Complex algebra for wave equations

At the end of last lecture, we said that a
good way to describe what's going on with
waves is to use complex algebra. That is,

we can describe a wave with
x = Re Aexp(i't +' o) = RdAe' *' 0]

whereA again gives the amplitudé,
gives the angular frequency, ahd gives

the starting phase.

French useg for P ~ 1 and says that this
is what most physics and engineering
books use (bottom of p. 11). In my
experience, engineers tend to jidaut

physicists tend to use I'll use i for P L
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Euler's expression

Let's do a Taylor expansion asin about =0:
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A similar expansion o€os about =0 gives
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Euler's expression Il

L

ow let's considecos + isin using these series expansions aheg  1:
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Do a Taylor expansion og* aboutx = 0, recognizing thatleX =dx = e* ande® =1:
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Euler's expression Il

Again, we had from Eq. 1 the series expansion

(I )2+(i )3+(i )4+ZZZ

cos +isin ' 1+i +
2! 3! 4!
and from Eqg. 2 the series expansion
Im A
X X2 X3 X4 .
e 1+ x+ + + + oo q
2! 3! 4!

These two series expansions are identical if we set
X i ,sowe have shown Euler's result thght =

cos + isin .

Now you can see that if we treat the measurable po-
sition asA cos , it's just the real part of the com-

plex exponential Rde' 1.
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Rotations in complex space

Consider the multiplication o' 1 with

e 2:
eil eiZ:ei(l+ 2)

That is, we simply add the two rotations

together.

What about a rotation of 27

i= 2 _

e COS =2+iSin =2=0+1 1=

That is, multiplication by is the same as
rotation by90 counter-clockwise.
Multiplication byi? = 1 equals a

rotation by180 , and so on.
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Re-runs of the movie

| ns the movie of simple harmonic moti@mos('t + ' o). It can be expressed as the real part

of a complex exponential Re't *' o which is steadily rotating around in the complex plane.
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Other tricks

We can use all the machinery developed for exponential fometin other ways. Here's a derivative:
—¢ =iel d =€ *72d
d

which involves rotation b0 and multiplication byd to get the tangent. Compare with
differentiating sine and cosine:

di(cos + isin ) ( sin +icos )d =(icos +1i isin )d

i(cos +isin )d
so we have again shown Euler's relationship to hold true elddérow we do powers of exponentials:
(e) =¢

It's a piece of cake as a complex numi§er )  , right? Try doing(cos + isin ) for some simple

non-integer value of !
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Multiplication

Multiply complex numbers with lengths other than 1.:

Ae' 1 Be' 2 = ABe!( 17 2)

We can again show this with the trig version:

(Acos 1 +iAsin 1) (Bcos 2+ iB sin 2) =

AB cos 1cos 2 AB sin 1Sin »
+iAB sin 1cos 2 + IAB cos 1sin 2

AB cos( 1+ o)+ isin( 1+ »)

= ABe'( 1+ 2)
where we have made use of the trig identities
sin( 1 2) = sin 1C0S 2 COS 1Sin 2
cos( 1 2) = C€COS 1C0S 2 sSin 1sin »
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Addition

-

Consider the addition of two vectofe™ * andBe't * | viewed at a moment in time:

=

If the two waves have the exact same frequeingipoth terms have a common facest  which we
can pull out, and thus deal with the static case. How do wautatks the length of the resultant vector?

From the law of cosines, we have

L@) R?= A%+ B? 2AB cos' J
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Addition Il

We can expressos' as
(4) cos' =cos +90 +(90 ) =cos 180 +(

Let's use the trig identityos( ) =C0OS COS sin sin

(5) cos(180 + )=c0s180 cos sin180 sin = cos



Addition Il

Repeating the results of Egs. 4 and 5, we have
(6) cos' =cos 180 +( ) = cos( )
We can then substitute this into Eq. 3 to nd that the lengtkhefresultant vector is

(7) R?2= A%+ B? 2AB cos( )= A%+ B?+2AB cos( )

Let's extend this result to consider adding up lots of wavéke

net phase angleis given by

P

(8) tan = pioiSIN i
- A} COS |

o
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Addition IV

For adding up lots of waves at the same frequengcthe net length is

X 2 X 2
(9) R? = Aj sin + Aj COS |

which at rst glance doesn't appear to be very illuminatifgpwever, let's imagine expanding the rst

three terms of these squares:

X3 2
Aj sin = (Aisin 1+ Agosin 2+ Agsin 3) (Aisin 1+ Aoasin 2+ Azsin 3)
i=1

A2sin® |+ A3sin? 5+ A3sin? 3

+2A1A2sin 18N 2 +2A1A3Sin 1Sin 3+2A2A3Sin 2SN 3

By examining this result, we see that we can generalize tleessim to

X 2 W N
(10) Aisin i = Afsin® | +2 AiAj sin jsin

i=1 i=1 > i=1
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Addition V

- e .

P
Now let's return to Eq. 9 oR? =  Ajsin + . Aj COS | and make use of the result
P\ . 2 | .
of Eq. 10 for =1 Ajsin and the equivalent cosine sum:
X X
R = AZsin? | +2 AiAj sin jsin |
i=1 > i=l
X X
+  A?cos | +2 AiAj COS  COS |
i=1 > =1
X
= AZ(sin®  +cos? )
i=1
X _ _
(11) +2 AjAj(sin jsin j +cos jcos j)
i>i i=1
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Addition VI

Where were we? Oh yes, at Eq. 11:
2 X 2 (cin2 2 XX - -
R = Af(sin© j +cos” j)+2 AjAj(sin jsin j +cos jcos j)

i=1 > i=l
X P

12) = Ai2+2 AjAj cos( i i)
i=1 >i =1

where we have again made use of the trig idertag( ) =Cc0oS Cco0S sin  sin

Now consider the case where the phases are distributedydverm to+ , sothat

(i j ) takes on all values around the circle with even probabiiipcecos gives the
part of a vector that projects along thé axis in Cartesian coordinates, the addition of
vectors all pointing out at random directions from the centd tend to give a net vector of

zero, thus wiping out the second part of Eq. 12.

-
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Sum of incoherent waves

Look again at the result of Eq. 12 of

XN X
R2 = Ai2+2 AiAj cos( j)
i=1 i>i =1

in the case of adding up completely random phases so tha¢tiomd term goes away.

We've just learned something important! If we add up a burfdh@herent waves which all

have the same amplitude but random phase, we have a resultant length of

. . p— .

(13) Incoherent superposition: jRj = AZ2= N AZ2=" NjAj

This principle comes up many times in physics. Consider th wf a drunken sailor: each
step is of a known distance, but in a completely random doeciVe can't say that the sailor
will go due east, or soutwest; but we can say that the netrdistakaveled foN steps isp N
times the distance of one step. Einstein used this to getahm®s number from observations

of Brownian motion.
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Sum of coherent waves

Now consider the case where all waves have the same ampdihdbihe same phase. Return again to

the second term of Eq. 12:

X X

R2 = Ai2+2 AiAj cos( i j)
i=1 >i =1
In this case, the angle distandes ) will all be zero! We then have
X XX
(14) R? = A2 +2 Ai A,
i=1 >i =1

as the resultant length for the coherent superposition case

o -
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Coherent sum Il

Again, our coherent superposition result of Eq. 14 is

X XX
+ 2 AiA;:

~~
>
~—'
N
I

(A1+A2+A3+ 222)2

= AT+ A3+ A3 +2A1A +2A1A3 +2A0A3 + i

X XX
(15) = A2 +2 AiA;
i=1 >i=1

Therefore we see that the coherent superposition sum of45g.jdst

X
um) RZ2=( A{)>=(NA)?= N?A?
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Coherent sum Il

Again, we have now expressed the coherent sum result in thedbEqg. 16:

RZ:(Xq Ai)* = (NA)? = N°A®
|

i
Let's consider the length of the resultant vegtey:

P— P—
(17) jRi= R2= N2AZ= NjAj:

This is considerably different than the incoherent supgtjmn result (Eq. 13) ofR| =

IOWjAj.
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Adding waves with different frequencies

Now let's consider the addition of two waves with equal artygle but different frequency:
Ae' 1t + Ae! 2! |nfact, we could just as well consider wave motion alongracationx as well as
along a time, so that we havae (kix 1it) 4 pAe i(kax 121) Byt let's make our life easier

and say kix + ! 1t and kox + ! ot. We then have
(18) Ae' + Ae' = Acos +cos ]+ iA[sin +sin ]

Now let's dig deep into our toolbox of trig identities:

+

(19) COS +Cos = 2co0s CoS

2

+
(20) sin  +sin = 2sin

COoS

2

With these identities, we can write Eq. 18 as

: - + +
(21) Ae' + Ae' = 2Acos COS + 2iA sin COS
2 2 2 2
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Different frequencies Il

igain, Eg. 21is T

Ae' + Ae' = 2Acos COS + 2 iA sin 5 COS 5
.. +
(22) = 2A cos + 1 sin COS
2 2
(23)
Now let's write ( + )=2asthe average angle, add ( )=2 as the typical difference

from the average. We then see that the result of mixing wavieeadwo frequencies is
(24) Ae' + Ae' =2Ae' cos(d ):

That is, the resulting wave motion can be described as a wakieaw average frequency
I =(! 1+ !2)=2which is modulated by a cosine envelope of much lower frequen

d =(!1 !2)=2. This “beat” envelope is illustrated on the following page.
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Beat envelope

||

|

i

o
If we were to mix two audible frequencies, the beat would be@ged at twice the frequency. CanJ

ou explain why?
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