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Relativistic momentum

� We foundE2 = E2
0 + ( pc)2

� We found(E=c)2 � p2
x � p2

y � p2
z = 0 is frame invariant

� This led to Lorentz transforms for momentum and energy:

px;2 = 

�

px;1 � v
� E1

c2

� �
and py;2 = py;1 and pz;2 = pz;1(1)

E2 = 
 (E1 � vpx;1):

� Energy and momentum are intertwined when comparing relativistic
reference frames!
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Relativisic collision I

A particleA with rest massm0 and velocityvA = 0:80c in thex̂ direction
collides with an initially-stationary particleB with rest mass 2m0. Note
that for� = 4=5 we can �nd
 = 5

3. In the frameS1, we then use
p1;y = 
 m0v2;y andE = 
 m0c2 to �nd

px;A;1 = 
 m0vx;A =
5
3

m0
4
5

c =
4
3

m0c:

py;A;1 = pz;A;1 = 0

EA;1 = 
 m0c2 =
5
3

m0c2

for particleA, and

px;B;1 = 
 m0vx;B = 0

py;B;1 = pz;B;1 = 0

EB;1 = 
 m0c2 = 1(2m0)c2

for particleB.
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Relativistic collision II

� The total energy in frameS1 is then

E1 = EA;1 + EB;1 =
�

5
3

+ 2
�

m0c2 =
11
3

m0c2;

or E1 = 3:67m0c2.

� Now let's �nd the center-of-momentum frame. Using
px;2 = 


�
px;1 � v(E=c2)

�
from Eqs. 2, we �nd

px;A;2 + px;B;2 = 0

= 

�
�
px;A;1 � v(EA;1=c2)

�
+

�
px;B;1 � v(EA;1=c2)

�
�

=

�
4
3m0c � 5

3m0v
�

+
�
0 � 2m0v

�

p
1 � v2=c2

Thus we want
�

4
3c � 5

3v � 2v
�

m0 = 0 which givesv = ( 4=11)c.
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Relativistic collision III
� We found thatv = ( 4=11)c lets us move from frameS1 where

particle B was at rest, to frameS2 where the two particles come in
with equal and opposite momentum.

� The total energies of the individual particles inS2 can be found
usingE2 = 
 (E1vpx;1) to be

EA;2 =
EA;1 � vpx;A;1p

1 � v2=c2

=
5
3m0c2 � ( 4

11c)( 4
3m0c)

q
1 �

�
4
11

� 2
= 1:27m0c2

EB;2 =
EB;1 � vpx;B;1p

1 � v2=c2

=
2m0c2 � 0

q
1 �

�
4
11

� 2
= 2:15m0c2;

or E2 = 3:24m0c2.
� As promised, energy is not conserved!
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Relativity and particle accelerators

� We compared the same two-particle collision in two different
frames.

� In the �xed-target frame (particle B at rest), we found an energy of
3:67m0c2 was needed to create the collision.

� In the center of momentum frame, we found an energy of 3:24m0c2

was needed to create the collision.

� In particle accelerators, colliding particle machines give you more
bang-for-the-buck than �xed target machines do.
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SLAC

� Stanford Linear
Accelerator Center: 3.2
km long linear
accelerator, able to
accelerate electrons up
to 50 GeV.

� Originally electrons on
�xed targets.

� Later on, electrons and
their antimatter particle
(positrons) made to
collide

� Now being used for a
x-ray free-electron
laser!
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LEP at CERN

� Large
Electron-Positron
Collider, or LEP

� Conseil Européen
pour la Recherche
Nucléaire, or CERN

� 27 km
circumference; was
able to accelerate
electrons and
positrons to 91 GeV

� Straddles the border
of Switzerland and
France outside of
Geneva.
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Large Hadronic Collider or LHC

LEP tunnel now used for 7 TeV (7� 1012 eV) protons against 7 TeV
anti-protons.
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LHC movies

� The LHC rap (an example of graduate students with too much time
on their hands while waiting for the thing to get built):
http://www.youtube.com/watch?v=j50ZssEojtM

� And here's a video of LHC making a black hole:
http://www.youtube.com/watch?v=kVsZdgz5oFM
For more on black holes at LHC, lookhereandhere.

� And �nally CERN was featured in Dan Brown's bookAngels and
Demons. How realistic was the book when it comes to CERN and
antimatter?Not very: : :
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Relativity lite

� We'll soon talk about how light has particle-like properties:
photons.

� We found that relativity tells us that light can't have rest mass:
photons are massless.

� While photons don't have mass, they do carry momentum:p = E=c.

� We've learned the basics of special relativity.
� We'll use these basics a lot in the course.
� But unfortunately we now shift to quantum physics!
� To probe relativity more deeply, you can consider taking PHY408: : :
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Blackbody radiation
� Prosaic beginning to our story: how hot is

a white-hot oven? Thomas Wedgwood
(Wedgwood Chinastill exists) notices in
1792 that all objects in the �ring ovens
shown the same shade of red no matter
what their color is when cool.

� Classical thermodynamics has already
uncovered Stefan's law which says that
the total radiated power is/ T4. Note that
heat transfer at room temperature is
dominated by conduction and convection,
not radiation: : :

� Heat a cavity to uniform temperature;
observe radiation spectrum through a hole
so small that we can neglect its cooling
effects.

� How can we predict the spectrum?

Measuring a black
body
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What does the spectrum look like?

Empirical �t by Wien in 1896:

� (�; T) = c1� 3 exp[� c2�= T] (2)
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Elements of the calculation

� It may be foolish, but we're now going to dive into a cartoon
version of statistical mechanics and thermodynamics. Don't worry
too much about following every detail of the calculation; we'll
revisit this a bit more later on in the course, and you'll really learn
it in PHY 306, CHE 301, or MEC 301 if you take one of those
courses.

� Notation used here is ofThermal Physicsby Charles Kittel and
Herbert Kroemer (W. H. Freeman and Company, 1980).

� We start by taking our �rst peek into quantum statistics. We'll want
to know of two things:

� Density of available states g(E), which in this case will deal with the
number of possible con�gurations of photons.

� Probability of occupying available states f(E), which in this case will
deal with how many photons are likely to be in each of various states.
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States in blackbody radiation

� Assume that blackbody is a cavity of dimensionLx � Ly � Lz.

� If cavity is a conductor, must have nodes of electromagneticwaves
at cavity walls.

� Therefore there must be an integer number of half-wavelengths
along each dimension, ornx(�= 2) = Lx.

� Sincec = �� we can rearrange to obtain

� x = nx
c

2Lx
(3)

for allowed frequencies in thêx direction. SinceLx can be
continuously varied, so can� x, butnx must be an integer.

� These are standing waves rather than traveling waves, sonx is
always positive.
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Density of available states

� In three dimensions:

n =
q

n2
x + n2

y + n2
z: (4)

� Density of allowed states for a range of
modesn to n + dn: a shell in the positive
octant.

� Volume of a sphere is(4=3)� r3, so
volume betweenn andn + dn is

4
3

�
�
(n + dn)3 � n3

�
=

4
3

� n3
�
�
1 +

dn
n

� 3
� 1

�

'
4
3

� n3
�
1 + 3

dn
n

� 1
�

= 4� n2 dn:

n

x

y

z

n

n

dn
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Density of states II

� We found that the shell of a sphere had 4� n2 dnavailable states.
However, since we can only have positivenx, ny, andnz, only one
octant of sphere corresponds to physical states, so multiply by 1/8.

� Light can exist in two orthogonal polarizations, so multiply by 2.

� From Eq. 3 of� x = nx(c=2Lx) we obtain

d(nx) = d
�

2Lx

c
� x

�
(5)

� Absolute density of available states is thus

�
1
8

�
� (2) � (4� n2) dn = �

�
2L
c

� 3

� 2 d� = V
8�
c3 � 2 d�: (6)

� Volume-normalized result� (� ) (Planck, 1897) is then

� (� ) =
8�
c3 � 2 d�: (7)
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Occupying available states I

� A systemS hasgR (E) states accessible for total energyE.

� Put this systemS into thermal contact with a reservoirR which
originally had a total energyU0. The reservoir is so large that the
systemS has a weak effect on the reservoirR.

� Think about all the half-waves of light in a box; big numbers,so
let's work with the logarithmgR (E), or

� R (E) = loggR (E); (8)

The logarithm of the number of available states is known by a
particular name in statistical mechanics: it is theentropyof a
system.
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Occupying available states II

� SystemS is in a state 1 with energy� 1, or a state 2 with energy� 2.
What happens to the reservoirR as a consequence of these two
choices?

� Fundamental assumption: equal likelihood for all available
energy=U0 states.

� Therefore probabilityP that the reservoir is in state 1 versus state 2
is simply given by the ratio of statesgR (E) accessible to the
reservoir at the two energies, or

P(� 1)
P(� 2)

=
gR (U0 � � 1)
gR (U0 � � 2)

=
exp

�
� R (U0 � � 1)

�

exp
�
� R (U0 � � 2)

�

= exp
�
� R (U0 � � 1) � � R (U0 � � 2)

�
(9)

using logarithm of the density of available states, or entropy, of
Eq. 8.
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Occupying available states III

� Approximate the entropy with the �rst two terms of a Taylor
expansion:

� (U0 � � ) ' � (U0) � �
@�
@U

+
� 2

2!
@2�
@U2 + : : : (10)

� The quantity(@�=@U) measures how entropy (i.e., number of
states) increases as energy is added into the system.

� De�ne temperature� of a system with a �xed number of particles
N as

1
�

�
�

@�
@U

�

N
: (11)

� Use a scale factor to relate to the usual Kelvin temperatureT:

� = kBT; (12)

wherekB = 1:381� 10� 23 Joules/Kelvin is known as Boltzmann's
constant. Note:kB � (300 K) = 0:026 eV, or about 1/40 eV.
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Occupying available states IV

� Use Taylor expansion of Eq. 10, Eq. 11 of 1=� � (@�=@U)N and
Eq. 12 of� = kBT into Eq. 9 to obtain

P(� 1)
P(� 2)

= exp
h
� R (U0 � � 1) � � R (U0 � � 2)

i

' exp
h�

� (U0) � � 1
@�
@U

�
�

�
� (U0) � � 2

@�
@U

� i

' exp
�
� � 1

1
�

+ � 2
1
�

�
'

exp
�
� � 1

kBT

�

exp
�
� � 2

kBT

� : (13)

� In other words, therelativelikelihood of a system with temperature
T choosing one particular state with energyE is given by

exp[� E=kBT] (14)

which is known as the Maxwell-Boltzmann distribution function.
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What you should put in your pocket

Again, you didn't have to worry about digesting all the details of what
we just did. For now, just be aware of the following:

� Entropy� R (E) is the logarithm of the number of available states as
a function of energyE.

� The inverse of temperature� measures the degree to which entropy
changes as the energy in the system is changed but the number of
particlesN remains �xed:

1
�

�
�

@�
@U

�

N

� This is scaled into an absolute temperatureT in Kelvin via
Boltzmann's constantkB, so that� = kBT.

� The relative likelihood that a system with temperatureT will wind
up in a particular state with energyE is given by the
Maxwell-Boltzmann distribution function which is exp[� E=kBT].



Concluding
relativity

Particle
accelerators

Blackbody

Cavity modes

Density of states

Thermodynamic
occupancy

Blackbody redeaux

Blackbody
measurements

Max Planck

Planck's �x

Back to Blackbody I
� We now have the two ingredients:

� Density of available states� (� ) = 8�
c3 � 2 d� from Eq. 7.

� Occupancy of available statesas a function of temperature:
exp[� E=kBT] from Eq. 14.

� Does this explain blackbody radiation?

� (�; T) =
8�
c3 � 2 exp[� c2�= kBT] d�: (15)

Hey, at 1000 K or
1500 K it's pretty
close except in the
infrared end!
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Blackbody II

Here's another look at a spectrum at 1500 K: (Serway Fig. 3.5):

Can't we say that this is good enough? It's only a little bit off at longer
infrared wavelengths, where it's not very easy to make a measurement: : :
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Blackbody III
Measurements by Heinrich Rubens, Universitæt Berlin, 1900: measure
intensity at one infrared wavelength while turning the temperature knob
(Serway Fig. 3.6):



Concluding
relativity

Particle
accelerators

Blackbody

Cavity modes

Density of states

Thermodynamic
occupancy

Blackbody redeaux

Blackbody
measurements

Max Planck

Planck's �x

Blackbody IV
Rubens' measurements at one wavelength versus temperature(Serway
Fig. 3-7):
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Blackbody IV

� Max Planck (1858–1947; Nobel Prize
1918) at Universitæt Berlin had
already used statistical mechanics to
try to explain the blackbody spectrum.

� His colleague Heinrich Rubens found
discrepancies between the Wien law
and his group's infrared
measurements.

� Oct. 7, 1900: Rubens pays a Sunday
afternoon visit to Planck. They
discuss the puzzle of Rubens' results.
By that evening, Planck has found an
answer that explains the experimental
data perfectly.

Planck in 1901
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Planck's �x
� Assume a quantized energy of

En = nh� (16)

That is, radiation at frequency� has an energyh� , and comes
quantized in integer multiplesn. Fit data to �ndh; modern value of
h = 6:63� 10� 34 Joules�sec is called Planck's constant.

� Average energy per mode is then

�E =

P
modes(energy per mode)� (likelihood of mode)

P
modes(likelihood of mode)

=

P 1
n= 0 nh� exp[� nh�= kBT]
P 1

n= 0 exp[� nh�= kBT]

=
0 + h� exp[� h�= kBT] + 2h� exp[� 2h�= kBT] + : : :

1 + exp[� h�= kBT] + exp[� 2h�= kBT] + : : :

= h� y
1 + 2y + 3y2 + : : :
1 + y + y2 + : : :

with y � exp[� h�= kBT] (17)
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Planck's �x II
� Again, we had

�E = h� y
1 + 2y + 3y2 + : : :
1 + y + y2 + : : :

with y � exp[� h�= kBT]

� Now

1 + 2y + 3y2 + : : :
1 + y + y2 + : : :

=
1 + y + y2 + : : :
1 + y + y2 + : : :

+
y + 2y2 + : : :

1 + y + y2 + : : :
;

so that if we de�neA � 1 + 2y + 3y2 + : : : and
B � 1 + y + y2 + : : :, Eq. 28 becomes

A
B

= 1+ y
A
B

giving (1� y)
A
B

= 1 giving
A
B

=
1

1 � y
:

The average energy�E of a mode is then

�E = h� y
1

1 � y
=

h�
1=y � 1

=
h�

exp[h�= kBT] � 1
: (18)
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Planck's �x III

Let's recapitulate:

� We know thedensity of available statesfrom Eq. 7 of
� (� ) = 8�

c3 � 2 d� .

� We know the combination ofoccupancy of available states
multiplied by their energy as�E = h�= (exp[h�= kBT] � 1).

The product of the two then gives the energy spectrum (cf. Serway
Eq. 3.9):

� (� ) � �E(�; T) =
8� h� 3

c3

1
exp[h�= kBT] � 1

d�: (19)

This is the celebrated Planck blackbody radiation distribution function
for energy per unit volume per unit frequency derived on thatSunday
afternoon, Oct. 7, 1900. It �ts the experimental data perfectly.
Recall our basic assumption wasEn = nh� : radiation at frequency� has
an energyh� , and comes quantized in integer multiplesn.
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