
Matter waves: Louis de Broglie

• Switched studies from medieval history to physics.

• PhD thesis, 1924: Einstein saidE2 = p2c2 +m4c4

which for photons gives

E =
hc

λ
= pc or λ =

h

p
=

h

mv

• Maybeλ = h/p is true for matter with mass as well!

• In fact, gives a nice explanation of the Bohr model:

standing waves so no radiative dissipation!

Animation.

2πr = nλ = n
h

p
= n

h

mv

so mvr = l = n~

Prince Louis-Victor Pierre

Raymond de Broglie (1892–

1987); Nobel Prize 1929
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Is this believable?

• What’s the wavelength of a Randy Johnson fastball travelingat 95 mph or 42 m/s? The mass

of a baseball is 145 g, so

λ =
h

p
=

h

mv
=

6.63 × 10−34

0.145 · 42
= 1.1 × 10−34 m

which is very small. . .

• What’s the wavelength of a carbon atom at room temperature? Equate thermal temperature

(kBT = 1/40 eV at room temperature) with kinetic energy. From(3/2)kBT = p2/(2m)

we findp =
√

3mkBT giving

λ =
h

p
=
hc

pc
=

hc
p

3mc2 kBT
=

1240 eV · nm
p

3 · (12 · 939 × 106 eV) · (1/40 eV)
= 0.043 nm

Much smaller than the 0.2 nm size of an atom; that is, a carbon atom is about five waves

across.

• We’ll have an easier time “seeing” matter waves if we can makethem bigger. Let’s decrease

the mass inλ = h/(mv).
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Desperately seeking larger matter waves

We want larger wavelengths to have a chance of “seeing” them,but that means lighter masses. How

about an electron acclerated over a 50 volt potential?

1

2
mv2 =

p2

2m
= qV

sop =
√

2mqV giving

λ =
h

p
=

hc

c
√

2mqV
=

hc
p

2mc2 qV
=

1240 eV · nm

2 · (511 × 103 eV) · (50 eV)
= 0.17 nm.

Is there a way we can see such a small wavelength?
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The Davisson and Germer experiment

• We’ve seen ways to measure wavelengths

of ∼ 0.2 nm before: diffraction of X rays

by crystals! So can we see diffraction of

electrons by crystals?

• W. Elsasser,Naturwissenschaft 13, 711

(1925): maybe we already see this in

experiments done by Davisson and

Germer at Bell Telephone Laboratories in

Manhattan!

• Davisson and Germer, 1927: Elsasser

didn’t interpret our previous data quite cor-

rectly, but we have now done an experiment

that does indeed demonstrate diffraction of

electron waves! Nobel Prize, 1937
Clint Davisson (1881–1958) and Lester

Germer
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It was all by accident!

C. Davisson and L.H. Germer, “Diffraction of electrons by a crystal of Nickel,”Physical Review 30

(6), 705–741 (1927). You can read this paperhere.
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Accident II
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Figure 1
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The apparatus
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The data
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Quantum mechanics: the beginning

It all began when Volkswagen introduced the Quantum in the USmarket in 1982. Somebody needed

to repair the things! Here’s one on sale on EBay that’sreally in need of a Quantum mechanic:
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Well. . . the realbirth of quantum mechanics

Max Born, “Quantum mechanics,”Zs. f Phys. 26, 379–395 (1924);

paper received June 13:

This paper contains an attempt to make a first step

towards a quantum theory of coupling, which takes

into account some of the more important prop-

erties of atoms (stability, resonance for transition

frequencies, correspondence principle) and which

also arises in a natural way from the classical

laws. . . What we shall do is to bring the classical

laws for the perturburation of a mechanical system,

caused by internal couplings or external fields, into

one and the same form, which would very strongly

suggest the formal passage from classical mechan-

ics to ‘quantum mechanics.’

Max Born (1882–1970; Nobel

Prize 1954)
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That was the labor. Here’s the birth

Werner Heisenberg, “Quantum-theoretical reinterpretation of kinematic and mechanical relations,”

Zs. Phys. 33, 879–893 (1925); received July 29:

It is well known that the formal rules which are used in quantum theory for

calculating observable quantities such as the energy of thehydrogen atom may be

seriously criticized on the grounds that they contain, as basic element, relationships

between quantities that are apparently unobservable in principle,e.g., position and

period of revolution of the electron. Thus these rules lack an evident physical

foundation, unless one still wants to retain the hope that the hitherto unobservable

quantities may later come within the realm of experimental determination. This hope

might be regarded as justified if the above-mentioned rules were internally consistent

and applicable to a clearly defined range of quantum mechanical problems.

Experience however shows that only the hydrogen atom and itsStark effect are

amenable to treatment by these formal rules of quantum theory.
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Heisenberg’s breakthrough

• Werner Heisenberg was a student of Sommerfeld in

Munich. He visited Göttingen during a “Bohr-fest” in the

summer of 1922, and challenged Bohr on some statements

he made in his talk (Heisenberg was 21 at the time, and

Bohr was a few months away from getting the Nobel

Prize!). Bohr subsequently took Heisenberg on a long

walk around town to discuss. In Oct. 1923, Heisenberg

moved to Göttingen as Born’s assistant.

• June 1925: Heisenberg is suffering from hay fever so he

goes to spend nine or ten days on the sandy island of

Helgoland. It’s there that his ideas crystalize.

• For more background, good web sites on the birth of

quantum mechanics includehereandhere. plus you can

read the original papers in the bookSources of Quantum

Mechanics, B.L. van der Waerden (Dover, 1968).

Wenrner Karl Heisenberg

(1901–1976; Nobel Prize

1932)
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http://www.slac.stanford.edu/pubs/beamline/30/2/30-2-carson.pdf
http://www.aip.org/history/heisenberg/


Heisenberg’s approach

• Treat electron states as harmonic oscillators with some friction and some anharmonicity. This

will make more sense after you take PHY 303. . .

• From theAIP history site:

Heisenberg looked first at the connection between the observable properties of

the emitted light–its color (frequency) and the intensity–and the motion of the

charged ball according to the classical mechanics of Newton. Then he considered

the quantum properties of the observed light and reinterpreted the classical

formulas for the motion in order to give the observed frequencies and intensities.

This resulted in an unfamiliar rule for multiplying two amplitudes of the

oscillation in order to obtain an intensity; normal multiplication gave the wrong

result.

• Heisenberg’s conclusion for positionq and momentump:

X

k

p(n, k)q(k, n) − q(n, k)p(k, n) = −i~(1)
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Heisenberg’s matrix mechanics

• Max Born and Pascual Jordan, “On Quantum Mechanics,”Zs. f. Phys. 34, 858–888 (1925);

received Sep. 27:

The recently published theoretical approach of Heisenbergis here developed into

a systematic theory of quantum mechanics (in the first place for systems having

one degree of freedom) with the aid of mathematical matrix methods.

The package is really wrapped up in what is now called the “Driemännerarbeit” (work of three

men) paper: Max Born, Werner Heisenberg, and Pascual Jordan, “On Quantum Mechanics

II,” Z. Phys. 35, 557–615 (1926); received Nov. 16, 1925.

• Using these matrix methods, Bohr’s results for the spectrumof the hydrogen atom are

reproduced, and by two people independently!

→ W. Pauli, Jr., “On the hydrogen spectrum from the standpointof the new quantum

mechanics,”Zs. f. Phys. 36, 336–363 (1926); received Jan. 17.

→ P.A.M. Dirac, “Quantum mechanics and a preliminary investigation of the hydrogen

atom,”Proc. Roy. Soc. A 110, 561–569 (1926); received Jan. 22.
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The idea of the matrix equations

Matrix equation for non-commuting operators between momentump and positionq:
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In 1926, Heisenberg realized that this carried the consequence of the uncertainty principle, but we’ll

get to that in a bit.
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Meanwhile. . .

• Meanwhile de Broglie’s 1924 PhD thesis withλ = h/p is getting

noticed. Hector-Lois Langevin passes a copy to Victor Henriwith the

suggestion that it go to Erwin Schrödinger in Zurich.

• Henri did not understand de Broglie’s thesis, but gave it to Schrödinger.

After two weeks, Schrödinger returned it, saying “That’s rubbish!”

• Langevin hears of this, and tells Henri “I think that Schrödinger is wrong;

he must look at it again.”

• Peter Debye, head of the Zurich institute, asks Schrödingerto lead a

discussion of de Broglie’s thesis. Now that he is forced to look at it more

carefully, he becomes enthusiastic.

• Debye remarks that if anything is ever going to come of it someone would

need to write down a wave equation for matter, but how can thatbe?

Erwin

Schrödinger

(1887–1961;

Nobel Prize

1933)
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Complex algebra for wave equations

• A good way to describe what’s going on

with waves is to use complex algebra. That

is, we can describe a wave with

x = Re

»

A exp(iωt+ϕ0)

–

= Re[Aeiωt+ϕ0 ]

whereA again gives the amplitude,ω

gives the angular frequency, andϕ0 gives

the starting phase.

• Note: physicists tend to usei ≡
√
−1

while engineers often usej ≡
√
−1 so

that they can reservei for indexing in

arrays.

Im

Re

A

θ
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Euler’s expression

Let’s do a Taylor expansion onsin θ aboutθ = 0:

sin θ ≃ sin θ|θ=0 + (θ − 0)
d

dθ
sin θ|θ=0 +

(θ − 0)2

2!

d2

dθ2
sin θ|θ=0

+
(θ − 0)3

3!

d3

dθ3
sin θ|θ=0 + . . .

≃ 0 + θ(cos 0) +
θ2

2
(− sin 0) +

θ3

3!
(− cos 0) + . . .

≃ θ − θ3

3!
+
θ5

5!
+ . . .

A similar expansion ofcos θ aboutθ = 0 gives

cos θ ≃ 1 − θ2

2!
+
θ4

4!
+ . . .
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Euler’s expression II

Now let’s considercos θ + i sin θ using these series expansions andi2 = −1:

cos θ + i sin θ ≃ 1 + iθ − θ2

2!
− i

θ3

3!
+
θ4

4!
+ . . .

≃ 1 + iθ +
(iθ)2

2!
+

(iθ)3

3!
+

(iθ)4

4!
+ . . .(2)

Do a Taylor expansion onex aboutx = 0, recognizing thatdex/dx = ex ande0 = 1:

ex ≃ ex|x=0 + (x− 0)
d

dx
ex|x=0 +

(x− 0)2

2!

d2

dx2
ex|x=0

+
(x− 0)3

3!

d3

dx3
ex|x=0 +

(x− 0)4

4!

d4

dx4
ex|x=0 . . .

≃ e0 + (x− 0) · e0 +
(x− 0)2

2!
e0 +

(x− 0)3

3!
e0 +

(x− 0)4

4!
e0 + . . .

≃ 1 + x+
x2

2!
+
x3

3!
+
x4

4!
+ . . .(3)
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Euler’s expression III

Again, we had from Eq. 2 the series expansion

cos θ+i sin θ ≃ 1+iθ+
(iθ)2

2!
+

(iθ)3

3!
+

(iθ)4

4!
+. . .

and from Eq. 3 the series expansion

ex ≃ 1 + x+
x2

2!
+
x3

3!
+
x4

4!
+ . . .

These two series expansions are identical if we set

x ≡ iθ, so we have shown Euler’s result thateiθ =

cos θ + i sin θ.

Now you can see that if we treat the measurable po-

sition asA cos θ, it’s just the real part of the com-

plex exponential Re[Aeiθ].

Im

Re

A

θ
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Why read the book when you can see the movie?

• Phase lets us keep track of whether we’re at the max, zero, or min of the wavefield; that is, it

gives us a way to predict what’s happening next in addition toknowing what is happening

now..

• In classical electrodynamics, the electric field isE = Re[E0e−i(kx−ωt)], and irradiance

(energy per area) is|E2|.

• So in general for waves we might expect that the intensity is|ψ|2 = ψ†ψ = A2

Look at the movie.

– p. 22/25



Schrödinger’s approach

• Schrödinger took two things along to the Alps over his Christmas holiday in 1925: his

mistress, and thoughts of matter wave equations. By the timehe returned to Zurich in January

1926, he had a solution.

• Particles travel in straight lines so we expect matter to have a plane wave solution:

ψ(x, t) = ψ0e
−i(~k · ~x− ωt).(4)

• If we take∂2/∂x2 we obtain

∂2ψ

∂x2
= ψ0e

iωt(−ik)2e−ikx = −k2ψ0e
−i(kx− ωt) = −k2ψ.(5)

• Now k ≡ 2π/λ is intrinsic to our choice of a plane wave solution. However,from de Broglie

we haveλ = h/p. Therefore,

k2 =

„

2π

λ

«2

=
p2

~2
.(6)
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Schrödinger’s approach II

• Note thatp2/(2m) describes the kinetic energy of a nonrelativistic particle; we will denote

kinetic energy as being the total energyE minus the potential energyU . We therefore have

k2 =
2m

~2

p2

2m
=

2m

~2
(E − U).(7)

• Inserting this into Eq. 5, we have (Serway Eq. 6.13)

∂2ψ

∂x2
= −k2ψ = −2m

~2
(E − U)ψ or − ~2

2m

∂2ψ

∂x2
+ Uψ = Eψ(8)

as the nonrelativistic, time-independent equation for a particle wave.
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Schrödinger’s approach III

• Again, Eq. 8 gives

− ~
2

2m

∂2ψ

∂x2
+ Uψ = Eψ.

• Time derivative of the plane wave solution is

∂ψ

∂t
= ψ0e

−ikx(iω)
∂

∂t
eiωt = (iω)ψ.(9)

Multiplying both sides by−i~ gives

− i~
∂ψ

∂t
= ~ωψ = Eψ,(10)

where we have assumedE = ~ω for the energy of matter waves just as with photons.

• Now rewrite Eq. 8 as (Serway Eq. 6.10)

−~
2

2m

∂2ψ

∂x2
+ Uψ = −i~∂ψ

∂t
.(11)

. . . and break out singing Handel’s Hallelujah Chorus!
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