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A few things
� Regarding HW5 problem 6 (Serway 4.38), I led some people

astray. Conservation of energy saysK = ( K � � K) + KM or
KM = � K. I had said letKM be zero which is wrong! Suggestion:
write conservation of momentum and energy equations in terms of
v, v0, andV for electron before, electron after, and mercury after.
Also de�ne x � M=me. Calculate1

2mev2 � 1
2mev02 = � K.

� Grades: last semester
the A/B threshold was
somewhere in the
neighborhood of low
80%, and the B/C
threshold was in the
mid 60% range. As
they say with mutual
fund advertisements:
past performance is not
a prediction of future
results: : :

Phy251, Fall 2009, Exam 1
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Schrödinger equation

� From usingk = 2pi=� , � = h=p, p2=2m = K, andE = K + U or
kinetic plus potential energy, Schrödinger arrived at an equation for
matter waves in a non-time-varying potential energy landscapeU:

�
~2

2m
@2

@x2  + U = E 

� When the potential energy landscape also varies with time, the
time-dependent version is found usingE = ~! as

�
~2

2m
@2

@x2  + U = � i~
@
@t

 :
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Born/Copenhagen interpretation

� See Serway Sec. 6.1. The most commonly
accepted interpretation of Schrödinger's equation
arose from the work of Max Born, and also
discussions in Niels Bohr's institute in
Copenhagen.

� Matter waves describe not the particle, but its
probability amplitude.

�  y = j j2 represents the probability. Therefore
we realize that

R
j j2 should be normalized to 1.

Max Born (1882–
1970; Nobel
Prize 1954)
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What's waving? Electron waves!

8 quanta 270

2,000 60,000

From A. Tonomura,Electron Holography(Springer-Verlag, 1993), p. 14.
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Light and matter

Property Light QM
Amplitude
 =
Ae� i(kx� ! t)

Electric �eld E =  Probability amplitude
 

Amplitude
squared
j j2 =  y 

Electric �eld squared
gives irradiance
(from the Poynt-
ing vector in
classical E&M):
I =

p
�=� hEi 2.

Probability ampli-
tude squared j j2

gives probability
distrubtion.

Particle arrival Individual photons
arrive at particular
locations, but with
a probability given
by the wave theory
calculation of the
irradianceI / j  j2.

Individual matter
particles arrive at
particular locations,
but with a probability
given by the wave
theory calculation of
the probabilityj j2.
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Schrödinger's cat

“One can even set up quite ridiculous cases. A cat is penned upin a steel
chamber, along with the following device (which must be secured
against direct interference by the cat): in a Geiger counterthere is a tiny
bit of radioactive substance, so small, that perhaps in the course of the
hour one of the atoms decays, but also, with equal probability, perhaps
none; if it happens, the counter tube discharges and througha relay
releases a hammer which shatters a small �ask of hydrocyanicacid. If
one has left this entire system to itself for an hour, one would say that
the cat still lives if meanwhile no atom has decayed. The -function of
the entire system would express this by having in it the living and dead
cat (pardon the expression) mixed or smeared out in equal parts.”
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Collapsing wavefunctions with slits

Let's do two experiments (I did these on a computer). They each involve
two slits of 5� m width separated by 5� m, illuminated by a coherent
wave with� = 500 nm. We'll consider two downstream planes; the �rst
one is atz1 = 0:4 mm away from the slits, and the second plane is at
z2 = 0:8 mm downstream. These distances are not in the far �eld, so the
pattern is a bit different than what you're used to seeing forFraunhofer
diffraction (we use Fresnel diffraction to calculate the pattern).
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Collapsing wavefunctions II

� In Experiment 1, we put a camera at planez1, and record the
intensity pattern. We then remove the camera, and place it atz2 and
record an intensity pattern.

� In Experiment 2, we put a TV camera at planez1. Whenever it
detects a photon at a position, a TV screen emits a dot of light
immediately behind at the same position.

Will we see anything different between these two experiments?
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Collapsing wavefunctions III

� Here'sexperiment 1(no TV) at slits,z1, andz2:

� Here'sexperiment 2(TV) at slits,z1, andz2:

� The result at the downstream plane isdifferentbecause we went
from Eei� to

p
E2ei�0 at the middle plane; we went from top

j j2!!!
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Collapsing wavefunctions IV

� Now let's repeat the experiment but put a piece of glass (shown
here in grey) in just after
the middle planez1, so that it shifts the phase in the grey area by�= 2:
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Collapsing wavefunctions with slits
V

� Here'sexperiment 1with the glass after the middle plane:

� Here'sexperiment 2with the glass after the middle plane:

� Again, going from to
p

j j2 makes a measureable difference!
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Collapsing wavefunctions:
summary

� So what have we learned? When we make a measurement of where
a particle is, we “collapse” the wavefunction from a probability
amplitude which can undergo interference, to a probability
intensity which cannot.

� The particle's wave function goes through both slits of a
double-slit. The particle explores all paths on its journeyfrom A to
B. One measurement will just give one example of the choice, with
examples weighted according to their probability.

� There is a measurable difference between this picture of probability
amplitudes, and tracking particles through the whole chain.

� It's weird, right? Well, get over it! This is how nature works.
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The Schrödinger cookbook

Let's return to the time-independent Schrödinger equationand review
our recipe:

� Describe the potentialU. Think of boundary conditions.

� Try a guess of the wave function , by taking its second derivative
and seeing if it satis�es

�
~2

2m

�
@2 
@x2 +

@2 
@y2

�
+ U = E :

� This will often give you the energies of the solutions.

� Enforcing
R

 y =
R

j j2 = 1 will give you the normalization.

� Then gives you the probability amplitude, andj j2 =  y  gives
you the probability.



A few things

Quantum
mechanics

Schrödinger's cat

Slit example

Schrödinger
cookbook

In�nite quantum
well

In�nite box: 2D

Harmonic oscillator

Motion at zero
temperature

Particle in a box
� Consider a particle in an in�nite

box.

� Let U(x) = 0 for 0 � x � L and
U ! 1 elsewhere.

� Looking at Eq.??, we would have
to haveE ! 1 to produce a wave
that could satisfy

� ~2

2m
@2 
@x2 + U = E . Therefore

 = 0 outside of box.

� Wave should be continuous, so it
must be zero at the boundaries
x = 0 andx = L. A sine function
does this atx = 0, and also at
x = L if we requirekL = n� . We
therefore guess that the solution

has the form = Asin
�

n� x
L

�
.
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Particle in a box II
� Again, we haveU(x) = 0 for 0 � x � L andU ! 1 elsewhere.

� We guess = Asin
�

n� x
L

�
with kL = n� .

� Inside the box withU = 0 we have

�
~2

2m
d
dx

�
d
dx

Asin(
n� x
L

)
�

=
~2

2m

� n�
L

� 2
Asin(

n� x
L

)

Putting this in the Schrödinger equation gives

~2

2m

� n�
L

� 2
Asin(

n� x
L

) = E Asin(
n� x
L

) (1)

� Eq. 1 works only if we meet the following condition:

En =
~2� 2

2mL2 n2: (2)

That is, we can satisfy the Schrödinger equation only if we have
discrete energy states! Recall the Bohr model?En = � E0Z2=n2.
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In�nite box solutions

� Fig. 5.5 of K. Krane,Modern
Physics(Wiley, 2nd edition,
1995). (similar to Serway
Fig. 6.9).

� Notice that the probability
distribution is “lumpy”!

� This is not what you would
expect from a classical
solution, where the particle
would have the same
probability for all solutions as
it bounced back and forth
inside the box.
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In�nite box in 2D

Square box of dimensionL on each side. Assume solution is separable:
 (x; y) = f (x)g(y).
Trial wavefunction is (Krane Eq. 5.32):

 (x; y) = A0sin(
nx� x

L
) sin(

ny� y
L

)

We will need the derivatives:

@2

@x2 A0sin(
nx� x

L
) sin(

ny� y
L

) = � A0n2
x�

2

L2 sin(
nx� x

L
) sin(

ny� y
L

)

= �
� 2

L2 n2
x 

Similarly
@2

@y2 A0sin(
nx� x

L
) sin(

ny� y
L

) = �
� 2

L2 n2
y 
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Ini�nite 2D box II
Again we guessed (x; y) = A0sin( nx� x

L ) sin( ny� y
L ), and found

@2

@x2  = �
� 2

L2 n2
x and

@2

@y2  = �
� 2

L2 n2
y 

Schrödinger equation is then

�
~2

2m

�
@2 
@x2 +

@2 
@y2

�
+ U = E 

�
~2

2m

 

�
n2

x�
2

L2  �
n2

y� 2

L2  

!

+ 0 = E 

~2� 2

2mL2 (n2
x + n2

y) = E

so Schrödinger is satis�ed only whenE = ~2� 2

2mL2 (n2
x + n2

y).

Normalization
RL

0 dy
RL

0 dx A0sin( nx� x
L ) sin( ny�

L ) = 1 givesA0 = 2=L
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2D box solutions
Krane Fig. 5.7:

Krane Fig. 5.8:
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Degenerate solutions

RecallE = ~2� 2

2mL2 (n2
x + n2

y). Consider cases of

(n2
x + n2

y) = ( 72 + 12) = ( 12 + 72 = ( 52 + 52):

Three very different quantum states have the same energy!
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The harmonic oscillator

� Recall that we talked about restoring forces. We can represent any
force by a Taylor series expansion about the zero-force point which
we'll assume is atx = 0:

F(x) ' a0 + a1x + a2x2 + a3x3 + a4x4 + : : :

We must havea0 = 0 at the no-force point.
We must havea1 = �j a1j anda3 = �j a3j to have a restoring force.
We must havea2 ' 0 anda4 ' 0 to have a symmetric restoring
force.
So at small displacement,any restoring force can be
approximated asF(x) ' � kx.

� Therefore if we can solve the harmonic oscillator (Serway
Sec. 6.6), we can gain insight intomanyphysical situations!
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The harmonic oscillator again
� The restoring force is of the formF = � kx, representing the

dominant term of the Taylor series expansion ofanyrestoring force.
� By the way, you will learn in Physics 306 that you can solve many

problems in quantum mechanics using �rst order perturbation
theory. This involves treating the potential as something you can
solve exactly plus the �rst order deviation (like the next term in a
Taylor's series), in which case you can calculate the �rst order
correction to the exact wave function and energy solutions.The
harmonic oscillator can be used as a starting point in many
perturbation theory solutions.

� Back to the regular old harmonic oscillator: the potential is
U = ( 1=2)kx2.

� The maximum classical excursion from equilibrium is when all the
energyE is in the potential energyU, or

1
2

kx2
extremum = E

xextremum = �

r
2E
k

:
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Harmonic oscillator I
� Potential isU = 1

2kx2. Must have ! 0 as asx ! �1 , so let's
try  (x) = Aexp[� ax2] as a �rst, most basic solution (see Serway
Eq. 6.26).

� We'll need the second derivative of :

d
dx

� d
dx

(Aexp[� ax2])
�

=
d
dx

�
� 2ax(Aexp[� ax2])

�

= � 2a(Aexp[� ax2]) + ( � 2ax)( � 2ax)(Aexp[� ax2])

= ( 4a2x2 � 2a)(Aexp[� ax2]) = ( 4a2x2 � 2a)  (x):

� Therfore Schrödinger says

�
~2

2m
d2 
dx2 + U = E 

�
~2

2m
(4a2x2 � 2a)  (x) +

1
2

kx2  (x) = E  (x)

a~2

m
+

�
1
2

k �
2a2~2

m

�
x2 = E
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Harmonic oscillator II
Again,

E =
a~2

m
+

�
1
2

k �
2a2~2

m

�
x2

This must be valid forany x. The only way we can do that is to have�
1
2k � 2a2~2

m

�
= 0 giving

a =

p
km

2~

for thex2 term. With thex2 term always zeroed out, we have

E =
a~2

m
=

p
km~2

2~m
=

1
2

~

r
k
m

after using thex2 term solution fora. If we de�ne ! �
p

k=mas in the
classical solution, we have

E =
1
2

~!: (Serway Eq. 6.28)
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Harmonic oscillator III
� Again, classically the maximum excursion from equilibriumis

xextremum= �
p

2E=k. Plug in our energy solution of

E = 1
2~

q
k
m:

xclassical extremum= �

vu
u
t

~

q
k
m

k
= �

s
~

p
km

In other words, the classical result con�nes the particle within a
de�nite boundary. The quantum mechanical solution

 = Aexp[�

p
km

2~
x2]

does not! In fact, if we plug in classical extremum we have

 (xclassical extremum)
 (x = 0)

=
Aexp[�

p
km

2~
~p
km

]

A
= exp[� 1=2]

so the probability is down byj j2 = exp[� 1] = 0:37 relative to the
probability of being in the center.
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Harmonic oscillator IV
There are other solutions beyond

 = Aexp[�

p
km

2~
x2]:

If we write the Schrödinger equation as

�
~2

2m
d2 
dx2 +

1
2

kx2 = E ;

we can make some substitutions: � �
p

m!= ~, � � � x,
� (� ) �  (x), and� � 2E=(~! ). With these substitutions, the
derivative becomes

d
dx

� d
dx

 (x)
�

=
�

d�
dx

� 2 d
d�

� d
d�

� (� )
�

= � 2 d2� (� )
d� 2

and the Schrödinger equation becomes

�
d2� (� )

d� 2 + � 2� (� ) = � � (� )

zeta=� , xi=� , eta=� , beta=�
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Harmonic oscillator V

� The equation

�
d2� (� )

d� 2 + � 2� (� ) = � � (� )

is known in the differential equations literature as Weber's
equation. The solutions that satisfyj j ! 0 asx ! �1 are
� (� ) = H(� ) exp[� � 2=2] with H(� ) being polynomials, as you will
learn in PHY 306.

� The �rst few polynomial solutions are

H0 = 1; H1 = 2�; H2 = 4� 2 � 2; H3 = 8� 3 � 12�;

� TheH0 result is� (� ) = 1 exp[� � 2=2] which becomes

 (x) = exp[�
m! x2

2~
] = exp[�

m
p

k x2

2~
p

m
] = exp[�

p
km x2

2~
]

which is what we already found!
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Harmonic oscillator solutions

Krane
Fig. 5.11:
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Harmonic oscillator energy
solutions

� If we were to plug the various solutions of� (� ) = H(� ) exp[� � 2=2]
back into the Schrödinger equation, we would �nd energy solutions
of

E = ~! (n +
1
2

) with n = 0; 1; 2; : : : (Serway 6.29)

� Remember that the harmonic oscillator problem is a good �rst
approximation toanyground state problem.

� What does this say about motion at zero temperature?
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Motion at zero temperature

� Zero temperature doesnotmean that all molecular motion has
ceased!

� It just means that all atoms are in their ground state. But if the
electric �eld of the crystal lattice de�nes an equilibrium position
for each atom, then there is (to �rst approximation) a harmonic
oscillator potential associated with this restoring force!

� The lowest energy state of a harmonic oscillator is not zero,but
E = ~!= 2!
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