The atom |

ﬁ_et’s now tackle an especially relevant problem in quantuecihanics: the solution of electron T
orbitals! (Chapter 8 of Serway).
e \We expect to have some constants of motion:
1. Total kinetic energy: quantum numbemis
2. Total angular momenturh: quantum number ié

3. Projection ofL. onto one axis: quantum numberris,

e The time-independent Schrodinger equation in multiplesttisions involves a Laplaciéii?:

— K2
—— V2 + U(r)yp = Ev

2m

e \We’'ll use spherical coordinatés, 6, ¢), wheref is angle from thet axis, while¢ is the
azimuthal angle. The Laplacian or second derivafi#ein spherical coordinates-, 6, ¢)

becomes (equivalent but different form from Serway)

L V2:ig(r22)—|—i[ L 2(sin(@)a)—i— ! 82} J

sin(6) 06 06 sin?(0) O¢2
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The atom 1]

Assume separable variables, as we did with the 2D infinité (8elrway Eq. 8.11):

Y(r,0,9) = R(r)©(0)®(¢)
The Schrodinger equation then becomes

> o 90
sin(@) 96 SO 5+

e 0%
sin?(0) 9¢2

_H2 d
h{@ a(rga_R

R
— U(r) ROP = EROP
r2 Or 8r>+r2[ ]}+ (r)

2m

: —2m r?sin?(9) .
Multiply through by 2 ROd and rearrange. Gives (see Serway Eq. 8.12)

2
(1) %Z% _ 2%’# sin2(0)(U(r) — B) —

R dr

sin?(9) d ( gc;_f) _ sin(f) i(sm(m

d©
o )

do

Look at this result: the left hand side dependsIdip), while the right hand side does not. This must

be true for any(r, #) so the left hand side equals a constant!
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The atom Il

Again, we have

1 d?® d?®
(2) — —— = constant or —— — (constant® =0
d dg? d¢?
Let's assume this is associated with the angular momentopagied on the axis of L. involving

the quantum numbenr,. In this case we can assume solutions to (see Serway Eq. 8.13)

d?P
(3) @ —l- m%CID =0
which have the form
4 P(¢p) = ——=e'me?
(4) (9) Nor

The1/+/2m term gives us the proper normalizationfﬁT |®(¢)|? dp = 1. Note also that(¢) has
the same value a as it does at + 2n7: no matter how many times we go around the circle, the

wave at the same place should be the same. This is anotherfwaying thatn, has to be an integer.
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The atom IV

N 2 2 .

From Eql 7 of% +m7® = 0, we can say tha% % = —m7, SO we can substitutern? on the
left hand side of Eq. 1:
2 _ 2m o

(6 —mi=Fr?sin2(O)(U(r) - B) -

sin;(e) C% (7‘2%) B sné@) dde (sm(@)@).

This can be rearranged to give (see Serway Eq. 8.14)

! di (sm(@)

2
S ond) 16 d@) my 2m 2 1 d ( QdR).

— = U0 - B) - o (25

©) sin? () 2 R dr

Again, we have all dependency &) on the left, and all dependency &i(r) on the right. We
must satisfy this for any and any9, so both sides must equal a constant. With some foresigdlt, le

call this constant-£(¢ + 1).
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The atom V

With both the right and left hands sides of Eq. 6 equal#j¢ + 1), we now obtain separate

differential equations im and inf. The# equation is like Serway Eg. 8.15

1 d
sin(0) do

de m3

(7) 9)5) + [£(£+ 1) —

(Sin(

and ther equation is like Serway Eq. 8.17:

2

1 d/ odRY 2m
(8) 74—2$(r E) + ﬁ[(E—U(T))— 2W26(£+1)]R_0
2
Now recall for a Coulomb force we havé — U(r) = — 47360 ZTG so Eq. 8 becomes
1 d /s 4dR\ 2my Ze? h?
9 —— (=) - (L+1)|R=0
®) r2 dr (T dr) h? [47r607° i 2mr? (+ )]
me M

wherem is the reduced mass,, =

——=e—"—— as before. Mathematically similar to drum head
me + M
modes, electrostatics on spherets,

-
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Radial wavefunctions |

Consider again the radial differential equation:

ii(p@) B 27-? Ljir i 2:;25(e+ Djr=0

It's beyond our course to derive the solutions, but they liagdorm R,,,(r) with normalization

J5° R2,(r) r? dr = 1. The first several solutions, expressed in terms of the Badius

ap = (4megh?)/(mee?) = 0.053 nm, are (see Serway Table 8.4):

Rio(r) = (£) 2e= /a0
RQO(T‘) = (%)3/2 (2 — f_g) e—Zr/QaO
— ( _Z_ 3/2 gz, —Zr/2a
221(7“> ) (2;0)3/2 V3ag ! 02 ol
s0(r) = (%) 2 {1_ 3ag T ﬁ(%) }6
) () 6555 (- 1)
L R32(r) = (%) / 217\/%(5_5) e—Z7/3a0



Radial wavefunctions Il

. .

e can calculate the probability of being in a regign< r < r5 from f:f wa(r) r2 dr. Here are

several of the radial probability distribution functionsR,,,(r) (Serway Fig. 8.11):
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Interpretation of, and/

n: principal quantum number, which determines the energy

¢: orbital quantum number, or angular momentum quantum numbe

The notation of “shells” comes from Moseley’s x-ray workfdxe Bohr.

n | shell
1 K
2

3 M
4 N
5 O
6 P

¢ | symbol

0 | sforsharp

1 | p for principal

2 | dfordiffuse

3 | f for fundamental
419

51| h

One typically speaks of &s state rather than B0, K0, or K s state.

o
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Spherical harmonics |

We had in Eq. 7 an azimuthal differential equation (see Sgkea 8.15):
1 d d© m>2
0)— (+1)— —-—|©=0
sin (@) do (sm( ) ) i [ (t+1) sin2(9)}

This can be solved in terms of Legendre polynomials (see 8ehable 8.2). It is more common to
talk about the producb(¢)©(6) asspherical harmonicsor Y, (6, ¢). They occur in many
situations in physics, and thus were already known to eadgarchers in quantum mechanics. The

first several normalized spherical harmonics are (see Seralale 8.3)

1 / 3
YOO = T Ylo = cos 6
Yi=-— Sisineei‘b YQO:,/ (300329——
1/21:—\/815 sin @ cos 0 e*? Y22: 4\/%5 sin? @ e2t¢
Allowed values fo¥ are/ = 0,1, ..., (n — 1). Allowed values form, are

ng:—é,(—€+1),...,0,...,(£—1),6. J
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Spherical harmonics Il

-

Spherical harmonick’ﬁm‘f (6, ¢) show up lots of times in physics, such as in the motion of

drum heads, electromagnetic modes in cylinders and spleréso on.

It turns out that the spherical harmonics for an orthonoitaais set, so that one can express

any functionf (6, ¢) in terms of some linear combination of spherical harmoMﬂ“’@ (6, ¢).

Because they are orthogonal, their overlap is driven by @y &re integrated over a

spherical coordinate system:

[ Y0 0.0)Y,7 6,0) sine do do

It turns out that the integral is zero unlgés — ¢;| = 1 or A = £1 (Serway Eq. 8.40). This

means that only certain electronic transitions are alldwed

In fact this is weakly violated in multielectron atoms besathe wave function of one
electron is slightly modified by the presence of other etextr giving slight mixing of

spherical harmonics—buk?¢ = +1 is still a pretty good rule.
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Selection rules

Here’s an illustration from Serway on how tie? = +1 selection rule can play out:
E(eV)
0
08
| 4s 4p 4d 4f
1.5
S 3d |
| Forbidden |
3.4 |
2s |
|
Allowed
-13.6

ls

Figure 8.8 Energy-level diagram of atomic hydrogen. Allowed photon transitions are
those obeying the selection rule A{ = =1. The 3p— 2p transition (A€ = 0) is said to
be forbidden, though it may still occur (but only rarely).
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Putting it all together

e Recall that we assumed a wavefunction solution in sepaxabiables:
”»0(7“7 07 ¢) — Rn,ﬁ(,r)@ﬁ,mg (0>q)m£ (¢)
(10) Unt,m, (1,0, 0) = Ry o(r) Y, 4(0, )

We now have a full solution to the time-independent Schrgelirequation for electrons in an

atom!

e \We can plug these wavefunctions into the Schrédinger egjuatnd calculate the energy. Lo

and behold, to first approximation we get a simple and fanmiault, just like Bohr obtained:
(11) E,=—-—FEy—

e But the wavefunctions are not limited to a few discrete tddstead, they are fuzzy in both

radius and in angle! Boy, was Bohr lucky that his wrong pietgave so many right answers!

o -
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Pictures of wavefunctions

To look at the probability distribution for an electron in arpcular state),, ¢ ,,,, we need to

consider the integral in spherical coordinates:

oo s 27
/ / / Yn.e,m, (7, 0,9)|>r* dr sin@dfd¢ = 1
r=0J60=0J =0

Considering that the spherical harmom*ﬁ” parts ofy,, ¢ ., come pre-normalized, the relative

probability of being at a particular radiutgs given by (Serway Eq. 8.44)
P(r)dr = |¢|? 4nr? dr = r2|R,, o(r)|? dr

We can therefore look at* R?(r) to see more of what the electron wavefunctions look like.

o -
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Electron wavefunctions |

Here’s one picture, from T.R. Sandissentials of Modern Physics:

Is 2p 3d 3p 4d 5f

m; = 0 mp = + 1
- F
m; = 0

FIGURE 17.1

A photographic representation of the electron probability density, y*y, for some hydrogen-

like states. These are views sectioned along any plane containing the z axis but are not to
scale.

Source: Courtesy of Robert B. Leighton, California Institute of Technology.
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Electron wavefunctions Il

Here are some “isosurface” representations, where a sudadaced at a particular probability level:

Z

n=2,¢=1,my=1=%1 n=3,€{=1,m=0 n=3¢=2 m=0
(a) (b) (¢)

Figure 8.12 (a) The probability density |is;[? for a hydrogen-like 2p state. Note the
axial symmetry about the zaxis. (b) and (c¢) The probability densities |(r)|? for several
other hydrogen-like states. The electron “cloud” is axially symmetric about the zaxis
for all the hydrogen-like states Wt (x).

-
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Electron wavefunctions Il

Some more isosurface representations:

Figure 8.13 (a) Probability distribution for an electron in the hydrogenlike 2p, state,
described by the quantum numbers n = 2, € = 1, my = 0. (b) and (c) Probability distri-
butions for the 2p, and 2p, states. The three distributions 2p,, 2py, and 2p, have the
same structure, but differ in their spatial orientation.

o -
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