PHY 251 Fall 2009: homework problem set 8, due in the PHY 2% dirox in room A-129 by
noon on Friday, Nov. 13.

1. Serway 8.7
Answer: This problem is separable, in that one can solve the Samgédiequation for each
dimension separately. Let's assume

U(z,y,2) = A 81n(n17rL—1) sm(ngwl%) 81n(n37TL—3)

and integrate to normalize:

Ly T Lo Y L3 z
1= A2 [/ sin®(nym—) dx] [/ sin?(nym =) dy| [/ sin®(nam—) dz]
2=0 Ly y=0 Ly =0 Ls

Now all three integrals have identical form. Let’s solve fousinga = nymw/L;:

L1 ] 2 r=L1
/x:o sin(ax) dr = [g - smiaax) »
B [& B sin(2n17rL1/L1)] B [9 _sin(2ny70/Ly)
N 2 4”177'/[/1 2 47117T/L1
ik L
= [Z-0-0-0==
becausein(2n,7) = 0 andsin(0) = 0. We thus have
Ly Ly Ls
l=A2— =2
2 2 2

orA = \/8/(L1L2L3).

2. Write out the full wavefunction) for the 2p state of hydrogen witll., = —h. What's the
Bohr model energy for this state?
Answer: The2p state withL, = —h hasn = 2, ¢ = 1, andm, = —1, so the wavefunction is

_ my=—1 (2 )3/2 R e N - I +ip
=Ry (r)Y, 27 (0,0) = <2a0 N e 5\ 2 sin(f) e
where we have used Table 8.4 on p. 280/&)F(r) and Table 8.3 on p. 269 faf," (0, ¢).

3. Calculate numerical values for the net angular momenaumchfor all possiblé axis angular
momenta, for th@p and4d states of hydrogen.
Answer: The2p state has = 2 and/ = 1, with m, = —1, 0, +1. Numerical values are

L] = hJ0(+1) = (1.055 x 107 J-9),/1(1 +1) = 1.492 x 107** J- s

andL, = {—1,0,1} - 1.055 x 10734 J- s. The4d state has: = 4 and/ = 2 with m, =
—-2,—-1,0,1,2,s0

|L] = iyJ0(0 + 1) = (1.055 x 107°* J-5)4/2(2+ 1) = 2.584 x 107** J-s

andL, = {—2,—1,0,1,2} - (1.055 x 10734 J- s).
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4. Serway 8.19
Answer: | “unassigned” this problem!

5. Calculate(r), (r?), ando, for the2s state of hydrogen.
Answer: The2s state of hydrogen has= 2, ¢/ = 0, andm, = 0, so the wavefunction is

Z\3? Z 1/3
V= Rar)Y0.0) = (5-) (2= 5 ) et 5@ cos(8).

Now sincey = R(r)Y (0, ¢) is separable, we can separately integrate out¢he) depen-
dencies; in fact, since the spherical harmonics are alreadyalized, their integral gives 1.
The volume element of integration in spherical coordin&esdr, so we have

(r")y = /r:oo " R2,(r) r* dr

0o 3 2
_ / T2+n (i) (2 . ﬁ) e—ZT/(lO dr.
r=0 2&0 Qg

Now letx = (Z/ag)r sor = (ap/Z)x anddr = (ay/Z)dz. We also then have

2-")P=02-2)*=4—4r+27).

Qo

The integral then becomes

Z 3 24n 00
") = (2_%) (aZO) aZO 2 (4 — 4o 1 2?)e di

1 Qag ) n o0 9 _ o) B oo 3
— (== 4 / +n :vd o 4 / 3+n :vd + / 44+n :vd
3 ( 7 { o X e X o x e X o X e JZ‘}

with n = 1 for (r), andn = 2 for (r?). Now the definite integrals are of the form
/OO " e " dr = T'(2) = (» — 1)! for positive integer:
0
so we have
1 00 00
ry = = (a_> [4/ x4_1e_‘cd1’—4/ x5_1e_xdx+/ xﬁ_le_xdx]
8\Z 0 0
3!

= <7143 —4(a) + (5] = (24 - 96 +120] = 67

and

1/a

2 _ (% -1 et -1 e -1 et
<T>_8<Z)[4/0 dx — 4/ dm+/ dx}
2
— %0 g | ! -

Y [4(4!) —4(5!) + (61)] = 822 9196 — 480 + 720] = 4% Z2'

Finally we have forZ = 1 with hydrogen the result
o, = \/< )2 = \/42a0 (6ap)? = V6ag = 2.45q,

so we have a very broad distribution with) = 6a ando, = 2.45q.
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6. Serway 8.23
Answer: In the problem, they usk for 1/(47ey) in the Coulomb force law, so I'd rather do

what we did in lecture 8 and write

4= 4mey he

a. Numerical evaluation of the inverse (inputting all mkgsjgives

1 _ dmeohe _ 4m(8.854 x 1071%)(1.055 x 10 - (2998 x 105) _

o e? (1.602 x 10-19)2

b. The classical electron radius is
€2 €2 h 1
dregmec®  dmweghc mec 2m

Te

where in the last step we have put in both the fine structurstaatty and the Compton
wavelength\o = h/(m.c). Therefore we can write the ratiy: /7. as
A A 2
2C © ——W:27r~137.

=—3 =
Te as-Ac o

c. The Bohr radiugy is

B dreh®  Ameghe h 11 h 11
CLO f— = == -

mee? e mec  a2rm.c a2

so the ratio of the Bohr radiug to the Compton wavelengtky is given by

11
W a3gC L 1T
Ao Ao 2rae 2w

d. The Rydberg wavelengtlty R, is defined by

1 he mee?
—_— == with Ey= ——
R  E 07 8h2e2

SO we can write

1 _ hc 8h?el _ <47T€0h0>2 5 h 3)\0

R meet e2 m.C a2

and find that the ratio of the Rydberg wavelength to the Botiiusais

2
Ve _ a2 _ A7 40 437
a 11 a

——Ac

21

Soa is a nice way to deal with some common constants.
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7.

10.

Serway 8.26
Answer: Bohr radii are given by, = agn®/Z% or r,—, = 4ay. The probabilityP(r’) of
being within a given distance of » = 0 is given by

which with Z = 1 for the2s wavefunction is

4aq, 1 3/2 2
Pyy(4ag) = /T:OO l(2—a0) <2 — a%) e_’”/Q“O] r2dr.

Now usex = r/aq Ofr r = apx anddr = agdzx to write this as

1\? 4 4
Pys(dag) = (2—%) a /x:0x2(2—x)2e_mdx

1 4 2 2 _—
= = x5 (2 —x)%e "dx
8 Ja=0
which we can solve with Maple as
evalf((1/8) *int(xX"'2  *(2-x)"2  * exp(-x),x=0..4)); =0.176. For thep state
we have (again using = r/ay)

4ag 1N\ »r 2
P2p(4a0) = /TZO [(2_%> \/gaoe r/2ao‘| r2 dr

1\*1 4 1
= (—) —ag/ e " dr = — e " du.
2a9/) 3 =0 24 Ja=0

which we can solve with Maple &valf((1/24) *int(x’4  *exp(-x),x=0..4)); =0.371.
We therefore see that thxe electron spends only 17.6% of its time inside the Bohr radius
while the higher excitedp state spends 37.1% of its time inside the Bohr radius.

Serway 9.4

Answer: An electron in th&d subshell has = 3andl = 2. Itcan haven, = {—2,—-1,0, 1,2}
and for eachn, it can havem, = {—1/2,+1/2}. In the 3p subshell we have = 3 and
¢ =1,som, ={-1,0,1} and for eachn, we can haven, = {—1/2,+1/2}.

Serway 9.11
Answer: For ad electron, we havé = 2 andm, = {—2, —1,0,1,2}. The values foy are
j=C0+my={2+12-1}orj={5 3}

Serway 9.12

Answer:

(@) Forn = 7,¢ =4, andj = 9/2 we havem, = j — { = +1/2. This is a7g, , State.

(b) Forn = 6 and/ = 5, we havem, = {—1/2,+1/2} so we can either haveth,,, or a
6h11/2 state.



11. Serway 9.21
Answer: For problems 9.21 and 9.22, it is helpful to look at Fig. 9.08%0321. It shows how
it is energetically more favorable for quantum states tdiget! in a way in which unpaired
“up” electron spins are loaded first. This is in essence whatd*$ rules dictate. Therefore
our answer is as follows:

a. Oxygen has 8 electrons in the configuratiefs?2p*

b. Orbitals are filled in energy order. To find how orbitalsiwtihe same energy are filled,
we need to follow Hund'’s second and third rule (which haveasdtisfied in numerical
order):

2. The lowest energy atomic state is the one which maximizeddtal spinS =
> ms. This means shells of the same energy are filled with= +% first.

3. The lowest energy atomic state is the one which maximtzesatal angular mo-
mentumL = >~ m,. This means if several constellations with maximum totad sp
S are possible, the shells with highest magnetic quantum eusab, are filled
first.

This leads to the following sets of quantum numbers:

n 1 1 2 2 2 2 | 2 2
14 O] 0| 0O 1 1 1 1
mg| O] O] 0] 0| +1| 0| -1]+1
A A A S A AR

12. Serway 9.22
Answer: The notation of [Ar] means the electronic configuration ajar. Consulting the
periodic table in the back of Serway, which lists electromf@urations, we see that Ar
has its last electrons in ti° configuration which really meaniss?2s%2p%3s%3p° giving
2+2+6+2+6=18 electrons which of course makes sense for #kr fi= 18. An electron

configuration of [ArBd*4s? means that 4+2=6 electrons are added onto the 18 electrons of

Ar, so for a neutral atom we must have= 24 or Cr (chromium). Now in al orbital we
havel/ = 2 andm, = {-2,—1,0, 1,2} or five possible states which can be filled in with
ms = +1/2, and in as orbital we have/ = 0 andm, = 0 or only one possible state which
can be filled in withm, = +1/2. Therefore [ArBd®4s' can be filled with allm, = +1/2
spin electrons, while [Afd*4s* must be filled with bothm, = +1/2 andm, = —1/2
electrons in thels orbital. Since the3d and4s orbitals have similar energy (see the state
ordering in energy on the bottom of Serway p. 321), it turnstolbe more energetically
favorable (lower energy) to have [Ad°4s’.



