Three distribution functions

To review, we have found three distribution functions:

For non-interacting particles, we have the Maxwell-Bolam distribution function (Serway
Eqg. 10.3):
fmMB(E)= Aexp[ E=(kg T)]

For Fermions (particles which sense each other so that waaanonly O or 1 in a given

quantum state), we have the Fermi-Dirac distribution fiomc(Serway Eq. 10.25):

1
exp[(E Ef)=kgT]+1

fED(E) =
For Bosons (particles which can happily overlap each otindre same quantum state), we
have the Bose-Einstein distribution function (Serway E3j19):

1
fE(E) =
BE(R) = ks T] 1
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Einstein and radiation

This is done in Serway Sec. 12.7. We considered a two-lewtésy, with energieE, Ej; = h

and population®l; andN:

SpontaneousAbsorption Stimulated
emission emission

No,Ep
{A21N2 {Bllef (n) ‘leNzr (n) I hn

N1,Eq
We had three processes:

Spontaneous emissionthe rate at which we lose electrons from stidteis proportional to

the number of electrons in that state‘?"(;'—t2 = A>21N>
spont

Absorption: the rate at which we pump electrons up to stéteis proportional to the number
of electrons in stat®l 1 and the photon density( ):

dN_l — dN_2 - B N
dt  abs dt  abs 12N1 ()

Stimulated emission we can also drive transitions from state 2 to state 1 in pitogoto the

population of state 2 and the photon density): O"c\j'—tz <tim = B21N2 ()

Using the conditions of a dynamic equilibrium, and the blawdky radiation distribution for( ), we

arrived atB1> = By and alscA»1=B>1 =8 h 3=¢3.
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Lasers

Who invented the laser? Many people were in the stew in theyéaws around 1960 has
one concise history.
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FIGURE 8.20 Sequence of transitions in a He-Ne laser.

= 632:8 nm Helium-Neon laser scheme (Krane
Fig. 8.20). Gas ratio is typically 5:1 He:Ne at 1/2 at-

mosphere. He is excited by electrical discharge.
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http://en.wikipedia.org/wiki/Laser#History

Laser safety

Some lasers can burn you; some can cause permanent blih@ikess are used for cornea

reshaping surgery; yet others are used for measuring destan a room.

This leads to an important rule: become educated on the psafety procedures, and have

the right protective equipment in place, before you turnlasgr on.A laser lab is only as

safe as its least careful person!

Laser classi cation schemes: a rough, incomplete, unaf gersion

Class I: safe under all reasonably-anticipated conditions

Class Il: emits in the visible; human blink re ex should bd sient for protection.

Extended (minutes) direct eye exposure can be damaging. islb$aser pointers.

Class llla: can be damaging to the eye if beam is focused dgvaptics. Some bright

green laser pointers!
Class llIb: can cause eye damage; possible burn hazard.

Class IV: de nite eye and/or skin damage.

Goggles which block the wavelength of the laser aneustwhen working with Class Illb and

above lasers.
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Let's go to Livermore

For the biggest, baddest laser around, let's go to Livermtsene of the two nuclear weapons

physics lab, along with Los Alamos in New Mexico.
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Livermore lab
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http://www.llnl.gov/

NIF: National Ignition Facility

Anticipated operation: 2009. Cost: $1B? Web sitap://www.lInl.gov/nif/ |

192 beams (3072 slab ampli ers), total energy of 1.8 MJ, @ualgration 3—20 nsec. During
those 3-20 nsec, the lasers emit a powes of 104 Watts. US electric power generating

capacity:1 102 Watts (but that's continuous).

Main_ ) _ Master
amplifiers i oscillator room

Power 3
amplifiers’

Transport =
spatial filters

% Switchyard
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http://www.llnl.gov/nif/

NIF: an aerial view

‘ About the size of a football stadium: -

- V = [ . i i3
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NIF components

Part of one capacitor bank

One replaceable ampli er slab on its mounting

robot
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NIF target chamber



NIF target chamber Il, and Hohlraum



Hohlraum leading to fusion

Direct laser heating of pellet produced too many nonunifoes Indirect heating instead!

Mini H-bomb. Relevant to understanding weapons, supemdvature energy source???

o -
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Back to Bose-Einstein

If the occupancy of a state can be any integer (such as wittoph@r phonons), we use the

already-normalized Bose-Einstein distribution functi®@erway Eq. 10.3):

1

1) fve (E) = exp[E=kg T] 1

Here's Fig. 24-1 of Sandirgssentials of Modern Physicllote that aE = kg T =25 meV for

room temperature, we géiyg (E) 1.
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Heat capacity of a solid: classical result

Consider atoms in a solid. They all have equillibrium pasi§. We know that solids have

some elasticity, so there must be a restoring force for degrhent from starting positions.

What about the electrons? We will see that a few electromsddimduction electrons) are so
easily removed that it takes very little energy, while th&t leappily stay put with their atom.
For those others, they again will have a restoring force tdwéheir equillibrium position

relative to the nucleus.

The lowest order expansion term for these restoring focEs+  kx, so we can
approximate the system as a collection of harmonic osoilat

For a harmonic oscillator, we have an energ;é—tkfg T per degree of freedom.
How many degrees of freedom are there?

1. 3for an atom being able to “choose” to have its displacearemistributed over three

orthogonal directions
2. 2 for an atom being able to “choose” its ratio of kinetic tdgntial energy

There are 6 degrees of freedom.
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Classical heat capacity of a solid

Again, we have three degrees of freedom for orthogonal tlireg, and two degrees of T
freedom for kinetic versus potential energy for storingrggeand(1=2)kg T energy per

degree of freedom. Therefore the relationship betweerggraerd temperature per atom

should be

1
E=3 2 EkBT =3k T;

orE =3Nakg T =3RT per mole of atoms.

It's tough to measure the total energy of a solid as a funaiidemperature starting from
zero. What's easier to measure is tieat capacitywhich tells us how the temperature

changes as we add heat (Serway Eq. 10.29):

du d
C = = 3RT =3R =3Nak
dT ~ dT ATE
atom J J
= 3 (6:02 102 ™Y (1:38 10 B Z)=249
mol K mol K
Since 1 calorie=4.184 Joules, we h&ve= 5 :95 cal/(mol K). This matches room

temperature experiments; see Serway Fig. 10.9.

—n. 15/



Heat capacity: experimental data

The heat capacit¢ of many substances approacl3es = 5 :95 cal/(mol K) at high temperatures:
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Einstein heat capacity |

How independent are atoms in a solid? Since in the harmouittaier approximation they're
all tied to each other through springs, the displacemenhefaitom should affect its neighbors
ad in nitum. These acoustical waves of displacement about mean posdi@ called

phonons

Let's assume that phonons carry an eneffjy where! is some atom-dependent resonance

frequency for acoustical excitations.

Let's assume that we can have multiple occupancy of phoradasstso that Bose-Einstein
statistics apply. The energy in a mole of atoms is t&eh per atom for three orthogonal
directions. The total energy must include the Bose-Eingtebbability for occupying modes

(Serway Eq. 10.33):
1

exp[~'=k g T] 1

(2) U=3Np ~!
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The total energy was (Eqg. 2)

Einstein heat capacity Il

~I

U=3N :
A exp[~l=k g T] 1
The average enerdy per 1D atom mode can be found from letting ~!=k g T which
gives
~ X
- kB T
exp[~'=k g T] 1 exp[x] 1
X , 1
kBT1+ X+ X2+ x3+ 110 1 kBT1+ X+ X2+ 1::
ke T x X% ::3)
(3) ks T
where we have used a high temperaturg@il’  ~! limit.
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Einstein heat capacity Il

Once more, the total energy was (Eq. 2)

~'

U=3N '
A exp[~l=k g T] 1

It's easier to measure heat capacity than it is to measuskdoergy (Serway Eg. 10.32):

du d
C = —=3Na-~! — ~1=k g T] 1) 1

T ATl oT (expl sT] 1)

~1 1
= 3Np~! — —=( 1)exp[~!=k g T](exp[~!=k g T] 1) ?
kg T2
~1 2 ~|=
() = 3Nakg exp[~!=k g T]

kg T (exp[~!'=k g T] 1)2
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Einstein heat capacity IV

Again, we have Eq. 4 of

~l 2 exp[~'=k g T]

C =3Nak :
AT Ke T (exp[~'=k g T] 1)2

Is this consistent with the classical res@it= 3 R at high temperatures? Let's rewrite our

result as

C=3Rx?———
(er  1)°

withx ~I=k g T sothatx! 0asT !1 . The Taylor series expansionef is

e ' 1+ x for smallx, so we have

1+ x 1+ x
C! 3Rx? ' 3Rx?2 !
(1+ x 1)2 X2

3R(1 + x)

So we agree with the classical result at high temperatunekit & found that this relationship

-
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works well at low temperatures too (see Serway Fig. 10.10).



Einstein heat capacity V

Here's EqQ. 4 of

~1 2 ~1=k g T
C:3NAkB exp[ B ]

and data for diamond from Serway Fig. 10.10:

ke T (exp[~=kg T] 1)2°
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Back to Fermions

If the occupancy of a state can be only O or 1 (such as withreles}, we use the already-normalized
Fermi-Dirac distribution function (Serway Eq. 10.25):

1

) TP (B)= GlE Er)mkeT1+1

Note thatf pp(E) = 1 =2 whenE = Eg, and that the Fermi enerdyr stands in for a chemical
potential (binding of most electrons to particular atontgre's Fig. 24-3 of Sandirk.ssentials of

Modern Physicswhich is just like Serway Fig. 10.11:
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Swimming in the Fermi sea |

Let's populate electrons onto nuclei starting from low gyeBecausé rp (E) stays near 1
and then makes a fairly sharp transition to at Eg , we will Il up all states till we reach

the Fermi energ¥e g at which point we'll stop.

We therefore speak offeermi seathere are electrons below the surface of the seB (at

but not above.

Well, the distribution is not an absolute! 0 except at zero temperature, so there are some
electrons above the Fermi sea. The occupancy of electradhsse energy states will be very
low so one electron will rarely encounter another. Thathieytappear like non-interacting

particles so they are sometimes calleléeami gas
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Swimming in the Fermi sea Il

The Fermi-Dirac distribution functiohrp (E) tells us how we populatavailablestates. To

get the actual energy distribution of electrons, we mussittar the availability of statey E )
as well, because(E) = g(E)f (E).

Let's consider just those electrons that are free to moveratothe valence electrons.

If we consider quantum states up to some limit in the prinajp@ntum numben, the
number of statebl can be found from a sphere of states witk N max in (Nx;nNy;nz)

space as we've done before:

N = (#sping (octantof sphere with > 0) (sphereoh withE <E )
1 4
= 2 3 §n§nax:§n§nax3

—n. 24/



Swimming in the Fermi sea lll

Again, the total number of statés is related to the maximum state indexax according to

_ 3

N = §nmax :

Consider a metal cube of volunhe®, which has particle-in-a-box energies

En = n2_, h?=8mL ?). If we Il all the states up to a certain value ofnax , We see that

this gives us the Fermi ener@t (Serway Eq. 10.44):

hz h? (3N= )2=3
EF = ———=Nhax = =
8mL 2 8m Vv 2=3
h2 3N 273
(6) = =
am V

2=3

(3:646 10 ° ev m?)

<|z

where we have used = L3 to give the volume.

At low temperature, copper has a valence (free-to-move}rele every 0.23 nm or so (that is,
about one per atom), or a free electron densitja¥ =8:5 10°® m 3 from which one

obtains a Fermi energy & =7:0eV.
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Swimming in the Fermi sea IV

Let's rearrange the Fermi energy expression into an exijorefs the number of occupied

states:

h2 3N 27 oV BmEe 3=2
8m V ' -3 h2

EF:

The rate at which states become available as energy is addeel $ystem is just the
derivative of the inverse of the Fermi energy expressiongpfdlike Krane Eq. 10.35, or
Serway 10.39):

E = = El:2
9(E) dE 2 e
_ N V. 8m 3:251-2

V 8mEg 32 2 h?

3 h2

3 N P—

- 2 g3=2 E

F
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Swimming in the Fermi sea V

Putting the density of available staigd ) together with the probability of occupying available state

f Ep(E), we have the Fermi-Dirac distribution function for electrmccupancy (E) (compare with
Krane Eg. 10.36, or Serway Eq. 10.41):

&) - v Em 'E
2 h? exp[(E  Er)=(kg T)]+1
_ 3N "E |
"~ 237 expl(E Ep)a(kg T)]+1

This function is plotted in Serway Fig. 10-12. It reaches ximam near the point wheg = Eg, in
which casen(E) ! (3N )=(2Efo).

o -
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