Review: coupled oscillators

Recall that we considered two coupled oscillathrandB which individually had the same

resonance frequendyy. The differential equations for their motion were

d?x

(1) dtzA +(1g+1xa léxg = O
2

(2) ddi):(ZB +( | 8 + | g)XB | XA = O

which together reproduce French Eq. 5-4. We spoks of xa + Xxg for acommon modenotion at
the freqquency o,andgy Xxa Xxpg for adifferential modemotion at the frequency

10=" | 8 +21 2, where! ¢ is the resonance frequency for the coupling between the seifiators
A andB if we were to ignore their own individual restoring forcesigg rise to their individual

resonances atg.
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Displacement oA by Ag

Recall that we then considered displacement of once osxiltley Ao while the other was held at

equilibrium. This led to solutions for the motion of

1

(3) Xa = =Ag(cos! gt +cos! %)
1

Xg = EAo(cos! ot cos! %)

(4)

which could also be written as beat frequencies

10 10+ 14
(5) Xa = Apcos t cos t
. 10 ) !0+!o
(6) Xxg = Agsin t sin t
10 1 04 1
= Agcos % _ cos O _
2 2

(7)

o
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Exploring coupled oscillators further

Let's step back from what we know and consider motion at sorograry frequency according to

XA = Ce'”

Xg — CoeI!t

Let's insert these assumed solutions into Egs. 1 and 2:

dczj;(zA F(1E+1xa 'ixg = 0
dz;(zB +(1g+18xe !'éxa = O
This gives
(8) (12+12+15Cc 12¢c® = o0
(9) 12Cc+( 12+12+159Hc = o
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The result of Eg. 8 of

gives

(10)

while the result of Eq. 9 of

gives

(11)

Thus we must say

(12)

o

Coupling |

(12+13+123Cc 12c’=o0

| 2
*C

C
CO 12412412
12C+( 12+12+129CcY%=0

2 2 2

C 124+ 18+ 12
0 2
C | 2

2 2 2 2
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Coupling Il

Again, we had Eq. 12 of

2 2 2 2
I & _ e+ 15+ 18
2 2 2 2
e+ 15+ 18 I &
which gives
2 2 V2 _ 212
(! +!O+!c) - (!c)
2 2 2 _ 2
Lo+ ! o™t ! c - ! c
12 = 12+12 172
so we must have two solutions fbr.
® _ 2 2
! = 15+21¢
| O@ — | 2
H - H O
What have we learned from this? Nothing, and everything.
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Coupling 111

Our solutions of

are of the same form as what we found fgraxticular problem of displacingh and letting things go.

We have now seen that these gameralsolutions. Let's go back to Eq. 10 of

2
c_
0 2 2 2
C e+ 1o+ 1€
andinsert 2=1®=12+212:
2 2
S: !C = IC’: 1
CO | 2 2!g+|2+|2 |§
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Coupling IV

Let's alsotry! 2 =192 =1 2in Eq./10:

| 2 | 2 |
_ s _ s I

C
CO 12412412 12412412 |

ONION
1
+
=

Again, we have eithee=C%=+1 or 1. Our general equations of motion must always have the
same magnitude sing€j = jCY, though the differential motion &t° can have a1 or 1 sign

associated with it. We can in general write solutions forpted oscillators of
(13) xa = Ce' ot and xg = Ce" of

for common mode motion, or

il O il O

(14) xa = De and xg = De

Because our original differential equations of motion waltdéinear, we can also have sums and

differences of these two solutions.
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Coupled, forced |

=

Let's now consider coupled oscillators with a driving foaggplied to oscillatoA :

2 .
15 mdXa — 2xn  k(xa Xpg)+ Foe't
dt2 0
d2
(16) m d;‘f = m!2xg + k(Xa Xg)

BI AAAAAAA .A F e
Dividing through bym, using! 2 = k=m, and rearranging gives

Fo .
_eI!t
m

(18) 7 +(153+12xg !2xa = O:
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Coupled, forced Il

Again, we had Eqgs. 17 and 18 of

DX (512 12 = oo
dZIi(zB 1§+ 9xe 'éxa = 0
Let's rst add these two equations:
a9 L DX gt xe) 20wt e) = e
And let's subtract them:
(20) dZi(ZA dZ:ZB +(1E+10)(xa xg)+ 1E(Xa Xg)= -

o

Fo .
_e|!t
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Coupled, forced Il

Again, we had Eq. 19 of

dZXA dZXB

Fo .
ot g TGO+ xe) 1 E(xa + xe) = e
If we againuse; Xa + Xg we obtain
d? 0
&1 -+ 13 = e
And we had Eg. 20 of
dZXA dZXB Fo .
7 g TG IDMxA xe)+ ik xp)= et
If we againusep xa xg and! ® 12+212 we obtain
d2q2 ® |:0 it
(22) + 1 5= —¢€

. " " -
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Coupled, forced IV

Again, we have from Egs. 21 and 22

d?on
dt?

2
d°gp +1 @ = @ei!t

dt2 m

+ 1 - F e and
r ot m

To quote Yogi Berra, “it's like déja vu all over again.” We'sslved differential equations of this form
when we considered the driven harmonic oscillator! We fosmidtions that look likeg = Ce''t |

which when inserted into the differential equations abave g

( | 2 + | S)Cei!t — iei!t
m
| 2 + | 2 = i
0 mC
_ Fo:m
(23) C = s
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Coupled, forced V

Again, our solutions to Egs. 21 and/22 look lige= Ce'"t  with C given by Eq! 23:
Fo=m .
C = |20—|2 orjCj and'
. O .
50 _
= 40} 30t
$ : 2.5F
N : :
= 30 ~ 2.0F
=, 20k = 1.5}
n 5 :
@) s 1.0F
© :
0.5:-
OO T | nannannas REEELL T T 1
08 09 10 11 12 1.3 08 09 10 11 1.2 1.
W/w, W/w,
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Coupled, forced VI

These were solutions for the individual modes of motion: own moday;  Xa + Xg at frequency

I o, and differential modep = Xxp

motion ofA:
(24) Xp =
(25) Xg =
sowe nd

A(l)
(26)

L(Z?) B(!)

Aei!t

Bei!t

xg atfrequency © = 12 +21 2 Soletslook at the net

1 1 . .
= S(@m+ @)= S(Ce" +De™)
1 1 . .
= 5@ @)= S(Ce"  De™)
Fo=m 1 1
2 12 12 1@ 2
Fo (1® 12)+(13 172
2m (2 1y e 12
Fo d+ 1@ 212

|
2m (13 1)@ 12
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Combined motion

French Fig. 5.8, showing the amplitudes of the oscillafofs) andB (! ).
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