Lasers: prep for Wednesday's lab tour

We will rst interrupt our discussion of Fourier optics byikang about lasers.

Consider a two-level system, with energies E1 = h , and population® 1 andN»:

SpontaneousAbsorption
emission
No, Ep
JA21N2 [Bllef (n) I hn
N11 El

Spontaneous emissionthe rate at which we lose electrons from stidteis proportional to

the number of electrons in that state:

dN>

(1) —
dt  spont

= A21N2
Absorption: the rate at which we pump electrons up to stéteis proportional to the number

of electrons in stat®l 1 and the photon density( ):

dN 1 _ dN >

— — = Bi12N1 ()
dt  aps dt  aps

(2)
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Einstein and radiation 11

Einstein proposed a third process:

SpontaneousAbsorption Stimulated
emission emission

No,Ep
JA21N2 [Bllef (n) ‘leNzr (n) I hn
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Stimulated emission we can also drive transitions from state 2 to state 1 in pitogoto the

population of state 2 and the photon density):

dN
(3) —2 = BaNz ()
dt  stim
And remember our other two processes:
dN dN
—2 = ANz and —2 = B12N1 ()
dt  spont dt  aps

o -
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Einstein and radiation Il

Assume thermodynamic equillibrium, and assure) is the Planck blackbody spectrum.

SpontaneousAbsorption Stimulated
emission emission

NZ! E2
‘Alez [Bllef (n) lelNzr (n) I hn
N11 El

With the system in equilibriuni\l 1 andN > evolve towards constant values. As a result,

dN
(4) _tzzo: N2A21  N2B21 ( )+ N1B12 ()

which gives

(N1B12 N2B21) () = N2Ap

( ) = =
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Einstein and radiation IV

Again,

()= ats
B12(N1=N2) B2

Now use ( ) as provided by a Planck blackbody spectrum, and realize that

N1=N2 =exp[ h =k g T]. This gives

8h 3 1 _ A21
c3 explh=kgT] 1 Bi2 explh=k g T] B2
8h 3 8h 3
3 B12 explh =k g T] 3 Bas = Axexplh=kgT] A2
8h 3 8h 3
3 Blz A21 exp[h =k B T] = 3 521 A21
C C
8h 3B, Apx 8h 3 Axn
explh=k g T =
c2 By1 Bo Pl 5 T] c3 B 21

This must be true for any temperatulfé The only way that can be so is for the quantities
inside  to be zero on either side of the equation!
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Einstein and radiation V

Pick the right hand term:
8h 3 Ay Ay 8h 3
=0 I =
c3 Boq Boq c3

That is, the spontaneous emission coef ciént; divided by the stimulated emission
coef cient B; scales like 3. Stimulated emission declines like 2 or 3 relative to
spontaneous emission, so it's easier to get stimulatedsarnisvith microwaves than it is with

X rays.

Now use the above result in the left hand term:

8h 3B A 8h 3 B
12 21 =0 ! 12 1 =0 ! Blz - 821
¢ By B c3 B21

That is, the stimulated emission and absorption coef @gewt one and the same! Recall

Fermi's golden rule for transition rates: the rate is thesdonl! 2asfor2! 1.

-
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Lasers

Helium-Neon laser scheme (Krane Fig. 8.20):
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FIGURE 8.20 Sequence of transitions in a He-Ne laser.
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Wave eld propagation: a reminder

Let's recall what we have learned about propagating a colh&rave eld from one plane to

another.

We found that this could be described in terms of convolutbtihe wave eld with a

propagator function

(X5 + Y§)
Z

(5) A(Xo;Y0,2) exp |

The convolution theorem of Fourier transforms tells us tratcan either do an integration in

real space or a multiplication in Fourier space:

Z
©6) 1(x)= g(@h(x a)da= g(x) h(x) , J(f)= G(f) H()

Fourier transforms have nice properties for numericaluatson: it takedN log, (N )

operations to calculate a fast Fourier transform, whilakesN 2 steps to do the real space

-
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The propagator function

N

Again, the propagator functidm(xo;Vyo;z) exp (Xo;’—yo) has a magnitude of 1

everywhere. Here's how its real and imaginary part varies:
For | =500 nm, z=20 nm
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| | |
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—n. 8/



Wave eld propagation: the perscription

With this reminder, here's how we did wave eld propagatiortle Fresnel approximation:

n (0]
(7) = o *=A)exp[ i2z= JF ' Ffgxo;yo)g H(fx;fy)
with
(8) H(fx;fy) expli z (f5+ )

Here's how to do it numerically:
1. Take the Fourier transform of the input wave &td &(xo;Yo)g
2. Multiply by the Fourier transform of a propagatai(f x ; fy )

3. Inverse transform the resit 1fg
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Imaging via propagation

Let's put propagation to use. Let's see how it provides a@otiay to describe how a lens
works.

To do so, we will consider another way to look at a lens: it heesdgally-dependent phase
function.,

We will propagate a wave eld by an object distars;alter its phase by the lens, and

propagate it by a distana® to the image plane.
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Phase function of a lens

Consider half of a lens as shown at right. The second

optical surface has a radius of curvat&ke which we will

write as a positive numbgR 7j
Its thickness at the centertigax = JR2] S.

The thicknes$(r) at a radiug off the optical axis is

given by
t(r) = jRzjcos s
= jRyjcos (JR2]  tmax)
9) = tmax ] R2j(1 cos ):
Inthe limitr j R»j,wehavel cos ' 2=2and

r=jR2j, so that

r2

2iR2j

(10) t(r) " tmax

,_—:_’::::_\:(i ________

t(r)

max
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Phase function of a lens 11

i

the thickness of “not glass” isnax ~ t(r). We can then calculate the phase functidm)

corresponding to this thickness:

gain, we had from Eg. 10 an approximate thickness of thesgé(r) ' tmax r?=(2jR2j), and

(r) = nkt(r) + K tmax  t(r)
(2 (2
= NKt max + nijsz + Ktmax + Ktmax + ijsz
(2
(11) = Nkt max + (N 1)k2ijj

Ignoring the constarjt nkt max ] term, then, the phase shdkp[i' (r)] relative to there being no lens
at all is given by

r2

2|R2]

o -
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Phase function of a lens Il

Again, we had from Eq. 12 the result

r2 2 r? r2
‘)= n Dk— = (n 1)——— = (n 1)——
2|R2] 2IR2] JR2j
Now the plano-convex lens we sketched hgdj = R2. If we repeat the same calculation for a

convex-plano lens witiR1j = + R4, and add the results together, we have

2 2
(13) (= (h 1t Rll R12 = —

if we use the usual de nition for the focal length of athingeof 1=f (n 1)(1=R; 1=R>).

o -
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An optical system via propagators

Let's now describe an optical system using propagatorsamslphase functions. From Eq. 7

we have
3 n 0

(14) = oxexp[ i2z= JF 1 Ffexo;yo)g H(fx;fy)

and we'll drop( 3=A)e '2Z= in what follows.
If &(X0;Yo) isa -function, then its Fourier transform is 1 at all frequescief g=1.

We then have

n 0]
=  oF Y 1 H(@{xfy) = oh(xy;z=75)
2 4 2
(15) = oexp i - Sy

We then multiply by the phase function of the leis (") (using Eq. 13), giving
X2 + y2
f -
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(16) = oexp i exp i



The solution thus far

Continuing from Eq. 16, we have

2 2 2
xry expixer
S f

= 0 eXpP i

2+y2 1 1
(17) = oexpiX Y -

If f = s, then the entire quadratic phase tegrp[i (x2 + y2)=( z )] becomes 1. In that
case, the lens has taken a point source and turned it intoma plave, just as we would expect

from geometric optics with a point source a focal length avvagn a lens.

If we were to place the Dirac function not on but off the optical axis, the Shift Theorem of

Fourier transforms would give
h i
(18) Ff (x;y)g=1 exp 2 (xfx + yfy)
so that position$x; y ) would be changed to spatial frequencies or diffractiones(dlx ;fy ).

A lens gives the Fourier transform of the plane located alfiecgth away.
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Propagating further

Again, we had from Eq. 17 the result

X2+ y% 1
f

= oexp | = = pexp i
s

for light leaving the plane of the lens.

Now let's propagate by some further distars®e+ , again using a propagatb(x;y; z):

= exp i X+ y° ex i x* +y°
(19) = oF 1 exp +i A (f2+f2) exp i (s°+)( fi+f))

Consider the case wher 0 ands®= A. In that case, In that case, the complex

exponentials insidéy cancel each other out, so we are left with

(20) = oF tf1lg= o (0;0):
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Wave eld whenA = s°

We just found that for=0 andA = s%we wind up with a wave eld of ¢ (0;0). Thatis,

we have imaged from a point to point!

This happens wheA = s® or1=A =1=s% or1=A 1=s°=0, or

= Z +

1 1
21 - -
(21) : :

wilk

1 1
— — =0 or —
S s0

which is simply the thin lens imaging equation!

What happens when we go out of focus? That corresponds@d . We then propagate a

point source (the Dirac function we got in the image plane) with a propagator, giving

X2 + y2

(22) ()= oexp i

This may seem a bit nonsensical, since it suggests thatdighe out-of-focus plane D

extends over the entire plane (there's no limiktor y in the above equation). In fact if we
putin a nite lens we get the diffraction pattern of a pinhslgerimposed on the focus: thd
Airy pattern!
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Defocus is an aberration!

On slide 11 of . we found that the term in lowest orderlofin the aberration function
a(Q) was

h2 Nnq + no no nq

2 S s0 R

and this vanished at the single refractive interface imggondition.
hi
If we add to the terms in  an extra term oll= , we will have remainindi?2-dependent

aberration term of
2a(Q) 2 h?1  n?
- S —

(23) L=

which is of the same form as Eq. 22.

We therefore see that defocus is an aberration.
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When do you need coherence?

HEENUEEE
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Tricks for computational work

You often subtract the “DC value”, smooth the edges, and #uehthe DC value back in to avoid

artifacts from the assumed periodicity of the object.

log @jF f gj’A =
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Jon at 1000 m

We then propagated our Jon Stewart wave eld and looked antkasity of the result:
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