Schrodinger of
atoms

Finding for an atom
To solve the Schrddinger equation for an atom, we used
U(r)= Ze&=(4 or) and worked in spherical coordinates.
We tried a solution based on separable variables:

(i )=Re@ () m()=ReMY" (5 ) (@)

We found radial functionR, (r) (Serway Table 8.4, p. 280). Here
are the rst two:
3=2 3=2
Z - Z Zr _
Ri(r)= = 2e 77 Ry(r) = — 2 — e
10(1) 2 20(r) 73 2

We found spherical harmonid§" (; ) (Serway Table 8.3,
p. 269). Here are the rst three:

1 3 '3 ,
Yo=p—: Y= “cos; Y, l= ~sin e
0 94— 1 ) 1 8 I

Both Ry (r) andY- , (; ) are separately normalized.



Quantum numbers for the atom

atoms

The nature of polynomial solutions to the recurrence refethips
that apply to the solution of the atom's Schrddinger diffeial
equations leads us to three quantum numbers.
n= 1;2; 3;:::: the principal quantum number, which mainly
determines energy.
T=0;1:::;(n  1): the orbital angular meentum quantum
number. Total angular momentumlis=s ~ (" + 1), which is
different than Bohr's assumption af= n~!!!
m = ;::5; 050+ 7 2axis angular momentum quantum
number, or magnetic quantum number. Btaxis angular momentum
isL;= m~.
We characterize wavefunction solutions according &md", with
"= 0;1;2;3;4;::: corresponding ts, p, d, f, g,:: ;. Examples are
1s, 2p, 3f, and so on.

Radial probabilities for the electron go lil, (r)? rdr because in

spherical coordinates the volume of integration goesrifidr in
radius.




Filling states

Filling states

Using our three quantum numbers, we considered a table of
successive allowed quantum states:

State| n m Number
1s |1]0 0 1
2s [ 2|0 0 1
2p (2|1 -1,0,+1 3
3 |30 0 1
3p |31 -1,0,+1 3
3d |32 -2,-1,0,+1,+2 5
4 |40 0 1
p [4]1 -1,0,+1 3
44 | 4|2 -2,-1,0,41,+2 5
4f 4| 3] -3,-2,-1,0,+1,+2,+3 7




Filling states

Filling states Il

Recall that Bohr foundE = EgZ2=n?.

But we should really nd energies from
putting wavefunctions into the Schrédinger
equation and turning the crank:

2
2 -
2mr +U =E
Doing so gives an energy ordering of
guantum states (see bottom of p. 321 in
Serway):
Is< 2s< 2p< 3s< 3p<4s 3d< 4p
< bs< 4d< Bp< 6s< 4f 5d< 6p
< 7s< 6d 5f:::

The picture at right is from Krand/lodern FIGURE 8.1 Atomic subshells, in
. order of increasing energy. The en-
PhySICS ergy groupings are not to scale, but
are merely representative of the rela-

tive energies of the subshells.




Filling states

The periodic table

The periodic table then made sense if we assumed we can t two
electrons in each state! Let's denote the number of elesfrorach
state with a superscript; we can then write the energy ardexs
1725°2p%35°3p®4s?3d1%4p®5s% : : 1. See also Serway Table 9.2. This
gure is from Sandin:

Group 1 n m v v vi vi i
1 2
H He
1.0079 4.003
Is! 1s?
3 4 5 6 7 8 9 10
Li Be B C N (o] F Ne
6.941 9.012 2p 10.81 12.011 14.007 | 15.999 18.998 20.18
2s! 2s? 2p! 2p? 2p* 2p* 2p® 2p®
11 12 13 14 15 16 17 18
Na Mg Al Si P S Cl Ar
22.99 24.31 3p 26.98 28.09 30.97 32.07 35.45 39.95
3s! 3s? 3p! 3p? 3p* 3p* 3p* 3p®
19 20 31 32 33 34 35 36
K Ca Ga Ge As Se Br Kr
39.10 40.08 4p 69.72 72.59 74.92 78.96 79.90 83.80
4s! 4s? 4p! 4p? 4p* 4p* 4p® 4p®




Angular
momentum

Effects of angular momentum

Consider angular momentum in circular motion, where thedpe
along the circumferences= ds=dt:

C=+ p=+ mv=mt ds=dt (2)

The areadA swept by an incremems on the circle
of radiusr is dA = ( 1=2)rds, giving 2dA= rds.

r $d<

From Eqg. 2, we can then write

dA
L= m+ ds=dt= m(2dA)=dt= 2ma: 3)
If there is no external torqué, is a constant. In that casgA=dt is
a constant too, and soAsT whereA is the area of the circle and
is the period of rotation.

Therefore we have found
A
L= 2m= 4)

for a particle moving in uniform circular motion.



L and magnetic moment

e Again, we found from Eq. 4 thdt = 2mA=T for a particle moving
momentun around a circle of area with a periodT.

If this particle is charged, we get a magnetic dipole momearhf
its motion of = IA.

FromL = 2mA=T we nd A= LT=(2m), and the currentis one
electron per period dr= =T, so the magnetic dipole moment is

eLT e
=S T ©)
Since we already found thftj = P “(C + 1), we see that the net
magnetic dipole moment due to the orbital motion of an electron
is
= = + = +

ii=o (+D= 8 (*+D (6)
where g e~=(2m)= 9:274 10 2*J/Tis called a Bohr
magneton (Serway Eq. 9.2).



Angular
momentum

ij,Lz,j ‘J,and Z

Again, we found in Eq. 6 that
jri= e (C+1D)
with g e~=(2m).

. - P
Just like we had; = m~fromjLj= ~ "( + 1), we have &
axis component to the magnetic dipole moment of

2= M : (7

The minus sign that we dropped in going from Eq. 5 to nding the
magnitudg -j in Eq. 6 gets “un-dropped” in calculating.



Zeeman effect

Z axis angular momentum introduces an additional energy ter
E= ~ B= :B= smB (where we have dropped the vector
on B because setting the direction®&ets the direction of ;). See
Krane Eq. 7.22.
Take a collection of atoms, all with the same valué .cfhey will
all have the same energy st&e=  (13:6 eV)Z?=n?.
Turn on a magnetic eld. Different atoms will have differeht
projections of the angular momentum, so there will be angner
spliting: E=  (136eV)Z?=n’+ zmB
Selection rules (orthogonal spherical harmonics) withall
transitions only of * = 1, so an example splitting of energy
states and allowed transitions is:
Eq+2mB
Eq+1mB
Ed
% Eg-1mB
Eg4-2mB

Example allowed
transitions

Ep+1mB
E

P
Ey1mB
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Pauli exclusion
principle

Transition rates

Selection rules

The Stern-Gerlach experiment
Make a non-uniform magnetic eld, so that is stronger at theter

and weaker to each side.

An atom will thus feel a eld gradient, so that there will beadue
gradient which produces a linear foree= r B.

FIGURE 7.15 Two dipoles with
oppositely directed moments in a
nonuniform field. The dipoles move
in opposite directions under the in-
fluence of the net force.
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FIGURE 7.16 Two magnetic di-
poles in a nonuniform magnetic field.
Oppositely directed dipoles experi-
ence net forces in opposite directions.



Angular
momentum

Stern-Gerlach Il

Up/down distance resulting from acceleratiom= F=mdue to force
F = ,r Bovertimet = x=vis (compare with p. 224 of Krane)
2 2
d = }atZ:} ZrBX_: Bm@X_
2 2 m V2 2m @ V2
1 X2 2
1@ X 1 @ R
4 @ (1=2)mv? 4 @ (3=2)kgT
Sincem goes like 7;:::;0;:::;7, we should see an odd number of
lines, right?

z axis

Screen

FIGURE 7.17 Schematic diagram of Stern-Gerlach experiment.
A beam of atoms from an oven passes through a slit and then enters
a region where there is a nonuniform magnetic field. Atoms with
their magnetic dipole moments in opposite directions experience
forces in opposite directions.



Angular
momentum

Stern-Gerlach Il

In fact, in 1921 Stern and Gerlach saw
an even number of spots!

Further experiments reveal not

“(C + 1) spots, but 2(2° + 1) spots.

An example: silver with = 0 gives a
splitting.

How can we explain? Another spin:
that of the electron, which can have
either a positive or negative discrete
spin.



Electron spin

Angular
momentum

Electron spin was postulated in 1925 by Goudsmit and Uhlekbe
and shown soon after by Dirac to be a nhecessary consequeace 0
relativistic version of quantum mechanics.
It's as if the electron itself is a small current loop.
Electron spin properties:
Spin quantum number ofs =, 1=2, + 1=2
Net angular momentuj§ = s(s+ 1)~= 3=4
2 axis componeng, = ms~
magnetic moments = (eem)S= g gMs, OF sz = ( BNk
g is the gyromagnetic ratio (magnetic dipole moment dividgd b
angular momentum). Quantum eld theory gives
Oe= 2[1+ =(2 )+ :::], where ' 1=137isthe ne structure
constant we discussed when we talked about the Bohr orleitatity.



Pauli exclusion
principle

Pauli exclusion principle

Allowing only one electron spin state per quantum statelpice
explains 2 electrons per quantum state and thus periode tab

Our quantum numbers are ngw; ; m; ms). No two electrons in
an atom can have the same quantum numbers: Pauli exclusion

principle, 1925. That's what state lling in atoms seems & b

telling us!
We now see the true story for quantum state lling:
State | n| m M Number
1s 1|10 0 % + % 2
2s 2|0 0 % + % 2
2p 2|1 -1 3.t 3 2
2p 2|1 0 % + % 2
2p 2|1 +1 3.t 3 2
Total2p | 2| 1| -1,0,+1| [ %+ 3]foreach 6

Thatis, 2ins,6inp, 10ind, 14 inf:::




Pauli explains Mendeleev

Now we really can understand the periodic table:

Pauli exclusion
principle



Transition rates

Transition rates

We already know that the probability of an electron being at a
particular positiorx xis (in 1D) given by

Zr x

0O (O dx
y X

0O O dl

We also know that the Schrdodinger equation looks like anatper
times a wavefunction giving an energy (a scaler) times a
wavefunction: h :
2 @ i
+

> @2 U =E:
Perhaps then applying a potential to an atom can change its
wavefunction, and we can calculate the overlap of that ckdng
wavefunction with a nal state to see the probability of madkithe
transition?



Transition rates

Fermi's Golden Rule

Apply a potentialW to an atom in an ini-
tial state . TherateP(n! m) at which it
reaches a nal state, is given by the prob-
ability overlap:

Z +1

P(n! m)= th W dx

1

This is know as Fermi's Golden Rule. 1954: Nobel

1938 for work in nu-

clear physics)

Enrico Fermi (1901—



Transition rates

Selection rules (again)

Let us consider transitions between states with differaites of
=Ry (M) 5m () m()= R (NYim (5 )

When we have a light wave interacting with an atom (such as in

emission or absorption of a photon), we have an electric eld

Ep cos! t which is nearly spatially constant (because r,, where

rn is the Bohr radius of the electron). It also de nes an &isr the

magnetic quantum number .

Considerations of the orthogonality of spherical harmsuiad the

polarization of light mean that we have non-zero integr&rtaps

only for dipole transitions which satisfy

= 1 or =0
m=20 m= 1
This givesselection rulesor atomic transitions. The transition

rates for m = 1 are much weaker, so we can essentially say
"= 1lonly.



Selection rules

Here's an illustration from Serway on how the = 1 selection rule
can play out:

Selection rules



Summary of hydrogen atom

n: principle quantum numben= 1;2;::: and
E.' EoZ%=n?with actual energy ordering
in multielectron atoms shown at right.
Selection rules *: total angular momentum quantum number.

"= 0::5(n DandjLj= ~ T(C + 1.

m: z-axis angular momentum quantum number.
m= ;15,0 andl; = ~m.

mg: eIectroB spinms= 3;+ 3 and
ji§=~ 3=4andS = ~m.

States:1smeandn= 1;" = 0Og,

2pmeangn= 2;° = 1g, and so on.
And remembeE = s(m + gmy)B where
g' 2and g= 9:274 10 %*J/T.
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