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Finding for an atom
� To solve the Schrödinger equation for an atom, we used

U(r) = � Ze2=(4�� 0r) and worked in spherical coordinates.

� We tried a solution based on separable variables:

 (r; �; � ) = Rn;` (r)� `; m` (� )� m` (� ) = Rn;` (r) Ym`
` (�; � ) (1)

� We found radial functionsRn;` (r) (Serway Table 8.4, p. 280). Here
are the �rst two:

R10(r) =
�

Z
a0

� 3=2

2e� Zr=a0; R20(r) =
�

Z
2a0

� 3=2 �
2 �

Zr
a0

�
e� Zr=2a0

� We found spherical harmonicsYm`
` (�; � ) (Serway Table 8.3,

p. 269). Here are the �rst three:

Y0
0 =

1
p

4�
; Y0

1 =

r
3

4�
cos�; Y� 1

1 = �

r
3

8�
sin� e� i�

� BothRn;` (r) andỲ ; m` (�; � ) are separately normalized.
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Quantum numbers for the atom

� The nature of polynomial solutions to the recurrence relationships
that apply to the solution of the atom's Schrödinger differential
equations leads us to three quantum numbers.

n = 1; 2; 3; : : :: the principal quantum number, which mainly
determines energy.
` = 0; 1; : : : ; (n � 1): the orbital angular momentum quantum
number. Total angular momentum isL = ~

p
`(` + 1), which is

different than Bohr's assumption ofL = n~!!!
m` = � `; : : : ; 0; : : : ; + `: ẑ axis angular momentum quantum
number, or magnetic quantum number. Theẑaxis angular momentum
is Lz = m` ~.

� We characterize wavefunction solutions according ton and`, with
` = 0; 1; 2; 3; 4; : : : corresponding tos, p, d, f , g,: : :. Examples are
1s, 2p, 3f , and so on.

� Radial probabilities for the electron go likeRn;` (r)2 r2dr because in
spherical coordinates the volume of integration goes liker2 dr in
radius.



Schrödinger of
atoms

Filling states

Angular
momentum

Pauli exclusion
principle

Transition rates

Selection rules

Filling states

� Using our three quantum numbers, we considered a table of
successive allowed quantum states:

State n ` m` Number
1s 1 0 0 1
2s 2 0 0 1
2p 2 1 -1,0,+1 3
3s 3 0 0 1
3p 3 1 -1,0,+1 3
3d 3 2 -2,-1,0,+1,+2 5
4s 4 0 0 1
4p 4 1 -1,0,+1 3
4d 4 2 -2,-1,0,+1,+2 5
4f 4 3 -3,-2,-1,0,+1,+2,+3 7
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Filling states II

� Recall that Bohr foundE = � E0Z2=n2.

� But we should really �nd energies from
putting wavefunctions into the Schrödinger
equation and turning the crank:

�
~2

2m
r 2 + U = E 

� Doing so gives an energy ordering of
quantum states (see bottom of p. 321 in
Serway):
1s < 2s < 2p < 3s < 3p < 4s � 3d < 4p

< 5s < 4d < 5p < 6s < 4f � 5d < 6p
< 7s < 6d � 5f : : :

� The picture at right is from Krane,Modern
Physics.
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The periodic table
The periodic table then made sense if we assumed we can �t two
electrons in each state! Let's denote the number of electrons in each
state with a superscript; we can then write the energy ordering as
1s22s22p63s23p64s23d104p65s2 : : :. See also Serway Table 9.2. This
�gure is from Sandin:
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Effects of angular momentum
� Consider angular momentum in circular motion, where the speed

along the circumference is~v = d~s=dt:

~L = ~r � ~p = ~r � m~v = m~r � d~s=dt: (2)

� The areadAswept by an incrementd~son the circle
of radiusr is dA = ( 1=2)r ds, giving 2dA = r ds.

r
ds

� From Eq. 2, we can then write

L = m~r � d~s=dt = m(2dA)=dt = 2m
dA
dt

: (3)

� If there is no external torque,L is a constant. In that case,dA=dt is
a constant too, and so isA=T whereA is the area of the circle andT
is the period of rotation.

� Therefore we have found

L = 2m
A
T

(4)

for a particle moving in uniform circular motion.
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L and magnetic moment

� Again, we found from Eq. 4 thatL = 2mA=T for a particle moving
around a circle of areaA with a periodT.

� If this particle is charged, we get a magnetic dipole moment from
its motion of� = IA.

� FromL = 2mA=T we �nd A = LT=(2m), and the current is one
electron per period orI = � e=T, so the magnetic dipole moment is

� = IA =
� e
T

LT
2m

= �
e

2m
L (5)

� Since we already found thatjLj = ~
p

`(` + 1), we see that the net
magnetic dipole moment� ` due to the orbital motion of an electron
is

j� ` j =
e~
2m

p
`(` + 1) = � B

p
`(` + 1) (6)

where� B � e~=(2m) = 9:274� 10� 24 J/T is called a Bohr
magneton (Serway Eq. 9.2).
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jLj, Lz, j� ` j, and� z

� Again, we found in Eq. 6 that

j� ` j = � B

p
`(` + 1)

with � B � e~=(2m).

� Just like we hadLz = m` ~ from jLj = ~
p

`(` + 1), we have âz
axis component to the magnetic dipole moment of

� z = � � Bm` : (7)

The minus sign that we dropped in going from Eq. 5 to �nding the
magnitudej� ` j in Eq. 6 gets “un-dropped” in calculating� z.
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Zeeman effect
� Z axis angular momentum introduces an additional energy term

E = � ~� � ~B = � � zB = � Bm` B (where we have dropped the vector
on~B because setting the direction ofB sets the direction of� z). See
Krane Eq. 7.22.

� Take a collection of atoms, all with the same value of`. They will
all have the same energy stateE = � (13:6 eV)Z2=n2.

� Turn on a magnetic �eld. Different atoms will have differentẐ
projections of the angular momentum, so there will be an energy
splitting: E = � (13:6 eV)Z2=n2 + � Bm` B

� Selection rules (orthogonal spherical harmonics) will allow
transitions only of� ` = � 1, so an example splitting of energy
states and allowed transitions is:

Ed-1mBB
Ed-2mBB

Ed

Ep-1mBB

Ep+1mBB
Ep

Ed+1mBB
Ed+2mBB

B=0 B¹ 0 

Example allowed
transitions



Schrödinger of
atoms

Filling states

Angular
momentum

Pauli exclusion
principle

Transition rates

Selection rules

The Stern-Gerlach experiment
� Make a non-uniform magnetic �eld, so that is stronger at the center

and weaker to each side.
� An atom will thus feel a �eld gradient, so that there will be a torque

gradient which produces a linear forceF = � r B.
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Stern-Gerlach II
Up/down distanced resulting from accelerationa = F=mdue to force
F = � z r B over timet = x=v is (compare with p. 224 of Krane)

d =
1
2

at2 =
1
2

� z r B
m

x2

v2 =
� Bm`

2m
@B
@z

x2

v2

=
1
4

� Bm`
@B
@z

x2

(1=2)mv2 =
1
4

� Bm`
@B
@z

x2

(3=2)kBT

Sincem` goes like� `; : : : ; 0; : : : ; `, we should see an odd number of
lines, right?
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Stern-Gerlach III

� In fact, in 1921 Stern and Gerlach saw
an even number of spots!

� Further experiments reveal not
`(` + 1) spots, but 2̀(2` + 1) spots.

� An example: silver with̀ = 0 gives a
splitting.

� How can we explain? Another spin:
that of the electron, which can have
either a positive or negative discrete
spin.
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Electron spin

� Electron spin was postulated in 1925 by Goudsmit and Uhlenbeck,
and shown soon after by Dirac to be a necessary consequence ofa
relativistic version of quantum mechanics.

� It's as if the electron itself is a small current loop.
� Electron spin properties:

� Spin quantum number ofms = � 1=2, + 1=2
� Net angular momentumjSj =

p
s(s+ 1)~ =

p
3=4

� ẑ axis componentSz = ms~
� magnetic moment~� s = � (e=m)~S= � g� Bms, or � s;z = � g� Bms

� g is the gyromagnetic ratio (magnetic dipole moment divided by
angular momentum). Quantum �eld theory gives
ge = 2[1 + �= (2� ) + : : :], where� ' 1=137 is the �ne structure
constant we discussed when we talked about the Bohr orbital velocity.
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Pauli exclusion principle

� Allowing only one electron spin state per quantum state nicely
explains 2 electrons per quantum state and thus periodic table.

� Our quantum numbers are now(n; `; m` ; ms). No two electrons in
an atom can have the same quantum numbers: Pauli exclusion
principle, 1925. That's what state �lling in atoms seems to be
telling us!

� We now see the true story for quantum state �lling:

State n ` m` ms Number
1s 1 0 0 � 1

2, + 1
2 2

2s 2 0 0 � 1
2, + 1

2 2
2p 2 1 -1 � 1

2, + 1
2 2

2p 2 1 0 � 1
2, + 1

2 2
2p 2 1 +1 � 1

2, + 1
2 2

Total 2p 2 1 -1,0,+1 [� 1
2,+ 1

2] for each 6

That is, 2 ins, 6 in p, 10 ind, 14 inf : : :



Schrödinger of
atoms

Filling states

Angular
momentum

Pauli exclusion
principle

Transition rates

Selection rules

Pauli explains Mendeleev

Now we really can understand the periodic table:
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Transition rates

� We already know that the probability of an electron being at a
particular positionx � � x is (in 1D) given by

Z x+� x

x� � x
 � (x0) (x0) dx0

Z 1

�1
 � (x0) (x0) dx0

� We also know that the Schrödinger equation looks like an operator
times a wavefunction giving an energy (a scaler) times a
wavefunction: h

�
~2

2m
@2

@x2 + U
i
 = E :

� Perhaps then applying a potential to an atom can change its
wavefunction, and we can calculate the overlap of that changed
wavefunction with a �nal state to see the probability of making the
transition?
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Fermi's Golden Rule

Apply a potentialW to an atom in an ini-
tial state n. The rateP(n ! m) at which it
reaches a �nal state �

m is given by the prob-
ability overlap:

P(n ! m) =
� � t

~

� 2 �
�
Z + 1

�1
 �

mW n dx
�
�2

This is know as Fermi's Golden Rule.
Enrico Fermi (1901–
1954; Nobel Prize
1938 for work in nu-
clear physics)
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Selection rules (again)

� Let us consider transitions between states with different values of
 = Rn;` (r)� `; m` (� )� m` (� ) = Rn;` (r)Ỳ ; m` (�; � )

� When we have a light wave interacting with an atom (such as in
emission or absorption of a photon), we have an electric �eld
E0 cos! t which is nearly spatially constant (because� � rn, where
rn is the Bohr radius of the electron). It also de�nes an axisẑ for the
magnetic quantum numberm` .

� Considerations of the orthogonality of spherical harmonics and the
polarization of light mean that we have non-zero integral overlaps
only for dipole transitions which satisfy

� ` = � 1 or � ` = 0
� m` = 0 � m` = � 1

This givesselection rulesfor atomic transitions. The transition
rates for� m` = � 1 are much weaker, so we can essentially say
� ` = � 1 only.
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Selection rules
Here's an illustration from Serway on how the� ` = � 1 selection rule
can play out:
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Summary of hydrogen atom

n: principle quantum number.n = 1; 2; : : : and
En ' � E0Z2=n2 with actual energy ordering
in multielectron atoms shown at right.

`: total angular momentum quantum number.
` = 0; : : : ; (n � 1) andjLj = ~

p
`(` + 1).

m` : z-axis angular momentum quantum number.
m` = � `; : : : ; 0; : : : ; ` andLz = ~m` .

ms: electron spin.ms = � 1
2; + 1

2 and
jSj = ~

p
3=4 andSz = ~ms.

States:1smeansf n = 1; ` = 0g,
2p meansf n = 2; ` = 1g, and so on.

� And rememberE = � � B(m` + gms)B where
g ' 2 and� B = 9:274� 10� 24 J/T.
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