Expectation values |

e Imagine having a die (singular of dice): what'’s the averagmlper you get? Well, it’s
(1+243+4+54+6)/6 =21/6 = 3.5, which sort of makes sense. We can also get this

result by constructing a table:

Die valuex 1 2 3 4 5 6

Relative probability| 1 1 1 1 1 1

Normalized probabilityP(x) | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6

e Maybe if we multiply the thing we are trying to measure, whish;, by the probabilityP ()

of each value we might get, we can calculate the average¥dlees call the averagér):

1 1 1 1 1 1 1 21
() =1-=+2-=+3-=44-=4+5-=+46-= = (1+24+3+4+5+6)= = — =35
6 6 6 6 6 6 6 6

o -
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Expectation values Il

-

e Soitlooks like(x) = ffooo x P(x) dx is a procedure that makes sense for getting averages

(see Serway Eq. 6.31).

Let's try a slightly less trivial situation, like a loadededsuch that it comes up on the number
4 twice as often. What's the average number you get? Welleitlauble-count the 4 we have

seven possibilities:

Die valuezx 1 2 3 4 5 6

Relative probability| 1 1 1 2 1 1

Normalized probabilityP(x) | 1/7 | 1/7 | 1/7 | 2/7 | 17 | 1/7

In this case we have

1 1
+6- 2 =(1+2+43+8+5+6)_ =357

-
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Expectation values lll

possible values af? by their relative probabilities, which would look like

It looks like we could generalize the procedure for any fiorcof  like f(z)—which isz? in the

hat if we want to measure the average valued? Well, we could just multiply each of the

Die value squared? | 1 4 9 | 16 | 25 | 36
Relative probability | 1 1 1 2 1 1
Normalized probability?(x) | /7 | /7 | 1/7 | 2/7 | 1/7 | 17

above example—to have a rule (see Serway Eq. 6.32)

(1)

o

(f) = /_ " f(x) P(a) da

=
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Expectation values IV

Now let’s think about some uses for these expectation valdbsiously(x) tells us the

average value, which we usually like to know.

But averages don’t always tell us the whole story! We couke & lot of precision ball
bearings and determine their average diameter, and a totlexf pumpkins from a field and
determingheir average diameter. But we know we’re missing something mghmple

calculation: the degree of uniformity around that average.

So let’s consider the standard deviatisywhich is the square root of the variangé:

(2) c=Vo2 = \/Zfil(“’i —z)? _ \/Z(wi — (z))?
N N

Why look at the square of the difference of each particulaasneement; from the average
x? Because the average of the differences without squarizeyas it's how we determine the

average in the first place!

(3) z = (z) = ZN“” J

—n. 4/




Expectation values IV

e By the way, we're supposed to hate — 1 in the denominator of Eq. 2 because it's only with

N = 2 measurements that we can see some variance

e Let’s expand out the calculation of the variarceusing Eqgs. 2 and 3:

Y@ - @)? D) IED 1
~ = = (@)= (@)

(4) = (%) = 2((=))({)) + ((2))* = (2*) — (=)

so that the standard deviation is (Serway Eq. 6.34)

(5) o =Vo? = \/(a?) — (2)?

e What has this given us? A way to measure not only the averagjgqyoof a particle in a

particular quantum state, but also the width of its distidiu
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The Schrédinger perscription (again)

Find the potential/. Think of boundary conditions.

Try a guess of the wave functiaf, by taking its second derivative and seeing if it satisfies

R 0%y 0%
_ Uiy = E.
2m <8m2+8y2>+ ¥ v

This will often give you the energies of the solutions.
Enforcing [ ¢*¢ = 1 will give you the normalization.
Thent gives you the probability amplitude, and* )| gives you the probability.

Problems we have solved:
— Infinite square well in 1D and in 2D

— Harmonic oscillator
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Finite square well (Serway 6.5)

e \We've done a particle in a restoring force potential (thex@ric oscillator), and also in an

infinite square well. Let’s now consider a square well:

U=U

U=0

x=0

x=L

i

Based on our solution to the harmonic oscillator, we exgdeatd particle should be confined

but that it might extend out past its classical limit.

e Outside the well (regionkandll), Schrodinger’s equation for a particle traveling in a

constant finite potential is

B2 d2y)
_ VYV U = E
2m dx? + Uov ¥
2 {24
IV (WU-E
2m dx? (Vo )Y

2

hQ

.
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Finite square well Il

e Again, for outside the finite square well (regiohand/11) we had

2m(Ug — F)
h2

Y _

—3 oy with o2 =

Now in the case wher& > Uy we have a particle which happily travels along with a
different net energy and thus a different de Broglie wavgllepand the particle will never be
bound inside the finite square well. So let's consider onéydases wher& < Uy. In this
casen? is always a positive number, and two possible solutionsiferntave function are

P = AeT% andy = Ae™ %,

e Consider region. If we were to have) = Ae— " then the wave function would grow
exponentially as we went to increasirge values farther away from the confining potential.
This would not make sense! The converse holds for regidh The solutions thadlo make

sense for regions and/ 11 are

L Yr(z) = Aet and  ¢Yrrr(x) = De™ " J
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Finite square well Il

e What we have seen is that in regibh for example we have a wavefunction which is a

decaying exponential:

V2m(Uy — E)
h

Yrrr(x) = Ae™ 7 with o=

That is, the wavefunctioth;;; (x) dies off to1 /e of its amplitude in a distancg&of 1/«, or

1 h
(©) 0= a V2m(Up — E)

e The probabilityx 42 will be attenuated byxp[—1] = exp[—1/2]2 = e~(3)” = 0.37

when we have traveled a tunneling distangeof 5 /2.
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This relates to the uncertainty principle!

e The particle is no longer confined to being purely inside the leven though classically it
would be! The particle can “leak” some distance out of the. foansider an electron with
(Up— E)=1eV:

h hc 1240 eV - nm

2¢/2m(Uy — E)  4my/2mc2(Up — E)  4wv/2-511 x 103 - 1

5
Tt = —
b=y

or about the radius of one atom.
e \We can compare this leakage distance with the de Broglie lesagth for a particle with an

energyEl, = (Up — F):

h 2mh . A
A= — = ——— leadingto ¢ = —.
p 2mE 4

This helps us (in a hand-waving way) to understand why thedtdierg uncertainty principle
is (Ax) - (Ap) = h/2 rather tharh.

o -
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From infinite to finite quantum well

e Recall that for quantum well of widtlh with infinite sides, we found that the energies of
allowed states were given by
n2m?h?

E, = for n=1,2,...
" 2m L2

e \We can get a first order approximation of the energies ofstatthefinite quantum well by

increasing the width of an infinite box ldyon each side:

. n*m’h?
-~ 2m(L + 26)2

(7) En for n=12,...
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Finite square well IV

-

e Let’s return to the wave function characteristics. We found= Ae*“* and

Yrrr = De™ 2%, with o = \/2m(Uy — E)/h. What about inside the potential, in region
| ?

U=U

I 11 i

x=0 x=L

e Well, here we have a free particle in zero potential whichtcavel either direction, which we
could write agprr(x) = Be *** 4+ Cet?#® put sincee’*® = sin kx + i cos kx we can

also write this as

2 2 V2mE
(8) ¢Yrr(x) = Bsin(kx) + C cos(kx) with k= Tﬁ = Zp = ;n :

e Now that we have forms for the wave function in each regionreegiire the wave function to

be continuous and un-kinked.

o -
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Boundary conditions in general, andhat 0

e \We want the wavefunction to be continuous. We have the wawetifuns; to get them to be

unkinked we need their derivatives:

d
9) _C;iI = %Ae"'o‘aC — AqeT®

diprr d : _ -
(10) o= i (Bsin(kx) + Ccos(kx)) = Bkcos(kx) — Cksin(kx)

x
d

(11) vz _ 4 pe—aw — —Dae ™ **

dx v

e Now let's considerr = 0 which is the boundary between regions | and II. We want tsBati

AeT™*0 = Bsin(k - 0) + C cos(k - 0) = A=C

and Aae™™Y = Bkcos(k-0) — Cksin(k - 0) = Aa = Bk

which givesA = C = Bk/a.
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Boundary conditions at = L

Now let’s look at the right boundary. From continuity of thawefunctions and’ = Bk/a we get

k
(12) Bsin(kL) 4+ C cos(kL) = Bsin(kL) + B= cos(kL) = De~ L

«

while from the continuity of the derivative we get

k2
(13) Bk cos(kL) — Cksin(kL) = Bk cos(kL) — B— sin(kL) = —Dae™ L.
(8%

The ratio of these two expressions is

: k
(14) sin(kL) + Ek cos(kL) _ _E-
cos(kL) — = sin(kL) o

While this is nothing that is easily simplified, we can sti#lig some insight into the solution.

o -
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What have we learned from the boundary conditions?

e We have found that the boundary conditions let us retate C' = Bk/« and once we know
a particular energy solution (and thks= v/ 2mFE /k) we can get a relationship to coefficient

D from Eq. 12.

e More importantly, we have arrived at the relationship of [Egjof

sin(kL) + %COS(k‘L) k

cos(kL) — %sin(kL) o

wherek = v2mE/handa = v/2m(Ug — E)/h, or

15) sin(V/ 2mE%) + 4/ TE:E cos( 2mE%) E
cos(V/ 2mE%) — UOE:E sin( 2mE%) Uo — &

So what can we do with this?
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What does this tell us?

Again, by matching boundary conditions we have found theireqment of Eq. 15:

sin(v2m L)—I-\/ Cos(\/iL) o I
COS(\/QWLE%)— ’/UO—E sin(\/2m7E%) Up— FE

This is of course not straightforward to solve! However, & inow L, m, andUg, we can at least
plot the left hand side versus, and we can also plot the right hand side verBud his allows us to
find a discrete set of solutions! Let’s say the left hand sids & simple cosine function, and the right

hand side was a simple linear slope; we’'d then find particeha&rgy solutions graphically as follows:
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Finite square well: the picture

OK, so you get the idea. The wavefunction solutignat the discrete energy states look like this
(Serway Fig. 6.16):

(a) (b)

Figure 6.16 (a) Wavefunctions for the lowest three energy states for a particle in a
potential well of finite height. (b) Probability densities for the lowest three energy
states for a particle in a potential well of finite height.

You can see how this works out a bit more explicitly when yolwesproblem 6.23!
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Leaking/sloshing states

e Consider two finite wells with a reduced barrier between thiénve put a classical particle in

one well, with less energy than the height of the barries,stuck in that well forever.

e Not so with quantum mechanics! The particle can “leak” outrod well and into the other!

Particles can slosh back and forth between these two wallsead up distributed between

them:

e Which well is the particle in? Both! This is a better situatio visualize than Schrédinger’s

cat being both alive and dead.

-
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Walking through walls

Can we walk through a wall? Not very likely.

But perhaps nucleons can escape from the nucleus by tugh@&aeorge Gamow, 1936:

explanation for radioactivity. We'll get to this.

Tunnelling of an electron over a 5 eV gap:

h 1 he
Tt = =
21/2m(V — E) 27 24/2mc2(V — E)
1 1240 eV - nm
= = 0.044 nm

27 24/2 511 x 103 eV-5eV

so for every 0.1 nm or 1 A the current will be reduced by a faofarxp[—0.1/0.044] = 0.1.

-
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The scanning tunneling microscope

Binning and Rohrer’s third

STM:
The first STM, with its inventors Heinrich Rohrer (b. 1933)

and Gerd Binnig (b. 1947) at the IBM Zurich lab (they won
the 1986 Nobel Prize):
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Modern STMs

Cantilever Holder
{Loadad with Tip})

RHK Instruments: an example of an ultra

high vacuum system for surface studies.
Veeco Instruments: an example of a sys-

tem that can be run on a desk top.

o -
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Example STM images

LR

Iron monolayer making FeSion Si (111).

Silicon (111) surface7 x 7 reconstruc-

Courtesy RHK instruments.

tion. Courtesy RHK Instruments.
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Don Eigler’'s quantum corral

The Quantum Corral
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http://www.almaden.ibm.com/vis/stm/stm.html
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