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The Rutherford atom I
• Rutherford model: electrons orbiting nucleus.
• Orbital frequency? Coulomb force provides centripetal force, or

m
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1
4πǫ0

e2

r2
(1)

from which we can calculate a velocity ofv = 1.6× 106 m/sec and
a kinetic energy of 1.2× 10−18 Joules or 7 eV.

• Oscillation frequency is

f =
v

2πr
=

√

1
2(2π)3ǫ0

e2

mr3
. (2)

If we user = 10−10 m to represent atomic dimensions, we obtain
f ≃ 3× 1015 Hz, which corresponds to UV light with a wavelength
of about 100 nm.

• Therefore it is not unreasonable to expect that the Rutherford
model of the atom will somehow provide a way of explaining
atomic spectra.
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The Rutherford atom II

• How long will the electron be able to orbit the atom? The
acceleration can be found from

ma=
1

4πǫ0

e2

r2
. (3)

• In classical electrodynamics, one can calculate the power radiated
by an accelerated charge by the Larmor formula of

P =
1

4πǫ0

2
3

e2a2

c3
, (4)

from which we find that the power radiated by the electron would
be expected to beP ≃ 4× 10−9 J/sec.

• The electron of energy 1.2× 10−18 J would therefore be expected
to last only 0.3 nanoseconds before it would have radiated all its
energy and crashed into the nucleus!
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Enter Niels Bohr

• A very promising young physicist
from Denmark.

• Spent September 1912 through May
1913 at the Cavendish Lab under J.J.
Thomson.

• Met Rutherford who came to talk
about his experiments in late 1912.

• Arranged a visit to Manchester; winds
up spending April–July 1912 with
Rutherford.

• Rutherford gives him the challenge of
making sense of atoms with small
nuclei.

Niels Bohr (1885–
1962; Nobel Prize
1922)
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Bohr’s model I

• The Bohr model is usually explained using electron waves, but that
idea didn’t come til 1924! We’ll pick that up at the end.

• Bohr came about his model by indirect means: a feeling that
Planck’s constanth and quantization was really fundamental to how
electrons behave in atoms and therefore must be involved.

• Start with the fundamentals: Coulomb force provides centripetal
force for circular motion:

1
4πǫ0

Ze2

r2
= me

v2

r
(5)

• Note the dimensions of 4πǫ0/e2: C2

N · m2
1
C2 = sec2

kg m3 .

• Now h has dimensions Joules·sec or kg· m2/sec, so if we have
4πǫ0h

2

e2 we must also divide byme to get kilograms to cancel out:

sec2

kg m3 · kg2m4

sec2
· 1

kg = m.



Rutherford atom

Niels Bohr

Bohr model

Bohr energy

Bohr’s model II
• We therefore have an expression with dimensions in meters, with a

length scale in the range of atomic dimensions!

4πǫ0h
2

mee
2 = 2.1 nm, (6)

• Put the result of Eq. 6 into the Coulomb-centripetal result of Eq. 5:

1
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r2
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v2

r

Z
mee2

4πǫ0h2
r = Z

r
2.1 nm

=
r2m2

ev2

h2
=

( rmev
h

)2
(7)

• Angular momentum~l = ~r ×~p is l = rmv in circular motion, so the
right hand side of Eq. 7 is(l/h)2, giving

Z
r

2.1 nm
= Z

mee2

4πǫ0h2
r =

(

l
h

)2

. (8)

which is a tidy expression with radiir normalized to atomic
dimensions, and angular momentum scaled by Planck’s constant h.
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Bohr’s model III

• Again, we have Eq. 8:Z r
2.1 nm =

(

l
h

)2
using 4πǫ0h2

mee
2 = 2.1 nm.

• Hmm. . . Planck found success withE = nhν. Let’s try

l = mvr = n
h

2π
= n~ (9)

• We then have

Z
mee2

4πǫ0h2
r =

(

l
h

)2

= (2π)2

(

n~

~

)2

(10)

Z
mee2

4πǫ0~
2

r = n2

• Solve for radiirn:

rn =
n2

Z
4πǫ0~

2

mee2
=

n2

Z
a0 with a0 ≡ 4πǫ0~

2

mee2
= 0.053 nm.

(11)
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Bohr’s model IV

• Again, we havern = n2

Z a0 with a0 ≡ 4πǫ0~
2

mee
2 = 0.053 nm being

called the Bohr radius.

• This is startling and exciting. It says we that electrons have
quantized radii beginning with 0.5 Å, which is a typical atomic
dimension.

• If we know the radiusr, we know the kinetic energy and thus the
velocityv:

l = rmv = n~

v =
n~

me

1
r

=
n~

me

Zmee2

n24πǫ0~
2

=
Z
n

e2

2hǫ0c
c =

Z
n

αc (12)

with a fine structure constantof α ≡ e2

2ǫ0hc ≃ 1
137.036.

• ForZ = 1 andn = 1, the speed is nonrelativistic:c/137. For larger
atoms and orbital radii, relativity starts to enter in; it turns out
relativistic corrections can be treated as a power series inα.

• Note: people have tried to find theories forα ≡ 1/137. . .
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Bohr energy I
• Sincev ≃ c/137, we can use the classical resultEk = (1/2)mv2

and Eqs. 7 to find the kinetic energy:

Ek =
1
2

mev
2 =

1
2

r

(

mev2

r

)

=
1
2

r
1

4πǫ0

Ze2

r2
=

Ze2

8πǫ0r
. (13)

• Calculate the electrostatic potential energyU, using the usual zero
point atr → ∞:

U = − Ze2

4πǫ0r
. (14)

• Total energy is then

E = Ek + U = − Ze2

8πǫ0r
. (15)

• Insert Bohr radius of Eq. 11:

En = − Ze2

8πǫ0

Z
n2

mee2

4πǫ0~
2

= −Z2

n2

mee4

8h2ǫ2
0

(16)
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Bohr energy II

The energy is quantized:

En = −Z2

n2

mee4

8h2ǫ2
0

= −Z2

n2
E0 (17)

with

E0 ≡ mee
4

8h2ǫ2
0

= 13.60 eV
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Does Bohr make sense?
• Bohr’s paper ishere.

• Bohr developed his basic ideas while at
Manchester with Rutherford April-July
1912. Started writing a paper while on his
honeymoon in August 1912, before
starting to teach as an Assistant Professor
in Copenhagen. Finally sent a draft of his
paper to Rutherford in March 1913.

• Rutherford wrote to Bohr:There appears
to me one grave difficulty in your
hypothesis, which I have no doubt you
fully realize, namely, how does an
electron decide what frequency it is going
to vibrate at when it passes from one
stationary state to the other? It seems to
me that you would have to assume that
the electron knows beforehand where it is
going to stop.

Lord and Lady
Rutherford,
and Niels and
Margrethe
Bohr (proba-
bly ca. 1930)

http://dbhs.wvusd.k12.ca.us/webdocs/Chem-History/Bohr/Bohr-1913a.html
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Nonsense or not?

• While a student in 1913, Otto Stern (Nobel Prize 1946) made a vow
with Max von Laue (Nobel Prize 1914): “If this nonsense of Bohr
should in the end prove to be right, we will quit
physics!”—according to B. Friedrich and D. Herschbach,Physics
Today56 (Dec. 2003), p. 56; see their reference 3.

• Bohr’s friend H.M. Hansen points out
that hydrogen atoms absorb and emit
light at specific wavelengths. Back in
1885, a Swiss high school math
teacher named Johan Jacob Balmer
had discovered a pattern to the
hydrogen spectrum:

1
λ

= const.

(

1
22

− 1
n2

)

Hydrogen spectrum

100 1000 10000
Wavelength in nm

• Others then found similar patterns using not 1/22 but 1/12 (the
Lyman series), 1/32 (the Paschen series), 1/42 (the Brackett series),
and 1/52 (the Pfund series).
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So what would Bohr predict?
• Consider a transition from an initial stateni to a final statenf :

∆E =
hc
λ

= |Eni − Enf | = −Z2E0

∣

∣

∣

∣

∣

1
n2

i

− 1
n2

f

∣

∣

∣

∣

∣

(18)

from which we obtain (withZ = 1)

1
λ

=
E0

hc

∣

∣

∣

∣

∣

1
n2

i

− 1
n2

f

∣

∣

∣

∣

∣

. (19)

Can you imagine how Bohr felt when he found this agreed with the
Balmer series?

• It may have been through matching the hydrogen spectrum that
Bohr found thatl = n~ rather thanl = nh.

• The quantityE0/(hc) is also known as the Rydberg constant
R∞ = 1.09737× 107 m−1:

R∞ ≡ E0

hc
=

mee4

8h2ǫ2
0

1
hc

=
mee4

8h3cǫ2
0

(20)
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Transition energies in hydrogen

nf : 1 2 3 4 5
Ef : -13.600 eV -3.400 eV -1.511 eV -0.850 eV -0.544 eV

ni : En:
2 -3.400 eV 10.20 eV

121.6 nm
3 -1.511 eV 12.09 eV 1.889 eV

102.6 nm 656.4 nm
4 -0.850 eV 12.75 eV 2.550 eV 0.661 eV

97.20 nm 486.2 nm 1875. nm
5 -0.544 eV 13.06 eV 2.856 eV 0.967 eV 0.306 eV

95.00 nm 434.1 nm 1282. nm 4052. nm
∞ 0 eV 13.60 eV 3.400 eV 1.511 eV 0.850 eV 0.544 eV

91.20 nm 364.7 nm 820.5 nm 1459. nm 2279. nm
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Moseley’s Law
Moseley was working in Rutherford’s lab,
looking at the characteristic X-ray energies
from different targets in x-ray tubes. He no-
ticed that the energies of these lines seemed
to follow a regular pattern ofE ∝ Z2:

Kα1 x-ray lines
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Unfortunately, Moseley left the lab in 1914
and volunteered for the army when WWI
broke out in 1915. He was killed by a sniper
at Gallipolli, Turkey on Aug. 10, 1915.

Henry Moseley
(1887–1915)
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Bohr and Moseley’s law
• Again, Moseley had found that x-ray lines

follow E ∝ Z2. Bohr can explain it!

• The incident electron knocks out an
inner-shell electron. Another electron drops
down to fill the spot.Kα lines involvenf = 1
andni = 2 transitions, and assume partial
screening of the nuclear charge by the other
electron in then = 1 orbital:

EK = (13.6 eV)(Z − 1)2

(

1
12

− 1
22

)

=
3
4
(13.6 eV)(Z − 1)2 (21)

• This helped in pinning down the correct
ordering of elements in the periodic table,
and eventually led D. Coster and G. von
Hevesy to discover Halfnum in 1923 while
working at Bohr’s Institute in Copenhagen.

Kα1 x-ray lines
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Kα involves
n = 2 → 1
Kβ involves
n = 3 → 1
Lα involves
n = 3 → 2
Lβ involves
n = 4 → 2
and so on. . .
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The Franck-Hertz experiment

Accelerate electrons by a varying voltage, and then run
them through a gas. Serway Fig. 4.27:

James Franck
(1882–1964)

Gustav Lud-
wig Hertz
(1887–1975)
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Frank-Hertz result
Absorption of electrons seems to occur at integer multiplesof a
particular value (4.9 eV for Mercury vapor); inelastic energy transfer to
knock gas electrons from one orbital to the next. Serway Fig.4.28:

Experiment done in 1913; Nobel Prize awarded in 1925.
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The Bohr model: reduced mass
• One shortcoming of the original Bohr model is that it pretends that

the nucleus is stationary as the electrons “orbit” it. This is only
approximatelytrue becausemp ≃ 1800me

• The electron and the nucleus orbit about the center of mass

rcm ≡
∑

ximi

mi
= 0 =

−rNM + reme

M + me
, (22)

whererN is the distance from th e nucleus to the center of mass
point,re is the distance from the center of mass point to the
electron, andme andM are the masses of the electron and nucleus,
respectively.

• This givesreme = rNM or

r = re + rN = re + re
me

M
Mr = Mre + mere

re =
Mr

me + M
.
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Reduced mass II
• A similar procedure gives

rN =
mer

me + M
(23)

• Return to Coulomb force providing centripetal force:

1
4πǫ0

Ze2

r2
= me

v2
e

re
= mereω

2 (24)

where we have usedve = reω and the fact that the Coulomb force
depends on the distance between the electron and the nucleus,
independent of the location of the center of mass.

• Using Eq. 23, we obtain

1
4πǫ0

Ze2

r2 =
meM

me + M
rω2 = mr rω

2 (25)

wheremr ≡ meM
me + M is known as thereduced mass. Numerically,

me

mr
=

me

meM
(me + M) = 1 +

me

M
= 1 +

0.511
938

= 1.00054. (26)



Rutherford atom

Niels Bohr

Bohr model

Bohr energy

Reduced mass III

• If we instead have not hydrogen but deuterium (a nucleus
consisting of a proton plus a neutron), we haveme/mr = 1.00027,
and for tritium (two neutrons) we haveme/mr = 1.00018.

• We can also use the reduced mass to reformulate Bohr’s condition
for the quantization of angular momentum. We have
2πl = 2πrmv = 2π(mevere + MvNrN) = nhas the electron and
nucleus rotate about the center of mass point, or

2π(mer
2
eω + Mr2

Nω) = nh. (27)

• Using Eq. 23 forre and Eq. 23 forrN, we obtain

2πω

(me + M)2
(meM

2r2 + Mm2
er2) = nh

2πωr2 meM
(me + M)2

(M + me) = nh

2πωmrr
2 = nh. (28)
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Reduced mass IV

• Solving forω and inserting this in the Coulomb-centripetal
relationship of Eq. 25 gives

r =
n2

Z
4πǫ0~

2

mre2
, (29)

or, since Eq. 23 givesre = (mr/me)r,

re =
n2

Z
4πǫ0~

2

mee2
(30)

• While we reproducere,n, we donot reproduce the prior results for
theenergyof states.

• Net kinetic energy is sum of that of nucleus plus electron, or
(1/2)mer2

eω
2 plus(1/2)Mr2

Nω2.

• We note that the steps in going from Eq. 27 to Eq. 28 gave us
(mer2

e + Mr2
N) = mr r2, so the kinetic energy is given by

(1/2)mrr2ω2.
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Reduced mass V

• Using Eq. 25, we have

Ek =
1
2

mr r
2ω2 =

r
2

mr rω
2 =

r
2

1
4πǫ0

Ze2

r2
=

Ze2

8πǫ0r
. (31)

• Coulomb potential energy depends on the electron-nucleus
separation independent of where the center of mass is, so this
remains unchanged:

U = − Ze2

4πǫ0r
. (32)

• The total energy of the atom is then

E = − Ze2

8πǫ0r
. (33)
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Reduced mass VI

• If we then use the expression of Eq. 29 forr, we obtain

En = −Z2

n2

mre4

8h2ǫ2
0

, (34)

which is identical for the result we had before except thatme has
been replaced bymr . In other words,

En(corrected)
En(approx.)

=
mr

me
(35)

or

En(corrected)= −Z2

n2
E0

mr

me
≃ −Z2

n2
E0(1− me

M
), (36)

where we have used Eq. 26.
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Reduced mass VII

• The energy of thenth state is then reduced by a factor of
1− 0.00054 for hydrogen, 1− 0.00027 for deuterium, and
1− 0.00018 for tritium. Conversely, sinceλ = hc/E, wavelengths
are increased by factors of 1.00054, 1.00027, and 1.00018,
respectively.

• These shifts are small! If we consider the index of refraction n of
light in atmospheric pressure air, to conserve energy we have
kn∝ (n/λ) constant so the wavelength in a medium with refractive
indexn is λ = λ0/n. In particular, for deuterium the wavelength
increasedue to reduced mass is almost exactly equal to the
wavelengthdecreasewe would expect to observe with a
spectrometer in air rather than in vacuum. It is by careful
measurements of these sorts of wavelength shifts that Harold Urey
discovered deuterium in 1932.
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Mysteries of Bohr’s atom

• The Bohr atom tells us a lot! Bohr gets the Nobel Prize in 1922.
• It introduces the idea of discrete energy states and orbitals in atoms.
• It works really well for explaining the optical spectra one-electron

atoms (H, He+1, Li+2).
• It explains Moseley’s results on characteristic X rays.
• It explains the Franck-Hertz experiment.
• Bohr and others (including Sommerfeld) have come up with ways to

extend it to atoms with more electrons though the picture gets
murkier.

• But remember Stern’s comment: “If this nonsense of Bohr should
in the end prove to be right, we will quit physics!”

• What is special aboutl = n~? Why don’t the electrons in those
orbits radiate away their energy and spiral in to the nucleusin a
nanosecond?

• How do electrons know to go from one radius to another, and stop
there?
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Matter waves: Louis de Broglie
• Switched studies from medieval

history to physics.

• PhD thesis, 1924: Einstein said
E2 = p2c2 + m4c4 which for photons
gives

E =
hc
λ

= pc or λ =
h
p

=
h

mv

• Maybeλ = h/p is true for matter with
mass as well!

• In fact, gives a nice explanation of the
Bohr model: standing waves so no
radiative dissipation!Animation.

2πr = nλ = n
h
p

= n
h

mv
so mvr = l = n~

Prince Louis-Victor
Pierre Raymond de
Broglie (1892–1987);
Nobel Prize 1929

http://xray1.physics.sunysb.edu/~jacobsen/phy251s2007/bohr_debroglie/index.html
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Is this believable?

• What’s the wavelength of a Randy Johnson fastball travelingat 95
mph or 42 m/s? The mass of a baseball is 145 g, so

λ =
h
p

=
h

mv
=

6.63× 10−34

0.145· 42
= 1.1× 10−34 m

which is very small. . .

• Obviously we need something lighter and faster to see this effect!
How about an electron acclerated over a 50 volt potential?

1
2

mv2 =
p2

2m
= qV

sop =
√

2mqVgiving

λ =
h
p

=
hc

c
√

2mqV
=

hc
√

2mc2 qV
=

1240 eV· nm
2 · (511× 103 eV) · (50 eV)

or 0.17 nm. Is there a way we can see such a small wavelength?
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