Total angular momentum

When we discussed the solution for atoms, we had a diffedesquation for the radial part
R(r) of the solution of the Schrodinger equation like Serway E4j78

h 2 i
1 d ,dR 2m ~° .
—— rr“— + — (E U(r +1) R=0
= (E U) 55 (+1)

In this expression, it appears thﬁ%‘(‘ + 1) is an energy just lik& andU(r). Normally

E = U+ K solet's equate it to a kinetic energy:

02 2
- - A +1
2m 2mr 2 ( )

()2 = =2 +1)

Since for circular motio. = mvr = pr gives the angular momentum, the quantity

jLj= ~ (" +1) appears to give the net orbital angular momenilmmof an electron. This
crude argument turns out to be correct. Note that this isijiglifferent from the Bohr

assumptior = n~! A muchmore complicated look at this is in Serway section 8.4.
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7 axis angular momentutn,

=

In classical physic?=2m + U(r) = E which we can also write as
(p?=2m) + U(r) = E

Compare with Schrédinger: (~2=2m)r ¢ + U(r) = E . Itlooks like momentunp is
replaced by i~r in quantum mechanics.

Classical angular momentum in tHedirection is given byt , = Xpy  ypx from the cross
productC = + p.

In quantum mechanics, replapg ! I~@=@3andpy ! I~@=@X

In fact, this looks like a change in the function around zhaxis, so it can be shown that the

L, operatorid.; = i~@=@

Since( )m. =(1 :p 2 )em " | this gives & axis angular momentum of

(1) LZ: m- -~

Aha! This looks more like what Bohr got; but remember he ubedsiame integer for energy

state as for angular momentum whereas we now know; 0f andm- : ::
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L, andL

. . . . p N /7~ . AN . . .
Again, the total angular momentum is givenjiyj = ~ “(C + 1) , while theZ axis component is

L, = m-~. We therefore nd that th& axis projection of the total angular momentum can happen

only at discrete angles! See Serway Eq. 8.18:

cos—LZ— L LA
jLj ~ C+1)  (C+1)

,r".

f':

L.

i":

L.

(a) (h)

Figure 8.7 (a) The allowed projections of the orbital angular momentum for the
case £ = 2. (b) From a three-dimensional perspective, the orbital angular momentum
vector L lies on the surface of a cone. The fuzzy character of L, and I, is depicted by

allowing L to precess about the z-axis, so that [, and L, change continually while k.
maintains the fixed value m#.
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Filling states

fWe have three quantum numbens=1;2;3:::," =0;1;:::;(n 1),andm- =0; 1;:::;
Let's consider allowed quantum states:

State | n | m- Number

1s 110 0 1

2s 2 |10 0 1

2p 2 |1 -1,0,+1 3

3s 310 0 1

3p 311 -1,0,+1 3

3d 3|2 -2,-1,0,+1,+2 5

4s 4 |0 0 1

4p | 4|1 -1,0,+1 3

4d 4 | 2 -2,-1,0,+1,+2 5
L Af 4 | 3| -3,-2,-1,0,+1,+2,+3 7




Filling states Il

-

Remember that we can calculate energies from putting
wavefunctions into the Schrodinger equation and turning

the crank:

2

~

—r?2 +U =FE
2m

Detailed calculations give a particular sequence of in-
creasing energy of states (see bottom of p. 321 in Ser-
way):

1s< 2s< 2p< 3s< 3p<4s 3d< 4p

< bs<4d< bp< 6s< 4f 5bd< 6p

< 7s< 6d 5f:::

Here's a picture of them in energy order (from Krane,
Modern Physics

o

1s

FIGURE 8.1 Atomic subshells, in
order of increasing energy. The en-
ergy groupings are not to scale, but
are merely representative of the rela-
tive energies of the subshells.
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The periodic table

The periodic table then made sense if we assumed we can tleetrens in each state! Let's denote

the number of electrons in each state with a superscriptandlen write the energy ordering as

1522s22p®3s23p®4s23d104pb5s2 : ;. See also Serway Table 9.2. This gure is from Sandin:

I | 1} v v vi Vil vill
1 2
H He
1.0079 4.003
Is! 1s?
3 4 5 6 7 8 9 10
Li Be B C N O F Ne
6.941 9.012 2p 10.81 12.011 14.007 | 15.999 18.998 20.18
2s! 2¢? 2p! 2p? 2p* 2p* 2p® 2p®
11 12 13 14 15 16 17 18
Na Mg Al Si P S Cl Ar
22.99 24.31 3p 26.98 28.09 30.97 32.07 35.45 39.95
3s! 3s? 3p! 3p? 3p* 3p* 3p® 3p*
19 20 31 32 33 34 35 36
K Ca Ga Ge As Se Br Kr
39.10 40.08 4p 69.72 72.59 74.92 78.96 79.90 83.80
4s! 4s? 4p' 4p? 4p® 4p* 4p® 4p®
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Effects of angular momentum

=

Consider angular momentum in circular motidh= + p= m+ ds=dt.

The area swept by an incremets on the circle of radius isdA = (1 =2)rds so
2dA = rds.

We then can writd. = 2 m dA=dt . If there is no external torqué, is a constant sdA=dt is

a constant and=T is the same constant (wheTeis a period of rotation).
ThereforeL = 2 mA=T whereA is the area of the circle and is the period of rotation.

Classically, magnetic dipole moment is= |A wherel is the currentin a loop andl is the

area of a loop. Usind = LT=2m we have

e e e~ P P
A - - = —L - - — _ AN A + 1 o AN A + 1
) - S0J 1] = o (+1) B ( +1)

where g = e~=(2m)=9:274 10 2* J/Tis called a Bohr magneton (Krane Eq. 7.19).

-
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Zeeman effect

Z axis angular momentum introduces an additional energy ter
E= ~ B= 2B = g m-B (where we have dropped the vectorBrbecause setting

the direction ofB sets the direction of ;). See Krane Eq. 7.22.

Take a collection of atoms, all with the same value .ot hey will all have the same energy
stateE = 13:6 eVZ2=nZ.
Turn on a magnetic eld. Different atoms will have differefitprojections of the angular

momentum, so there will be an energy splittiy= 13:6eVZ?=n°+ gm-B

Selection rules (orthogonal spherical harmonics) withaltransitions only of ~ = 1, so

an example splitting of energy states and allowed tramstis:

Eqt2m;B
Eqt1mB

< Eq
— Eq-1m;B
o Eq-2m;B

Example allowed
transitions

E,,1mB
S Ey J

p
E -1mB
B=0 B10 pTh
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The Stern-Gerlach experiment

Make a non-uniform magnetic eld, so that is stronger at teeter and weaker to each side.

An atom will thus feel a eld gradient, so that there will beaadue gradient which produces

alinear forcedc = r B.

FIGURE 7.15 Two dipoles with
oppositely directed moments in a
nonuniform field. The dipoles move
in opposite directions under the in-
fluence of the net force.

H
Fret w
y I'-net

H

FIGURE 7.16 Two magnetic di-
poles in a nonuniform magnetic field.
Oppositely directed dipoles experi-
ence net forces in opposite directions.
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Stern-Gerlach 11

Up/down distancel resulting from acceleratioa = F=m due to forcec = ;r B overtime

t = x=v is (compare with p. 224 of Krane)

g = Lo2-1 ;I Bx2 _ gm @Bx?
2 2 m V2 2m @zv?
1 @B  x? 1 @B  x?
= — B m- = — B m-
4 @z(1=2)mv2 4 @z(3=2)kg T

So we should see an odd number of lines, right?

+1 b

N B -~ -y Q+\
---------- {
\ R :
Magnet SUe}

FIGURE 7.17 Schematic diagram of Stern-Gerlach experiment.
A beam of atoms from an oven passes through a slit and then enters
a region where there is a nonuniform magnetic field. Atoms with
their magnetic dipole moments in opposite directions experience
forces in opposite directions.
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Stern-Gerlach 11l

In fact, in 1921 Stern and Gerlach saw an even

number of spots!

Further experiments reveal ndt + 1) spots, but
2 (2" +1) spots.

An example: silver with = 0 gives a splitting.

How can we explain? Another spin: that of the
electron, which can have a guantum number of
ms = 3. Postulated in 1925 by Goudsmit and
Uhlenbeck, and shown soon after by Dirac to be a
necessary consequence of a relativistic version of

guantum mechanics.

Electron's spin characterized by net angular momen-

tumjSj = P s(s+1)~= P 3=4, 2 axis component

S; = ms~, and magnetic moments = (e=m)S.
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Pauli exclusion principle

Allowing only one electron spin state per quantum statelyierplains 2 electrons per

guantum state and thus periodic table.

Our quantum numbers are ndgw; *; m - ; ms). No two electrons in an atom can have the
same quantum numbers: Pauli exclusion principle, 1925t'sTwhat state lling in atoms

seems to be telling us!

We now see the true story for quantum state lling:

State n |- m- Mms Number
1s 110 0 1=2,+1 =2 2
2S 2 |0 0 1=2, +1 =2 2
2p 2 |1 -1 1=2, +1 =2 2
2p 2 |1 0 1=2, +1 =2 2
2p 2 |1 +1 1=2,+1 =2 2
L Total2p | 2 | 1 | -1,0,+1 | [ 1=2,+1=2] for each 6 J

Thatis, 2ins, 6inp, 10ind, 14 inf ...
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Pauli explains Mendeleev

Now we really can understand the periodic table:
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Transition rates

We already know that the probability of an electron being paiicular positiorx X is

(in 1D) given by .

X+ X

(x% (x9 dx®

A
(x%  (xY dx°

1

We also know that the Schrodinger equation looks like anaipetimes a wavefunction

giving an energy (a scaler) times a wavefunction:

~2 @

%@+U

I
m

Perhaps then applying a potential to an atom can changevesfwaction, and we can

calculate the overlap of that changed wavefunction with @ state to see the probability of

-
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Fermi's Golden Rule

- .

Apply a potentialW to an atom in an initial state,. The

rateP(n ! m) at which it reaches a nal state,, is given

by the probability overlap:

Z ., ,

mW  ndx

t 2
P(n! m= —

1

This is know as Fermi's Golden Rule.
Enrico Fermi (1901-1954;
Nobel Prize 1938 for work in

nuclear physics)

o -
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Selection rules

Let us consider transitions between states with differaiies of T
=Rpp (1) m-() m()=Rn (NYm (5 )

When we have a light wave interacting with an atom (such asiss&on or absorption of a

photon), we have an electric el cos!t which is nearly spatially constant (because

I'n, wherer, is the Bohr radius of the electron). It also de nes an &xisr the

magnetic quantum number- .

Considerations of the orthogonality of spherical harmsiicd the polarization of light mean

that we have non-zero integral overlaps only for dipolegittons which satisfy

= 1 or =0
m- =0 m-= 1
This givesselection ruledor atomic transitions. The transition rates fom- = 1 are

much weaker, so we can essentially say= 1 only.

-
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A return to quantum statistics

We are now jumping to Chapter 10 of Serway, where we will tdlka quantum statistics.
We will nd this involves associating the occupancy of statéth temperature, so we want to

review the discussion we had of this back with Planck's bitecky radiation theory.

Notation used here is dthermal Physicsby Charles Kittel and Herbert Kroemer (W. H.

Freeman and Company, 1980).
A systemS hasgr (E) states accessible for total eneigy

Put this systen% into thermal contact with a reservd® which originally had a total energy

Uog. The reservoir is so large that the syst8rhas a weak effect on the reservBir

Since we usually deal with huge numbers of atoms (Avogadmaraber of

Na =6:02 10% atoms/mole is large), let's work with the logarithgr (E), or

(2) R (E)=log gr (E);

The logarithm of the number of available states is known bgréiqular name in statistical
mechanics: it is thentropyof a system.
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Entropy and probability

SystemS is in a state 1 with energy;, or a state 2 with energy,. What happens to the

reservoirR as a consequence of these two choices?
Fundamental assumption: equal likelihood for all avagadmergy+)y states.

Therefore probability? that the reservoir is in state 1 versus state 2 is simply diyetine

ratio of stategr (E) accessible to the reservoir at the two energies, or

P(1) _ or(Uo 1)
P(2) QR(#O 2)

exp r(Uo 1)
h

exp“ rR(Uo 2)
h i
(3) = exp rWUo 1) Rr@Uo 2)

using logarithm of the density of available states, or gntrof Eqg. 2.
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Temperature

Approximate the entropy with the rst two terms of a Taylompaxsion:
@ C
4 U ' U — + ——— +

The quantity(@ =@ ) measures how entropy€., number of states) increases as energy is

added into the system.

De ne temperature of a system with a xed number of particlé$ as

1 @
5 — — ;
(5) Qu .

Use a scale factor to relate to the usual Kelvin temperatture
(6) = kg T;

wherekg =1:381 10 23 Joules/Kelvin is known as Boltzmann's constant. Note:
kg (300 K) =0 :026 eV, or about 1/40 eV.

—n. 19/



-

Maxwell-Boltzmann

Use Taylor expansion of Eq. 4, Eq. 5b¢ (@ =@y andEq.60f = kg T into Eq. 3

to obtain

P(1) _
P2 exp r(Uo 1) R(Uo 2)
exp  (Uo) 1%) (Uo) Z%U

" it
h T
1 1 B

(7) oexp 1—+ 2— " #:
exp

In other words, theelativelikelihood of a system with temperatufechoosing one particular

state with energ¥ is given by (c.f., Serway Eq. 10.3)

(8) fmg =expl E=kgT]

-
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Quantum statistics

We will want to look at distributions of the number of paréish as a function of energlg , or
n(E).

Think back to our discussion of the Planck blackbody radradistribution result: the number

of photons having a particular energyE ) was given by the product of:
I Density of available statagE)

I Probability of occupying available state§éE ), which we will also call aistribution

function

Thus we'll want to calculate (see Serway Eq. 10.6)

9) n(E)dE = g(E)f (E) dE
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An example

Consider a hydrogen atom with; = 13:6 eV equal to its ground state energy with no
external eld, and ignoring hyper ne splitting. There ared statesif =1, =0,
ms =[ 1=2;1=2])sog(E1)=2.

ForenergyE2> = 3:4 eV, we have the following possibilities:

(n=2, =0, m =0, mg =[ 1=2;1=2]) gives 2 states

(n=2, =1, m =[ 1;0;1],andms =[ 1=2;1=2]) gives 6 states
Sog(E») =8.

Then consider the relative population of states at the teatye at the surface of the sun or

T =4150 Kwherekg T =0:36eV:
N(n=1) _ G(Ei)exp[ E1=KgT] _ 2exp[ 13:6=0:36] _

= 1:7 10 12
N(n=2) G(E2) exp[ E2=kg T] 8 exp[ 3:4=0:36]

Almost all atoms are excited!!!
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Maxwell velocity distribution |

Consider the distribution of speeds of atoms in an ideal{interacting) gas. That is, we

wantn(v) = g(v)f (v) as a function of speedrather than energl .

To nd the density of available stategv), we realize that in principle all velocities in 3D are
possible, sg(v) dv is the volume of a spherical shell of thickneksat v:

Z 2 Z Z v+ dv
(10) g(v) = d sin d rdr =4 v ?dv

0 0 v
The relative distribution function for occupying a statgigen byexp[ E=kg T]. The
energy associated with a state of veloaitis (1=2)mv 2, and if we allow for a normallization

factorA to get the absolute probability, we have

2

(11) f= Aepl 5 —

]
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Maxwell velocity distribution |l

Normalize the number distribution with velocityv) according to the total number of

particlesN :
Z 4 A\ A\ my 2
n(v) dv = g(v)f (v) dv = 4v 2A exp[ Jdv = N
0 0 0 B T
Let's do the integral:
Z 4 my 2
2
4v <A exp[ ] dv
0 2kg T
Deninga m=(2kg T) puts the integral to
Z 4 P —
4 A vZexp[ avl]dv=4 A =N
; pl ] 15372

sowe ndN =4 3%2A=(4a%72) which, usinga m=(2kg T), gives
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Maxwell velocity distribution 11

Now that we knowA we can go back to Egs. 10 and 11 to nd
2
n(v)dv = g(v)f(v)dv=[4 v ?dv][A exp| ]
2kg T
3=2 2
m mv

12 = 4N 2
(12) TS

which reproduces Serway Eq. 10.8. Here's a plot ferdds from Fig. 22.3 of Sandissentials of
Modern Physics
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Maxwell velocity distribution IV

The most common speed is found from taking the derivative(@) and setting it to zero.
This givesvp = P 2kg T=m.

R
The average speedis found fromv = 01 vn(v)dv.

This givesv = P 8kg T=( m ) (see Serway Eq. 10.12)

94 R;
o vZn(v)av.

The root-mean-square or RMS speed is found fipms =
This givesvims = g 3kg T=m from which we nd (1=2)mv rz'ms = (8 =2)kg T (see
Serway Eqg. 10.13).

Gravitational escape velocity1=2)mv2 = GMM garth =learth 9ivVes

S

2GM earth .
Vescape = = 8G earh rgarth
I earth

orvescape= 11:2 km/sec or about 25,000 mph.

We leak a very small fraction of our atmosphere out to spasekEially helium. Smaller

planets have a lower escape velocity and thus leak more.
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