¢ Another example we’ll consider is the confinement of protamnd
neutrons to the nucleus, where we can gain insight into their
momentegp and thus energy from their confinement distanoce



Expectation values |

Heisenberg
uncertainty

e Imagine having a die (singular of dice): what's the averagmiper
you get? Well, it's(1+2+3+4+5+6)/6 = 21/6 = 3.5, which
sort of makes sense. We can also get this result by constgueti
table:

Dievaluex | 1 2 3 4 5 6

Relative probability| 1 1 1 1 1 1

Normalized probability?(x) | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6

e Maybe if we multiply the thing we are trying to measure, whigh
X, by the probabilityP(x) of each value we might get, we can
calculate the average value? Let’s call the avefaiye

1 1 1 1 1 1
— 1.242.243.244.-15.-16.=
& 676 %6665
1 21
= (1+2+3+4+5+6)6:€:3'5




Expectation values Il

Heisenberg
uncertainty

e Soitlooks like(x) = [*°_xP(x) dxis a procedure that makes
sense for getting averages (see Serway Eq. 6.31).

e Let's try a slightly less trivial situation, like a loadededsuch that it
comes up on the number 4 twice as often. What's the average
number you get? Well, if we double-count the 4 we have seven
possibilities:

Dievaluex | 1 2 3 4 5 6
Relative probability| 1 1 1 2 1 1
Normalized probabilityP(x) | 1/7 | 1/7 | 1/7 | 2/7 | 1/7 | 1/7

¢ In this case we have

1 1 1 2 1 1 1

which sounds plausible.



Heisenberg
uncertainty

Expectation values Il

What if we want to measure the average valug’@fWell, we could just
multiply each of the possible valuesxfby their relative probabilities,

which would look like

It looks like we could generalize the procedure for any fiorcof x like
f (x)—which isx? in the above example—to have a rule (see Serway

Eq. 6.32)

f) = /_Oo f(x) P(x) dx

Dievaluesquares? | 1 | 4 | 9 | 16 | 25| 36
Relative probability| 1 1 1 2 1 1
Normalized probability?(x) | 1/7 | 1/7 | 1/7 | 2/7 | 1/7 | 1/7




Heisenberg
uncertainty

Expectation values IV

Now let’s think about some uses for these expectation values
Obviously(x) tells us the average value, which we usually like to
know.

But averages don't always tell us the whole story! We couke @
lot of precision ball bearings and determine their averdgmdter,
and a collection of pumpkins from a field and determntimeir
average diameter. But we know we're missing something m thi
simple calculation: the degree of uniformity around tharage.
So let’s consider the standard deviatiorwhich is the square root
of the variancer?:

T /EME —X?_ 20 SIS

Why look at the square of the difference of each particular
measuremery; from the averag&? Because the average of the
differences without squaring is zero; it's how we determihee
average in the first place!

_ L

X = (X) N

(4)



Expectation values V

Heisenberg
uncertainty

¢ By the way, we're supposed to haMe— 1 in the denominator of
Eq.?? because it's only wittN = 2 measurements that we can see
some variance .

e Let's expand out the calculation of the varianceusing Eqs??
and??:

- 2 )2 :
= () = 2((x)((x) + ((¥)* = () = ((x)?

so that the standard deviation is (Serway Eq. 6.34)

o =Vo? = /(@) - (x? 6)

e What has this given us? A way to measure not only the average
position of a particle in a particular quantum state, butb #ie
width of its distribution.



Schrodinger
perscription

The Schrédinger perscription

Find the potentiall. Think of boundary conditions.

Try a guess of the wave functiahy by taking its second derivative
and seeing if it satisfies

R (0% 0%

This will often give you the energies of the solutions.
Enforcing [ 111 = 1 will give you the normalization.

Theny gives you the probability amplitude, ahdf| gives you
the probability.



Harmonic oscillator

The harmonic oscillator

o Recall that we talked about restoring forces. We can reptesg/

force by a Taylor series expansion about the zero-forcet pdiich
we'll assume is ax = O:

F(X) ~ ag+ aix + ap¥® + agx® + agx* + . ..

We must havey, = 0 at the no-force point.

We must havey = —|a;| andag = —|ag| to have a restoring force.
We must havex, ~ 0 andas ~ 0 to have a symmetric restoring
force.

So at small displacemergnyrestoring force can be approximated
asF(x) ~ —kx

Therefore if we can solve the harmonic oscillator (Serway

Sec. 6.6), we can gain insight inbeanyphysical situations!



The harmonic oscillator again

e The restoring force is of the foria = —kx, representing the

dominant term of the Taylor series expansiomnyrestoring force.
LSS e By the way, you will learn in Physics 306 that you can solve ynan

problems in quantum mechanics using first order perturbatio
theory. This involves treating the potential as somethioig gan
solve exactly plus the first order deviation (like the nextrtén a
Taylor’s series), in which case you can calculate the firdeor
correction to the exact wave function and energy solutidohs.
harmonic oscillator can be used as a starting point in many
perturbation theory solutions.

e Back to the regular old harmonic oscillator: the potensal i
U= (1/2)k%.

e The maximum classical excursion from equilibrium is whdrite
energyE is in the potential energy, or

1
Eloéxtremum = E

2E

= +4/—.
Xextremum K



Harmonic oscillator

Harmonic oscillator |

* Potential isU = 1kx?. Solution must approach zeroxs- +oo,
so let's tryy(x) = Aexg—ax?] as a first, most basic solution (see
Serway Eq. 6.26).

e We'll need the second derivative ¢f

d_dx ( (Aexp— axz])) ( 2ax(Aexp— a><2]))
:—Za(AeXQ—axz]) (—2ax)(—2ax)(Aexd—ax2])
= (4a°%® — 2a)(Aexg—ax]) = (4a°%* — 2a) ¥(x).

e Therfore Schrodinger says

h2 d?4
“omae TV T BV
hZ

1
—om (4a®x® — 2a) 1 (X) + Ekxzw(x) = Ev(¥

2 232
ﬂJr(}k—zah)xz = E
m 2 m




Harmonic oscillator Il
Again,

2 252
=2, (Ek_zaﬁ >x2
Harmonic oscillator m 2
This must be valid foeny x The only way we can do that is to have
(lk— 25‘252) — 0givin
2 m = v gving
vkm
2h

for thex? term. With thex? term always zeroed out, we have

et Ve 1 [k

m  2hm 2

m

after using thec term solution fora. If we definew = y/k/mas in the
classical solution, we have

E= %hw (Serway Eg. 6.28)



Harmonic oscillator Il

e Again, classically the maximum excursion from equilibriism
Xextremum= £+/2E/K. Plug in our energy solution of

Harmonic oscillator - 1 k .

V/a N
Xclassical extremur £\ A = %4/ ——
k vkm

In other words, the classical result confines the partictaiwia
definite boundary. The quantum mechanical solution

Y = Aexp— sz]

does not! In fact, if we plug in classical extremum we have
h
¥ (Xclassical extremum _ Aexpi— 0 Vi) — exp—1/2]
Y(x=0) A

so the probability is down bjt)|> = exg—1] = 0.37 relative to the
probability of being in the center.




Harmonic oscillator

Harmonic oscillator IV
There are other solutions beyond

v = Aex— 2T
If we write the Schrédinger equation as

h? d?y

S 2mdx

we can make some substitutions: 5 = \/mw/#, £ = Bx,
n(€) = P(x), ande = 2E/(hw). With these substitutions, the
derivative becomes

2
5 00) - () & Gene) - 752

and the Schrédinger equation becomes

2
T+ u(e) = ent©

+= kxzz/J Ev),

zetax, xi=¢, etaz), beta#



Harmonic oscillator

Harmonic oscillator V

The equation

2
T+ €n(E) = en©)

is known in the differential equations literature as Weber’
equation. The solutions that satigfy| — 0 asx — +oo are

n(&) = H(&) exp—£2/2] with H(¢) being polynomials, as you will
learn in PHY 306.

The first few polynomial solutions are

Ho=1 = Hi=2(, Hy=4%-2  Hy=8"-12,
TheHo resultisn(¢) = 1 exd—¢2/2] which becomes

2
ot = o] = o= = el YR

which is what we already found!



Harmonic oscillator solutions

Heisenberg
uncertainty
Schrédinger - 9 Energy
perscription U= %k’l ‘

Harmonic oscillator

FIGURE 5.11 The lowest few energy levels and corresponding
probability densities of the harmonic oscillator. The short vertical
lines mark the classical turning points.



Harmonic oscillator

Harmonic oscillator energy
solutions

« If we were to plug the various solutions 9f¢) = H(¢) exg—¢£2/2]
back into the Schrddinger equation, we would find energytgois
of

E=hw(n+ %) with n=0,12,... (Serway 6.29)

o Remember that the harmonic oscillator problem is a good first
approximation tanyground state problem.

e What does this say about motion at zero temperature?



Motion at zero temperature

Harmonic oscillator

e Zero temperature doe®tmean that all molecular motion has
ceased!

¢ It just means that all atoms are in their ground state. Bundf t
electric field of the crystal lattice defines an equilibriuosjtion
for each atom, then there is (to first approximation) a haimon
oscillator potential associated with this restoring force

e The lowest energy state of a harmonic oscillator is not zsuwo,
E = hw/2!



