Coupled oscillators: from 2 to oodles

=

e Now each oscillator experiences a force from a neighbor oh sale. We’'ll assume that the

Let’s move from two coupled pendulums 6 coupled oscillators.

coupling between oscillators is dominant, and talk aboemrtibeing on a string with tension
T.
e \We'll index each oscillator with an integerfor position.

e Each position will be a distanageapart along the axis, df along the string.

—-—n. 1/



Oodles |

Angles between points:

(1) oap-1 Itan1<yp _eyp1> ~ Yp — Yp—1

What's¢’'? we can write

(2) vt ¢ ~ (1 + a?/2)

cosa  1—a2/2

Sol — ¢ = £a? /2. We'll ignore o? effects throughout. If

¢’ ~ ¢, then the tensioff’ on each point is the same.

o
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Oodles Il

Since the tension is independentcofin the limit

a? < 1), we sayT is a constant.

Net force inx onp:

Fr = —Tcosap_1+Tcosayp
2 2
Qs o
~ T(-1+ -2 1- -2
(—1+ 22 41— 22
T
(3) o~ 5(04129—1—04129)

Since this depends am?, we will ignore this force;

each point stays at a constant positign
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Oodles Il1

Consider now the net force it

Fy = —Tsinap_1+Tsinayp

2

T(op — Op—1 )

T

z(prrl —Yp — Yp +Yp—1)

2

(4)

2

T
z(_2yp + Yp+1 + yp—l)

where we have made use of the result of Eq. 1 of

Yp — Yp—1
/
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Oodles IV

We have found that we can ignofg., so thatr,, is a constant. In thg direction, the net force of

Eq. 4 produces acceleration:

d?y T
dt2p = z(—2yp + Yp+1 +Yp—1)
ml d?y
) T dt2p +2yp — (Yp+1 +yp—1) = O

We have a puzzle here: we have a differential equatig)irbut it is also coupled to neighboring
positionsy,—1 andy,41. Still, this looks enough like a harmonic oscillator that wiédl assume that

we are looking for solutions of the forgy, = A,e*?, in which case Eg. 5 becomes

me , . .
(6) . wQ? pezwt 4+ 2Apezwt 4+ (Ap—|—1 4+ Ap_l)ezwt —0
We see that? has the same dimensionsBg(m/), so we will make the definition

0 4= -
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QOodles V

With the definition of Eq. 7 ofo2 = T'/(m¥), we can rewrite Eq./5 as

d? Yp

qi2 + 2“}8910 - W(%(yprl +yp-1) =0

(8)

If we return to our assumption @f, = A,e'*?, this becomes

— w2 A et 4 2wE Ape™t — w%(Aerl + Ap_l)eiw =

or  (—w®+2w5)Ap —wi(Aps1 + Ap_1) =

(9) or (—w’+2wi)Ap =
This gives us the relationship

Ap_l -+ Ap_|_1 B —w? + 2(4)8

10 —
(10) A, 2

o

w(% (Ap+1 + Ap—l)
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Oodles VI

Let’s think again about the relationship between amplisugfesuccessive points:

I I I I I I
Let’s test a reasonable guess for the relationship betwegfitades of successive points:
A, = C'sin(p#). That is,6 is an increment of amplitude from one point to another foraading
wave solution, as we’ll see later. If we consider a standiagewvith fixed ends such that,—o = 0
andA,—n1 = 0, we can say thatNV 4 1)0 = nm with (n = 1,2, 3,...) and thus write the

amplitudeA, as
pnT
N +1

o -
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(11) Ap =Ch sin< ) withn =1,2,3,...



Oodles Vi

With the assumptiotd, = C'sin(p68), we have

Ap—1+Apy1 = C _sin((p — 1)9) -+ sin((p + 1)9)}

= C _sin(pG) cos(—0) + cos(pf) sin(—0) 4+ sin(pf) cos(0) + cos(ph) Siﬂ(@)]

= C _sin(pG) cos(6) — cos(ph) sin(0) + sin(ph) cos(0) + cos(pbh) sin(@)]
= 2C'sin(pf) cos(0)

(12) = 2Ap,cos6

where we have used the trig identity tdn(a + ), andcos(—6) = cos(#), and
sin(—60) = — sin(#) to reproduce French Eq. 5-21. If we now use the re@NlIt- 1)6 = n arrived
at before Eg. 11, and Eqg. 10, we have

A,_1+ A —w? 4 2w?
(13) pl ¥ Apil W —Z ©o _ 2cos< nr )
Ap w§ N +1
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Oodles VI

Again, we had from Eq. 13 the result

Ap_l —I—Ap_|_1 _ —w2—|—2w(2) ZQCOS< n )

Ap a w% N +1

Let’s defined = nw /(N + 1) and solve for the variable frequency

—w? 4208 = 2wicosf
w? = 2wi(1—cosp)
_ 4w8 1 —cosp
2
=  4wd sin2(é)
2
(14) w = 2wp sin(g) = 2wp sin<2(]\7—:_1))

were we have made use of the trig identity? 3/2 = (1/2)(1 — cos 3) in arriving at the final resuilt.
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Oodles IX

What hath we wrought? We have from Eq. 11

- [ pnm \
= A, et = (O, sin et
R

and from Eq. 14 the result

. nm . n T )
Wy, = 2wo SlIl(— = 2wg sin — withn =1,2,3,...
2(N +1) N+1 2

so we should really write the position of thEh particle asy,n, (t). Now let us consider the
frequencies allowed by Eqg. 14. If we increasérom 1 up tolN + 1 (the number of oscillating points,
becaus goes from 0 taV + 1), we will have unique values af,,. However, whem goes to

N + 2, we have
N+2 N+1, 1
N4+1 N4+1 N4+1

but sincesin(w/2 + ) = sin(w/2 — ), we’ll have the same result for Eq./14 far= (N 4+ 1) + 1

sforn = (N + 1) — 1. Thatis, we have only. = 1,2, ..., N + 1 unique frequencies.
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Oodles X

We have determined that we have only= 1,2, ..., N + 1 unique frequencies in the result of
Eq. 11 of

Ypn (t) = Cp, sin ( ]\I;Z—Wl > elwnt

In fact, whenn = N + 1, the amplitude i€y 1 1 sin(p7), and sincep is an integer the amplitude for

n = N 4+ 1 is zero. (Well, duh; this was built into our assumption th&t+ 1)6 = nm when arriving

at Eq. 11). So really we have onty= 1, 2, ..., N unique frequencies with non-zero amplitude.

Also, just as we found that there are oyunique frequencies, the same argument applied to the

ampltudes again shows that there are a¥lynique results. We've learned something important:
N oscillators between fixed points haveéV allowed modes of oscillation

and we should write Eq. 11 as

pnT

(15) Ypn (t) = Cp, sin < N1

o -
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)aiwnt withn =1,2,..., N



Standing waves

Again, we have Eq. 15 of

pnT
N +1

Ypn (t) = Ch, sin elwnt withn=1,2,...,Nandp=0,1,..., N +1
p

Let’'s consider thes = 1 case:

7'(') ezwl t

Each pointp oscillates at the frequency; with an amplitude of”; timessin 8 with 8 going from 0

. p
— (1 sin
Yp1l 181 (N

to 7. This is a standing wave with maximum amplitude in the ceffeench Fig. 5-13).

P 27r> glwat
1

which goes likesin 8 with & = 0 — 2. We have a node in the middle (French Fig. 5-14). Get the

Then = 2 case looks like

= (J9 sin
Yp2 2 (N

pattern?

—n. 12/



Strings to springs

Let’s now considep = 1, 2, ..., N massesn coupled by springs with spring constant= mwg
(pointsp = 0 andp = N + 1 will be fixed points at either end of the system). kgtrepresent the
displacement of each point from its equilibrium positiomeTorce that a point feels is given by the

relative spring force it feels from each side:

d2yp
2 = ket —yp) — ke —yp-1)
d2yp k
2 = (=2t ypr1+yp-1)
d?y
dt2p + 2“‘)(%3/29 - wg(yp—l—l +yp—1) = 0

This is exactly the same mathematical form as we had in Eqn 8idt case we had2 = T/(m¥),
while now we havevs? = k/m; and we interpreteg,, as the vertical displacement of a string
stretched horizontally rathe than the displacement froongitudinal equilibrium position, but

everything we've done above also applies to a serig$ ofasses coupled by springs.

o -
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Oodles of oodles

Let’s consider the case of very large values\af For standing waves on a string, the total length of
the string isL = (INV 4 1)¢ and its total mass i8/ = Nm with a mass per unit length @f = m/I.

Now our spectrum of allowed frequencies was given by EqQ. 14 as

5 , nm
Wn = 2w sin| ————
eV 1)

which in the limitn < N becomes

2

Wn

2/T nm

mé 2(N + 1)

T nim _ T nm
m/LON+1) \ pu L

We see that heavier strings have lower frequencies for tine $angth and tension, which tells us

2

(16)

about things like how to build guitars and pianos.

o -
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Frequency cutoff

The highest mode is with = N, which from Eq. 14 gives in the limitv > 1

2wp si N owosin( =) ~ 2
w = zwoSsS1In| — ~ ZwWo SIn| — ~ ZW
n 0 2N +1) 0 5 0

What does the motion look like at this frequency? We had framlbs the result of

, pnT o t , pNT
Ypn () Sm(N+1)e IpN NSln<N+1>
) pT
= (C —
Ns1n<p7r 1)

so the position of each successive pgirfitas an opposite sign.

o
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