
Review: coupled oscillators

Recall that we considered two coupled oscillatorsA andB which individually had the same

resonance frequency! 0 . The differential equations for their motion were

d2xA

dt2
+ ( ! 2

0 + ! 2
c )xA � ! 2

c xB = 0(1)

d2xB

dt2
+ ( ! 2

0 + ! 2
c )xB � ! 2

c xA = 0(2)

which together reproduce French Eq. 5-4. We spoke ofq1 � xA + xB for a common modemotion at

the frequency! 0 , andq2 � xA � xB for a differential modemotion at the frequency

! 0 =
q

! 2
0 + 2 ! 2

c , where! c is the resonance frequency for the coupling between the two oscillators

A andB if we were to ignore their own individual restoring forces giving rise to their individual

resonances at! 0 .
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Displacement ofA by A0

Recall that we then considered displacement of once oscillator byA 0 while the other was held at

equilibrium. This led to solutions for the motion of

xA =
1
2

A 0(cos ! 0 t + cos ! 0t )(3)

xB =
1
2

A 0(cos ! 0 t � cos! 0t )(4)

which could also be written as beat frequencies

xA = A 0 cos
�

! 0 � ! 0

2
t
�

cos
�

! 0 + ! 0

2
t
�

(5)

xB = A 0 sin
�

! 0 � ! 0

2
t
�

sin
�

! 0 + ! 0

2
t
�

(6)

= A 0 cos
�

! 0 � ! 0

2
t �

�
2

�
cos

�
! 0 + ! 0

2
t �

�
2

�
(7)
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Exploring coupled oscillators further

Let's step back from what we know and consider motion at some arbitrary frequency! according to

xA = Cei!t

xB = C0ei!t

Let's insert these assumed solutions into Eqs. 1 and 2:

d2xA

dt2
+ ( ! 2

0 + ! 2
c )xA � ! 2

c xB = 0

d2xB

dt2
+ ( ! 2

0 + ! 2
c )xB � ! 2

c xA = 0

This gives

(� ! 2 + ! 2
0 + ! 2

c )C � ! 2
c C0 = 0(8)

� ! 2
c C + ( � ! 2 + ! 2

0 + ! 2
c )C0 = 0(9)
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Coupling I

The result of Eq. 8 of

(� ! 2 + ! 2
0 + ! 2

c )C � ! 2
c C0 = 0

gives

C
C0

=
! 2

c

� ! 2 + ! 2
0 + ! 2

c
(10)

while the result of Eq. 9 of

� ! 2
c C + ( � ! 2 + ! 2

0 + ! 2
c )C0 = 0

gives

C
C0

=
� ! 2 + ! 2

0 + ! 2
c

! 2
c

(11)

Thus we must say

! 2
c

� ! 2 + ! 2
0 + ! 2

c
=

� ! 2 + ! 2
0 + ! 2

c

! 2
c

(12)
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Coupling II

Again, we had Eq. 12 of

! 2
c

� ! 2 + ! 2
0 + ! 2

c
=

� ! 2 + ! 2
0 + ! 2

c

! 2
c

which gives

(� ! 2 + ! 2
0 + ! 2

c )2 = ( ! 2
c )2

� ! 2 + ! 2
0 + ! 2

c = � ! 2
c

! 2 = ! 2
0 + ! 2

c � ! 2
c

so we must have two solutions for! :

! 02 = ! 2
0 + 2 ! 2

c

! 002 = ! 2
0

What have we learned from this? Nothing, and everything.
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Coupling III

Our solutions of

! 02 = ! 2
0 + 2 ! 2

c

! 002 = ! 2
0

are of the same form as what we found for aparticular problem of displacingA and letting things go.

We have now seen that these aregeneralsolutions. Let's go back to Eq. 10 of

C
C0

=
! 2

c

� ! 2 + ! 2
0 + ! 2

c

and insert! 2 = ! 02 = ! 2
0 + 2 ! 2

c :

C

C0
=

! 2
c

� ! 2
0 � 2! 2

c + ! 2
0 + ! 2

c
=

! 2
c

� ! 2
c

= � 1
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Coupling IV

Let's also try! 2 = ! 002 = ! 2
0 in Eq. 10:

C

C0
=

! 2
c

� ! 2 + ! 2
0 + ! 2

c
=

! 2
c

� ! 2
0 + ! 2

0 + ! 2
c

=
! 2

c

! 2
c

= +1

Again, we have eitherC=C0 = +1 or � 1. Our general equations of motion must always have the

same magnitude sincejCj = jC0j , though the differential motion at! 0 can have a+1 or � 1 sign

associated with it. We can in general write solutions for coupled oscillators of

xA = Cei! 0 t and xB = Cei! 0 t(13)

for common mode motion, or

xA = De i! 0t and xB = � De i! 0t(14)

Because our original differential equations of motion wereall linear, we can also have sums and

differences of these two solutions.
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Coupled, forced I

Let's now consider coupled oscillators with a driving forceapplied to oscillatorA :

m
d2xA

dt2
= � m! 2

0 xA � k(xA � xB ) + F0ei!t(15)

m
d2xB

dt2
= � m! 2

0 xB + k(xA � xB )(16)

AB F0e
iwt

Dividing through bym, using! 2
c = k=m, and rearranging gives

d2xA

dt2
+ ( ! 2

0 + ! 2
c )xA � ! 2

c xB =
F0

m
ei!t(17)

d2xB

dt2
+ ( ! 2

0 + ! 2
c )xB � ! 2

c xA = 0 :(18)
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Coupled, forced II

Again, we had Eqs. 17 and 18 of

d2xA

dt2
+ ( ! 2

0 + ! 2
c )xA � ! 2

c xB =
F0

m
ei!t

d2xB

dt2
+ ( ! 2

0 + ! 2
c )xB � ! 2

c xA = 0 :

Let's �rst add these two equations:

d2xA

dt2
+

d2xB

dt2
+ ( ! 2

0 + ! 2
c )( xA + xB ) � ! 2

c (xA + xB ) =
F0

m
ei!t(19)

And let's subtract them:

d2xA

dt2
�

d2xB

dt2
+ ( ! 2

0 + ! 2
c )( xA � xB ) + ! 2

c (xA � xB ) =
F0

m
ei!t(20)
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Coupled, forced III

Again, we had Eq. 19 of

d2xA

dt2
+

d2xB

dt2
+ ( ! 2

0 + ! 2
c )( xA + xB ) � ! 2

c (xA + xB ) =
F0

m
ei!t

If we again useq1 � xA + xB we obtain

d2q1

dt2
+ ! 2

0 q1 =
F0

m
ei!t :(21)

And we had Eq. 20 of

d2xA

dt2
�

d2xB

dt2
+ ( ! 2

0 + ! 2
c )( xA � xB ) + ! 2

c (xA � xB ) =
F0

m
ei!t

If we again useq2 � xA � xB and! 02 � ! 2
0 + 2 ! 2

c , we obtain

d2q2

dt2
+ ! 02q2 =

F0

m
ei!t(22)
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Coupled, forced IV

Again, we have from Eqs. 21 and 22

d2q1

dt2
+ ! 2

0 q1 =
F0

m
ei!t and

d2q2

dt2
+ ! 02q2 =

F0

m
ei!t

To quote Yogi Berra, “it's like déjà vu all over again.” We'vesolved differential equations of this form

when we considered the driven harmonic oscillator! We foundsolutions that look likeq = Cei!t ,

which when inserted into the differential equations above give

(� ! 2 + ! 2
0 )Cei!t =

F0

m
ei!t

� ! 2 + ! 2
0 =

F0

mC

C =
F0=m

! 2
0 � ! 2

(23)
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Coupled, forced V

Again, our solutions to Eqs. 21 and 22 look likeq = Cei!t with C given by Eq. 23:

C =
F0=m

! 2
0 � ! 2

or jCj and'
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Coupled, forced VI

These were solutions for the individual modes of motion: common modeq1 � xA + xB at frequency

! 0 , and differential modeq2 = xA � xB at frequency! 02 = ! 2
0 + 2 ! 2

c . So let's look at the net

motion ofA :

xA = Ae i!t =
1
2

(q1 + q2 ) =
1
2

(Cei!t + De i!t )(24)

xB = Be i!t =
1
2

(q1 � q2 ) =
1
2

(Cei!t � De i!t )(25)

so we �nd

A(! ) =
F0=m

2

�
1

! 2
0 � ! 2

+
1

! 02 � ! 2

�

=
F0

2m

�
(! 02 � ! 2 ) + ( ! 2

0 � ! 2 )

(! 2
0 � ! 2 )( ! 02 � ! 2 )

�

=
F0

2m

�
! 2

0 + ! 02 � 2! 2

(! 2
0 � ! 2 )( ! 02 � ! 2 )

�
(26)

B (! ) =
F0

2m

�
2! 2

c

(! 2
0 � ! 2 )( ! 02 � ! 2 )

�
(27)
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Combined motion

French Fig. 5.8, showing the amplitudes of the oscillatorsA(! ) andB (! ).
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