
Bohr review
Review: the Bohr model

� By dimensional analysis, Bohr triedl = n~ = nh=(2� ) and found
that it worked!

� Gives discrete radiirn = n2a0=Z with
a0 � 4�� 0~2=(mee2) = 0:053 nm.

� Gives discrete energiesEn = Z2E0=n2 with
E0 � mee4=(8h2� 2

0) = 13:60 eV.

� Explains hydrogen spectra, Franck-Hertz experiment, Moseley's
x-ray spectra: : :

� Reduced mass �x-up: replaceme with
mr � meM=(me + M) ' me(1 � me=M) whereM is mass of the
nucleus.

� However, Bohr model works less well for multi-electron atoms. A
good start, but incomplete.
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Matter waves: Louis de Broglie

� Switched studies from medieval
history to physics.

� PhD thesis, 1924: Einstein said
E2 = p2c2 + m4c4 which for photons
gives

E =
hc
�

= pc or � =
h
p

=
h

mv

� Maybe� = h=p is true for matter with
mass as well!

� In fact, gives a nice explanation of the
Bohr model: standing waves so no
radiative dissipation!Animation.

2� r = n� = n
h
p

= n
h

mv
so mvr = l = n~

Prince Louis-Victor
Pierre Raymond de
Broglie (1892–1987);
Nobel Prize 1929

http://xray1.physics.sunysb.edu/~jacobsen/phy251s2007/bohr_debroglie/index.html
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Is this believable?

� What's the wavelength of a Johan Santana fastball travelingat 95
mph or 42 m/s? The mass of a baseball is 145 g, so

� =
h
p

=
h

mv
=

6:63� 10� 34

0:145� 42
= 1:1 � 10� 34 m

which is very small: : :

� Obviously we need something lighter and faster to see this effect!
How about an electron acclerated over a 50 volt potential?

1
2

mv2 =
p2

2m
= qV

sop =
p

2mqVgiving

� =
h
p

=
hc

c
p

2mqV
=

hc
p

2mc2 qV
=

1240 eV� nm
2 � (511� 103 eV) � (50 eV)

or 0.17 nm. Is there a way we can see such a small wavelength?
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The Davisson and Germer

experiment
� We've seen ways to measure

wavelengths of� 0:2 nm before:
diffraction of X rays by crystals! So
can we see diffraction of electrons by
crystals?

� W. Elsasser,Naturwissenschaft13,
711 (1925): maybe we already see this
in experiments done by Davisson and
Germer at Bell Telephone
Laboratories in Manhattan!

� Davisson and Germer, 1927: Elsasser
didn't interpret our previous data quite
correctly, but we have now done an
experiment that does indeed
demonstrate diffraction of electron
waves! Nobel Prize, 1937

Clint Davisson
(1881–1958) and
Lester Germer
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It was all by accident!

C. Davisson and L.H. Germer, “Diffraction of electrons by a crystal of
Nickel,” Physical Review30 (6), 705–741 (1927). You can read this
paperhere.

http://prola.aps.org/pdf/PR/v30/i6/p705_1
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Accident II
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Figure 1
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The apparatus
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The data
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The beginning

It all began when Volkswagen introduced the Quantum in the USmarket
in 1982. Somebody needed to repair the things! Here's one on sale on
EBay that'sreally in need of a Quantum mechanic:
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Well: : : thereal birth of quantum

mechanics
Max Born, “Quantum mechanics,”Zs. f Phys.26,
379–395 (1924); paper received June 13:

This paper contains an attempt to make a
�rst step towards a quantum theory of cou-
pling, which takes into account some of the
more important properties of atoms (sta-
bility, resonance for transition frequencies,
correspondence principle) and which also
arises in a natural way from the classical
laws: : : What we shall do is to bring the
classical laws for the perturburation of a
mechanical system, caused by internal cou-
plings or external �elds, into one and the
same form, which would very strongly sug-
gest the formal passage from classical me-
chanics to `quantum mechanics.'

Max Born
(1882–1970;
Nobel Prize
1954)
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That was the labor. Here's the birth

Werner Heisenberg, “Quantum-theoretical reinterpretation of kinematic
and mechanical relations,”Zs. Phys.33, 879–893 (1925); received July
29:

It is well known that the formal rules which are used in
quantum theory for calculating observable quantities suchas
the energy of the hydrogen atom may be seriously criticized on
the grounds that they contain, as basic element, relationships
between quantities that are apparently unobservable in
principle, e.g., position and period of revolution of the
electron. Thus these rules lack an evident physical foundation,
unless one still wants to retain the hope that the hitherto
unobservable quantities may later come within the real of
experimental determination. This hope might be regarded as
justi�ed if the above-mentioned rules were internally
consistent and applicable to a clearly de�ned range of
quantum mechanical problems. Experience however shows
that only the hydrogen atom and its Stark effect are amenable
to treatment by these formal rules of quantum theory.
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Heisenberg's breakthrough

� Werner Heisenberg was a student of
Sommerfeld in Munich. He visited
Göttingen during a “Bohr-fest” in the
summer of 1922, challenged Bohr on
some statements he made in his talk (he
was 21 at the time!), and Bohr
subsequently took him on a long walk
around town to discuss. In Oct. 1923, he
moved to Göttingen as Born's assistant.

� June 1925: Heisenberg is suffering from
hay fever so he goes to spend nine or ten
days on the sandy island of Helgoland.
It's there that his ideas crystalize.

� For more background, good web sites on
the birth of quantum mechanics include
hereandhere. plus you can read some of
the original papers in translation in the
bookSources of Quantum Mechanics,
B.L. van der Waerden (Dover, 1968).

Wenrner Karl Heisen-
berg (1901–1976;
Nobel Prize 1932)

http://www.slac.stanford.edu/pubs/beamline/30/2/30-2-carson.pdf
http://www.aip.org/history/heisenberg/
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Heisenberg's approach

� Treat electron states as harmonic oscillators with some friction and
some anharmonicity. This will make more sense after you take
PHY 303: : :

� From theAIP history site:
Heisenberg looked �rst at the connection between the
observable properties of the emitted light–its color
(frequency) and the intensity–and the motion of the
charged ball according to the classical mechanics of
Newton. Then he considered the quantum properties of
the observed light and reinterpreted the classical
formulas for the motion in order to give the observed
frequencies and intensities. This resulted in an unfamiliar
rule for multiplying two amplitudes of the oscillation in
order to obtain an intensity; normal multiplication gave
the wrong result.

� Heisenberg's conclusion for positionq and momentump:
X

k

p(n; k)q(k; n) � q(n; k)p(k; n) = � i~ (1)
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Heisenberg's matrix mechanics

� Max Born and Pascual Jordan, “On Quantum Mechanics,”
Zs. f. Phys.34, 858–888 (1925); received Sep. 27:

The recently published theoretical approach of
Heisenberg is here developed into a systematic theory of
quantum mechanics (in the �rst place for systems having
one degree of freedom) with the aid of mathematical
matrix methods.

The package is really wrapped up in what is now called the
“Driemännerarbeit” (work of three men) paper: Max Born, Werner
Heisenberg, and Pascual Jordan, “On Quantum Mechanics II,”Z.
Phys.35, 557–615 (1926); received Nov. 16, 1925.

� Using these matrix methods, Bohr's results for the spectrumof the
hydrogen atom are reproduced, and by two people independently!

� W. Pauli, Jr., “On the hydrogen spectrum from the standpointof the
new quantum mechanics,”Zs. f. Phys.36, 336–363 (1926); received
Jan. 17.

� P.A.M. Dirac, “Quantum mechanics and a preliminary investigation
of the hydrogen atom,”Proc. Roy. Soc. A110, 561–569 (1926);
received Jan. 22.
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The idea of the matrix equations

Matrix equation for non-commuting operators between momentump
and positionq:0

B
@

p(1; 1) : : : p(1; k)
...

...
p(n; 1) : : : p(n; k)

1

C
A �

0

B
@

q(1; 1) : : : q(1; n)
...

...
q(k; 1) : : : q(k; n)

1

C
A �

0

B
@

q(1; 1) : : : q(1; k)
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...
q(n; 1) : : : q(n; k)
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C
A �

0

B
@

p(1; 1) : : : p(1; n)
...

...
p(k; 1) : : : p(k; n)

1

C
A =

PQ� QP = � i~
In 1926, Heisenberg realized that this carried the consequence of the
uncertainty principle, but we'll get to that in a bit.
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Meanwhile: : :

� Meanwhile de Broglie's 1924 PhD thesis with
� = h=p is getting noticed. Hector-Lois Langevin
passes a copy to Victor Henri with the suggestion
that it go to Erwin Schrödinger in Zurich.

� Henri did not understand de Broglie's thesis, but
gave it to Schrödinger. After two weeks, Schrödinger
returned it, saying “That's rubbish!”

� Langevin hears of this, and tells Henri “I think that
Schrödinger is wrong; he must look at it again.”

� Peter Debye, head of the Zurich institute, asks
Schrödinger to lead a discussion of de Broglie's
thesis. Now that he is forced to look at it more
carefully, he becomes enthusiastic.

� Debye remarks that if anything is ever going to come
of it someone would need to write down a wave
equation for matter, but how can that be?

Erwin
Schrödinger
(1887–
1961;
Nobel
Prize 1933)
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Complex algebra for wave

equations

� Let  = Aei' . A represents the magnitude, and' represents the
phase. Euler's equation:

Aei' = A(cos' + i sin' )

� Intensity isj j2 =  y = A2

� Phase lets us keep track of whether we're at the max, zero, or min
of the wave�eld.Look at the movie.
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Schrödinger's approach

� Schrödinger took two things along to the Alps over his Christmas
holiday in 1925: his mistress, and thoughts of matter wave
equations. By the time he returned to Zurich in January 1926,he
had a solution.

� Particles travel in straight lines so we expect matter to have a plane
wave solution:

 (x; t) =  0e� i(~k � ~x � ! t) : (2)

� If we take@2=@x2 we obtain

@2 
@x2 =  0ei! t(� ik)2e� ikx = � k2 0e� i(kx � ! t) = � k2 : (3)

� Now k � 2�=� is intrinsic to our choice of a plane wave solution.
However, from de Broglie we have� = h=p. Therefore,

k2 =
�

2�
�

� 2

= p2~2: (4)
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Schrödinger's approach II

� Note thatp2=(2m) describes the kinetic energy of a nonrelativistic
particle; we will denote kinetic energy as being the total energyE
minus the potential energyU. We therefore have

k2 =
2m
~2

p2

2m
=

2m
~2 (E � U): (5)

� Inserting this into Eq. 3, we have (Krane Eq. 5.3)

@2 
@x2 = � k2 = �

2m
~2 (E� U) or �

~2

2m
@2 
@x2 + U = E 

(6)
as the nonrelativistic, time-independent equation for a particle
wave.
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Schrödinger's approach III

� Again, Eq. 6 gives

�
~2

2m
@2 
@x2 + U = E :

� Time derivative of the plane wave solution is

@ 
@t

=  0e� ikx(i! )
@
@t

ei! t = ( i! ) : (7)

Multiplying both sides by� i~ gives

� i~
@ 
@t

= ~! = E ; (8)

where we have assumedE = ~! for the energy of matter waves
just as with photons.

� Now rewrite Eq. 6 as

� ~2

2m
@2 
@x2 + U = � i~

@ 
@t

: (9)

: : : and break out singing Handel's Halelujah Chorus!
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But what's waving?

� We have a wave equation. What's waving? We will consider the
hydrogen atom a few lectures for now. Suf�ce it to say that what
we get are the orbitals you have probably already seen glimpses of.

� But that means the electron is really smeared out? Not consistent
with small classical radius or other electromagnetic phenomena.

� So does the wave equation describe the particle, or something about
the particle?
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Heisenberg and Schrödinger

� Heisenberg, writing to Wolfgang Pauli in 1926:
The more I think about the physical portion of
Schrödinger's theory, the more repulsive I �nd it: : : What
Schrödinger writes about the visualizability of his theory
`is probably not quite right'; in other words, it's crap.

� Schrödinger's perspective:
I knew of [Heisenberg's] theory, of course, but I felt
discouraged, not to say repelled, by the methods of
transcendental algebra, which appeared dif�cult to me,
and by the lack of visualizability.

� Yet in May 1926 Schrödinger publishes a paper showing the
equivalence of his wave mechanics with Heisenberg's operator
theory. Schrödinger visits Heisenberg at Bohr's Institutein October
1926; vigorous discussions: : :
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Well: : : Try it anyway

� Before we �gure out what's waving, let's just try it out.

� Free particle; 1D; no potential energy; ignore time dependance:

E =
p2

2m
=

�
h
�

� 2 1
2m

=
�

h
2�

� 2 k2

2m
=

~2

2m
k2

(or k =
p

2mE=~) giving (Krane Eqs. 5.12-5.16):

�
~2

2m
d2 
dx2 = E =

~2

2m
k2 or

d2 
dx2 = � k2 

� Try  = Ae� ikx:

d
dx

�
d
dx

Ae� ikx
�

= A
d
dx

�
� ike� ikx� = � ikA

d
dx

e� ikx = � Ak2e� ikx

so it works withA = 1!
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Particle in a box

� Let U(x) = 0 for 0 � x � L andU ! 1 elsewhere.
� Looking at Eq. 6, we would have to haveE ! 1 to produce a

wave that could satisfy� ~2

2m
@2 
@x2 + U = E . Therefore = 0

outside of box.
� Wave should be continuous, so it must be zero at the boundaries

x = 0 andx = L. A sine function does this atx = 0, and also at
x = L if we requirekL = n� . We therefore guess that the solution

is  = Asin
�

n� x
L

�

� Inside the box withU = 0 we have

�
~2

2m
d
dx

�
d
dx

Asin(
n� x
L

)
�

= �
~2

2m
d
dx

n�
L

cos(
n� x
L

) =
~2

2m

� n�
L

� 2
Asin

Putting this in the Schrödinger equation gives

~2

2m

� n�
L

� 2
Asin(

n� x
L

) = E Asin(
n� x
L

)

so it works, and we have discrete energy statesEn = ~2� 2

2mL2 n2.
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So: : : What's waving?

� So we can solve for in a simple example
(and we'll soon do less simple examples).

� We can get the energies of quantum states.

� But what's waving? And how do we �gure
out the value ofA in  = Asin( n� x

L )?

� Again, think of what
Heisenberg wrote to Wolfgang Pauli in 1926:

The more I think about the physical
portion of Schrödinger's theory, the
more repulsive I �nd it: : : What
Schrödinger writes about the
visualizability of his theory `is
probably not quite right'; in other
words, it's crap.
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Return to electron waves

8 quanta 270

2,000 60,000

From A. Tonomura,Electron Holography(Springer-Verlag, 1993), p. 14.


