The Schrédinger equation

Erwin Schrodinger found a wave equation for handling de Besgmatter

waves withA = h/p, and a potential energy “landscapé” What went into

it?

Assume that plane waves travel@ge, t) = woe_’i(k T — wt),

Implies that the wave function must sati
Fromk = 27/, and\ = h/p, we findk? = (p/h)2.

FromE, = p?/(2m) and total energyz = E;, + U, we find
2m

Can be rearranged to give a time-independent equation of

"2 924 B
(1) —%@+U¢—Ew

A “particle” must satisfy this wave equation if it is to beleass de Broglie

waves do, and if it is to conserve energy and momentum.

Erwin Schrodinger
(1887-1961;
Nobel Prize 1933)

-
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But what’s waving?

We have a wave equation. What’s waving? We will consider g{foedgen atom a few lectures
for now. Suffice it to say that what we get are the orbitals yavehprobably already seen

glimpses of.

But that means the electron is really smeared out? Not densiwith small classical radius

or other electromagnetic phenomena.

So does the wave equation describe the particle, or songedbiout the particle?
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Heisenberg and Schrédinger

Heisenberg, writing to Wolfgang Pauli in 1926
The more | think about the physical portion of Schrédingdrésory, the more

repulsive | find it. . What Schrodinger writes about the visualizability of his
theory ‘is probably not quite right’; in other words, it'sap.

Schrodinger’s perspective
| knew of [Heisenberg’s] theory, of course, but | felt discaged, not to say

repelled, by the methods of transcendental algebra [malgedbra], which

appeared difficult to me, and by the lack of visualizability.

Yet in May 1926 Schrodinger publishes a paper showing thevalgunce of his wave
mechanics with Heisenberg’s operator theory. Schrodingés Heisenberg at Bohr’s

Institute in October 1926; vigorous discussions
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http://www.aip.org/history/heisenberg/p08.htm
http://www.aip.org/history/heisenberg/p08.htm

Well. .. Try it anyway

Before we figure out what's waving, let’s just try it out.

Free particle; 1D; no potential energy; ignore time depanda

2 2 2 1.2 2
1
E:p_:<ﬁ> _:<ﬂ> k :hk2
2m A 2m 27 2m 2m

(ork = v/2m£FE/h) giving (Krane Egs. 5.12-5.16):

h2 d2y B2 d24)
- — — = FEyp=—Fk? or — = —k?
2m dx? v 2m v dx? v

Try ¢ = Ae™¥=;

d d : d : d : :
et (_ Aezka:) — A (—ik‘e_ka) — (_,L»k,)QA_e—zka: — _Ak,Qe—zk:x
dxr \ dx dx dx

so it works withA = 1! But of course it does; we (well, Schrodinger) built it thadyv. .

-
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Particle in a box

LetU(x) =0for0 < z < L andU — oo elsewhere.

Recall the time-independent Schrédinger equation of Eg. 5:

B2 52
VIV L Uup=E
2m Ox2 +Uy v

In looking at this, we would have to have — oo if there were a nonzero value g¢fin the
regions wherd/ — oo. Therefore walemand that we have) = 0 outside of box.

Wave should be continuous, so it must be zero at the boursdare0 andxz = L. A sine
function does this at = 0, and also atr = L if we requirek L = nx. We therefore guess

that the solution ig) = A sin (%) (Serway Eg. 6.18).

Inside the box withJ = 0 we have a regular old sine wave satisfying

B2 d <d nmwT ) B B2 d nm nmwIT h2 (’I’L7T)2 . nTx

Asin(—) — cos( ) = —
2m dx \ dx L 2m dx L L m
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Particle in a box: the conclusion

Again, we assumeg¢h = Asin(nmz/L) inside the boxX0 < = < L) andy = 0 outside the

box.

We found

B2 02 K2 (mr NTL
om 0x2 "  2m

7)2 Asin(T)

Putting this in the Schrédinger equation of Eq. 5 of

2
—) Asin(%) + 0y = EASiH(%)

————— + Uy =EyY gives 7 \ T

2m Ox? 2m

h? 0% h? (mr

so it works as long a& = (hmn/L)?/(2m).

Not only does it satisfy the Schrodinger equation, but Istes something important: we have

2_2
discrete energy states! Let’s rewrite what we arrived aH@sF,, = 2h Us n? (Serway

m
Eq. 6.17).

-
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Sa .. What's waving?

So we can solve fop in a simple example (and

we'll soon do less simple examples).

We can get the energies of quantum states.

But what's waving? And how do we figure out the

value of A in ¢ = Asin(#F*%)?

Again, think of what

Heisenberg wrote to Wolfgang Pauli in 1926

The more | think about the physical
portion of Schrédinger’s theory, the
more repulsive | find it. . What
Schrodinger writes about the
visualizability of his theory ‘is probably

not quite right’; in other words, it’s crap.
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The Born/Copenhagen interpretation

See Serway Sec. 6.1. The most commonly accepted inteipretaibse from the work of

Max Born, and also discussions in Niels Bohr’s institute op€nhagen.
Matter waves) describe not the particle, but its probability amplitude.

YT = |1|? represents the probability. Therefore we realize thap|? should be

normalized to 1.

Return now to our solutionap = A sin(%) for the infinite-walled square well of length

L. We require

L L
/ \Asin(@)\dep:A2/ sin2(“20) dg =
0 L 0 L

The integral can be done in Maple:

int((sin(n *pi *x/L)"2),x=0..L);

which givesL/2 so A = /2/L (see Serway Eqg. 6.19). So we now have a properly
normalized wavefunction! J
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Return to electron waves

From A. Tonomuraglectron Holography (Springer-Verlag, 1993), p. 14.

o
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Collapsing wavefunctions

See Serway Sec. 6.1. The most commonly accepted inteipretaibse from the work of

Max Born, and also discussions in Niels Bohr’s institute op€nhagen.

The wavefunction) represents a probability amplitude (which can have pasdivnegative
values, which can undergo interference, etc.). The prdibabf a particle being in a
particular location is given bj)|2. When you determine where a particle is, you change what

follows afterwards.

It's the same difference as in optics, where we use a compimber
Ee'® = E(cos 6 + isin ) to represent the optical field. The real par{Re*’] = E cos
represents the electric field, and the squarg ¢y = (Ee~*%)Ee’® = E? represents the

intensity.

We have a great analogy with quantum mechanics:

Optics Quantum mechanics
WavefieldE(z, y)e?@¥)  —  Probability amplitude)(z, y)

Intensity B (z,y) <«  Probability|y(x, y)|?
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Property

Light and matter

Light

M atter

Amplitude A in
wZAe—i(k:w—wt)

Electric field £

Probability amplitude

Amplitude squared

AZin |2 = pTy

Electric field squared gives ir;
radiance distribution (from the

Poynting vector in classica

E&M): T = /e/pu ({E))?.

Probability amplitude squared
A? gives probability distrub-

tion.

Particle arrival

Individual photons arrive at
particular locations, but with g
probability given by the wave
theory calculation of the irra-

diancel o |v|?.

Individual matter particles ar-
rive at particular locations, but
with a probability given by the
wave theory calculation of the
probability |1 |2.

-
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Schrédinger’s cat

Erwin Schrddinger, The present situation in quantum mechafiib&aturwissenschaften 23, 807—-812,

823-828, 844-849 (1935).

One can even set up quite ridiculous cases. A cat is pennedaupteel chamber,
along with the following device (which must be secured agiadlirect interference by
the cat): in a Geiger counter there is a tiny bit of radioatubstance, so small, that
perhaps in the course of the hour one of the atoms decaydsbuiath equal
probability, perhaps none; if it happens, the counter tubehdrges and through a
relay releases a hammer which shatters a small flask of hyaineracid. If one has
left this entire system to itself for an hour, one would sat the cat still lives if
meanwhile no atom has decayed. krdunction of the entire system would express
this by having in it the living and dead cat (pardon the exgitey mixed or smeared

out in equal parts.
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http://www.tu-harburg.de/rzt/rzt/it/QM/cat.html#sect5

Collapsing wavefunctions with slits

ﬁ_et’s do two experiments (I did these on a computer). Theh @awolve two slits of 5um width T
separated by bm, illuminated by a coherent wave with= 500 nm. We’ll consider two downstream
planes; the first one is af = 0.4 mm away from the slits, and the second plane isat 0.8 mm
downstream. These distances are not in the far field, so therpas a bit different than what you're

used to seeing for Fraunhofer diffraction (we use Fresribdtion to calculate the pattern).

e In Experiment 1, we put a camera at plang, and record the intensity pattern. We then

remove the camera, and place itatand record an intensity pattern.

e In Experiment 2, we put a TV camera at plang. Whenever it detects a photon at a position,

a TV screen emits a dot of light immediately behind at the spasition.

Will we see anything different between these two experisent

W@
tfd TU&“’QEH
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Collapsing wavefunctions with slits I

Here'sexperiment 1 (no TV) at slits,z1, andzs:

Here'sexperiment 2 (TV) at slits, z1, andzs:

The result at the downstream planeliferent because we went froie?? to v E2e* 0 at the

middle plane; we went fronp to /|¢|2!!
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Collapsing wavefunctions with slits 11l

e Now let's repeat the experiment but put a piece of glass (show
here in grey) in just after the middle plaag, so that it shifts the phase in the grey arearlyg:
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Collapsing wavefunctions with slits IV

e Here'sexperiment 1 with the glass after the middle plane:

—— o
R B
e | ————
' - - H
- - - -

e Here’'sexperiment 2 with the glass after the middle plane:

e Again, going from) to /1|2 makes a measureable difference!

o
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Collapsing wavefunctions: summary

So what have we learned? When we make a measurement of whartckeps, we
“collapse” the wavefunction from a probability amplitudéieh can undergo interference, to

a probability intensity which cannot.

The patrticle’s wave function goes through both slits of aldetslit. The particle explores all
paths on its journey from A to B. One measurement will jusegme example of the choice,

with examples weighted according to their probability.

There is a measurable difference between this picture digtmbty amplitudes, and tracking

particles through the whole chain.

It's weird, right? Well, get over it! This is how nature works
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Return to electron waves

From A. Tonomuraglectron Holography (Springer-Verlag, 1993), p. 14.

o
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The Schrédinger perscription

Find the potential/. Think of boundary conditions.

Try a guess of the wave functiaf, by taking its second derivative and seeing if it satisfies

R 0%y 0%
_ Uiy = E.
2m <8m2+8y2>+ ¥ v

This will often give you the energies of the solutions.
Enforcing [ T4 = 1 will give you the normalization.

Theny gives you the probability amplitude, ang | gives you the probability.
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Back to the infinite 1D box

e We found

h2 72 2
2m L2

Y = Asin ( nzx ) and FE, =

for the infinite-walled square well of length.

e Normalization demands
L L
/ |As1n(mm)|2dac_A2/ sin (@)dm—l
0 0

The integral can be done in Maple:
int((sin(n *pi *x/L)"2),x=0..L);
which givesL/2 so A = /2/L (see Serway Eg. 6.19).
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Infinite box solutions

Fig. 5.5 of K. KraneModern Physics (Wiley, 274
edition, 1995). (similar to Serway Fig. 6.9).

Notice that the probability distribution is “lumpy”!

This is not what you would expect from a classical
solution, where the particle would have the same
probability for all solutions as it bounced back and

forth inside the box.
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FIGURE 5.5 The permitted energy levels of a particle in a one-
dimensional infinite well. The wave function for each level is shown
by the solid curve, and the shaded region gives the probability density

for each level.
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Infinite box in 2D

Square box of dimensioh on each side. Assume solution is separabsles, y) = f(z)g(y).

Trial wavefunction is (Krane Eq. 5.32):

nyﬁy) = A'B with B = sin(nwﬂx) sin(nyﬁy

P(z,y) = A’ sin(n 7rx) sin( )

We will need the derivatives:

52 ; 2.2 , 2
@A’ sm(n 7TQU) sin( nyﬂy> — A ’nz sin(n 7m;)sin(ny;y) = —A’%nEB

2 n2 2 2
8—A' sm(nxﬁx)sin(nyﬂy) S sin( nwﬁx)sin(nyﬂy) —A’W—n B
Ay2 L L L2 L L2

Schrodinger equation is then
h? [(0%y 0%y
— + U = F
(52 + e ) + 0¥ v

12 2.2 n2 2
v (-A’%L—;TB—A’%B +0 = EAB
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More on box in 2D

Again, we had)(z,y) = A’ B with B = sin(~%—) sin( 2 y) giving

(P Ly gy

2m \ 0r2 = Oy?
h2 2 2
—5 (A’L—nB A’—n2B>—|—O — EA'B
m
h2 2
2mL2(ni+n§) = B

2_2
so Schrédinger is satisfied only whéh= X7 (n2 4+ n2).
2mL Y

Normalization [ dy [ dz A’ sin(™=™% ) sin( "

e YZ) = 1givesA’ =2/L
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Krane Fig. 5.7:
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FIGURE 5.7 The lower permitted
energy levels of the particle confined
to the two-dimensional box.

2D box solutions

Krane Fig. 5.8:

FIGURE 5.8 The probability density ¢ for some of the lower energy levels of the particle confined to the two-
dimensional box,

-
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Degenerate solutions

Krane Fig. 5.9, wher€7? + 12) = (52 + 52):

FIGURE 5.9 Two very different probability densities with exactly the same energy.
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