The driven harmonic oscillator

No, by “driven” we do not mean “determined...” Let's congid@& object with a linear restoring force

and an extra force which is driving it in an oscillatory fastni

d2$ 1wt
mﬁ = —kx + F()e
d? :
(1) mﬁf + kx — Fpe™? = 0

While the undriven object might have its own resonance feegywo = /k/m, we're exciting its
motion at a (possibly) different frequencyso we’ll seek solutions involving this frequency, or trial

solutions ofr = Ce**t+%, Putting this into Eq. 1, we have
2 FO rwt+
(2) (—w*m+k — E)C’e ¥ =0.
This must be true at all times which means the terms in parenthesis must be zero or

u3) —w2m—|—k—%20 J
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Driven harmonic oscillator Il

Again, we required Eqg./ 3 or

F
D) 0
w m C—

so that motion with a driving force af’'e’“*+* has an amplitude

@) c=_to _ Fo/m

k — mw? wo—wQ'

Are we happy with this result?
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Driven harmonic oscillator 111

. .

gain, we've found that motion with a driving fordeye*“t*¥ is given by Eq. 4 as

O — F()/m
T w02 — w2
0
What does this function look like?
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Driven harmonic oscillator 1V

We can also describe Eq. 4 as

Fo/m :
(5) Cl = w2 — 2| with  o(w)
wherep(w < wop) = 0 andp(w > wp) = .
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Damped, driven harmonic oscillator

When the harmonic oscillator is driven at its resonanceueegy, its amplitude tends towards infinity.
Do we really believe that this will accurately describe ridal? Probably not. A more realistic

situation will be to have both a driving force and a dampingég or

d2
m—{lj = —kx+ —b—m + Fhetwtte
dt?
d?x dx Fo
6 halied hated 2 — YV iw
() gz Vg Teor m

where in the second expression we have again assuhes k/m andy = b/m. Again, we'll

assume that the solution is of the form
7) x = Re[Ae®™! 0]

where we've allowed for a time-independant phase retandatin our solution.
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Damped, driven harmonic oscillator 11

Placing our assumed solution form of Eq. 7 into our diffeladrd@quation of Eq. 6, we have

Fo ;
_ezwt
m

(8) (—w? A 4+ iywA + wi A)etwt 0 =

Again, this must be true for any timeso we require

EFhn .
9) (Wi — w?)A + iqwA = 20 g
m

This has the same form as+ iy = Re®?:
W

§ o YA

“ q

(w,’-w»)A

=
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Damped, driven harmonic oscillator 1l

The geometrical interpretation of Eq. 9

(wd — W) A+ iywA = — €%
m
implies the following:
F
(10) (wg —w?)A = “0 coss
m
F
(11) ywA = Zging
m

The ratio of Eq. 11 over Eg. 10 tells us the frequency-depeinolease anglé(w):

(12) tan §(w) = Q’y—wQ
w§ — w

o
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Damped, driven harmonic oscillator IV

Let’'s again consider EqQ. 9:

Fn .
(wg — WA+ iywA = 20 ¢id
m

If we square both sides by multiplying by their respectivenpex conjugates, we have

r 2
(@ — P2 + (A = (12
m

from which we obtain

13) Aw)| = Fo/m

V@R =22 + (w)?

as the frequency-dependent pure-real representatiom aitiplitude (withe?®(«) providing the

phase).
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Damped, driven harmonic oscillator V

Let’s take a look at our solutions for the amplitude and pladseotion for the damped, driven

harmonic oscillator:
121
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Note that the motion is in phase with the driving force at loaguencies an@i80° out of phase at

high frequencies.
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Quality factor()

As with the damped harmonic oscillator, let's characteaaesolution in terms of a quality factor
@ = wo/~ and look again at the solution of Eq. 13 fot(w)]:

Fo/m

V(@B = w2)? + (w)?
Fo/m

V(@B = w2)? + (wwo/Q)?2

[A(W)] =

(14) _

At the point whenv = wy, this reduces to

(15) Awo)| = ——2 = @10, — @I

5 =

o+ @3/Q2 ™

Thus we see thaD = wqo /~ factors directly and linearly into the maximum amplitude tlsat low

dampingy corresponds to large amplitudg
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Phase of resonant motion

Let’s also examine the phase of the resonant motion from Eqf 1

_
tan5(w) = W

As w — wq, the denominator goes towards zero so that the argufitentof the tangent

function tends toward&(wp) — /2.

When driven at exactly the undamped resonance frequency +/k/m, the motion of the

object is phase-shifted §0° relative to the driving force.

As we noted before, at driving frequenciesvell below the resonant frequency the

motion is in-phase with the driving forcé{w < wg) — 0.

At driving frequenciesv well above the resonance frequengy the motion becomes exactly

out-of-phase with the driving forcé(w > wg) — .

-
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Complex amplitude

Let’s return to the expression of EQ. 9 of

oo
(Wi — w?)A + iywA = 20 g
m

except we'll now maked be complex @ — A) so that we can throw away the teeff as it is no
longer needed for the “bookkeeping” of handling a phaseargidt’s then solve for the complex

amplitudeA (w):

(16) Aw) = Fo/m

(wg — w?) + iyw
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Low frequency limit

Again, we have Eq. 16 of

A(w) = —1o/m

(wg — w?) + iyw

Let's consider the low frequency limit, whetie < wg andvy < wy. In this case we have

~ F() m
Alw < wg) = é
5 w YW
wo 1 — ) —|— ’&—2
“o “o
Fo w? w
(17) ~ s|1+—5 — 7,72
mwg§ w§ w§

where we have used the binomial expansion (the lowest oaidoiTseries expansion of
(14 xz)™ ~ 1+ nx for z < 1) to obtain the approximate result. We see again that in tie lo
frequency limit the amplitude is nearly pure real (in-phas®ion) and it has a constant term plus a

weaker term that increases witl?. Later on in the course we will see that this describes thactfe

-
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index for visible light, among other things.
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High frequency limit

Now let’s consider the result of Eq. 16 of

Fo/m
2

Alw) = (@2 —o?) 1 ivw

in the high frequency limit where > wg, and the limit of modest damping < wg. In this case the

leading term in the denominatords® so that the amplitude becomes

. F
(18) Alw > wo) ~ — 02
mw
We see two things in the high frequency limit:
1. The amplitude is negative, or sine€ = —1, itis 180° out of phase with the driving force;

and
2. The amplitude decreaseslgs.?.

As we will see later on in the course, this describes the egfimindex for x rays.
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