
Review: the Fresnel equations

� We considered vector relationships betweenk i ,

kr , andkt at a refractive interface.

� We used some E&M properties for refractive

interfaces:� 1E1? = � 2E2? , B 1? = B 2? ,

E1k = E2k , and(1=� 1 )B 1k = (1 =� 2 )B 2k ,

plusEy = ( c=n)B z .

� We characterized everything in terms of the in-

cidence angle� i ) � , and a relative refractive

indexn = n t =ni . Wave propagation vectors~k at the inter-

face. This happens to be for TM waves.
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TE and TM waves

We considered two orthogonal linear polarizations (see also Fowles Fig. 2.1):

TE waves: Pedrotti and Pedrotti Fig. 20-1. TM waves: Pedrotti and Pedrotti Fig. 20-2.
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The Fresnel equations

We then arrived at the Fresnel equations (see Pedrotti and Pedrotti Eqs. 20-23 – 20-26, or Fowles

Eqs. 2-56 – 2-59):

TE: r ? =
cos� �

p
n2 � sin2 �

cos� +
p

n2 � sin2 �
= �

sin( � i � � t )
sin( � i + � t )

(1)

TM: r k =
n2 cos� �

p
n2 � sin2 �

n2 cos� +
p

n2 � sin2 �
=

tan( � i � � t )
tan( � i + � t )

(2)

TE: t? =
2 cos�

cos� +
p

n2 � sin2 �
=

2 sin � t cos� i

sin( � i + � t )
(3)

TM: tk =
2n cos�

n2 cos� +
p

n2 � sin2 �
=

2 sin � t cos� i

sin( � i + � t ) cos(� i � � t )
(4)

The case ofn i > n t or n < 1 is that ofinternal re�ection, while the case ofn t > n i or n > 1 is that

of external re�ection.

– p. 3/27



Brewster's angle

What happens when� i + � t = �= 2? Look atr k in the second form given in Eq. 2:

TM: r k =
tan( � i � � t )
tan( � i + � t )

If r k goes to zero and we have no re�ection of TM waves, then all re�ected light at this angle is TE

polarized! This angle is known as Brewster's angle or� p . We can �nd it from Snell's law as

n i sin � i = p = n t sin � t

sin � i = p = n sin � t = n sin( �= 2 � � i = p ) = n cos� i = p

sin � p = n cos� p

tan � p = n(5)
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Polaroid sunglasses

� Consider the refractive boundary between air and water, where n = 1 :3: we �nd that

� p = 52 � , while for glass withn = 1 :5 we �nd � p = 56 � . Imagine that you're on a boat

when the sun is 53� above the horizon: direct sunlight will be re�ected off the water's surface

at Brewster's angle, so only the TE mode relative to the watersurface (horizontal linear

polarization) will survive. Sunglasses with a linear polarizer with a vertical fast axis (FA) will

block the glare!

� Light that is singly-scattered by a refractive medium can bethought of as being re-radiated by

a damped, driven harmonic oscillator. With vertical linearpolarization, the oscillator is driven

up and down; with horizontal linear polarization, the oscillator is driven sideways. In your

E&M class you will learn that dipole radiation for a verticaloscillator follows asin2 �

angular distribution (drawn below). Now consider looking up at the sky: it's obvious that you

will see only horizontal linear polarization. Again, polarized sunglasses can reduce glare!
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A diversion: why the sky is blue

� Another feature of dipole radiation that we should

mention: its strength scales as! 4 , so blue light is

scattered much more strongly than red light is.

� At midday, this means that when we look at the sky

(but not straight at the sun!), we see mostly blue

light. On a humid day, there's more scattering and

the sky looks brighter (it's also less polarized

because of multiple scattering which loses memory

of the original beam direction). At high altitude, it

looks darker blue because of less scattering.

� At sunset, rays from the sun traverse even more of

the atmosphere, so the blue light is all gone and red

light is all that remains!

� If we had a thicker atmosphere, we might see red light

at noon: : :
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Coef�cients forn = 1:5

Here's a plot forr TE = r ? , r TM = r k , tTE = t? , andtTM = tk for n = 1 :5:
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The negative values ofr describe conditions where the phase is inverted by 180� upon re�ection.
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Re�ectivity and transmittance

We've determined the electric �eld amplitude coef�cientsr and

t on either side of an interface. We know that irradianceI goes

like electric �eld squared, so It's tempting to say that the re�ec-

tion is R = r 2 and the transmittance isT = t2 . However, to

quote Gershwin, “it ain't necessarily so.” What we really expect

is R + T = 1 to conserve energy. Let's then consider a beam

which is circular with diameterw along its propagation direction,

and consider the elliptical area it projects onto the refractive inter-

face. From consideration of the �gure at right, we can write the

conservation of energy (Watts/m2 times m2 ) as

I i
�
2

w � w cos� i = I r
�
2

w � w cos� i + I t
�
2

w � w cos� t

I i cos� i = I r cos� i + I t cos� t(6)

w

w

qi

qt

This �gure shows incident and

transmitted beam widths; the

re�ected beam width is the

same as the transmitted beam

width.
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Re�ectivity and transmittance II

Again, we have from Eq. 6 the relationshipI i cos� i = I r cos� i + I t cos� t . Now we need to remind

ourselves of the relationship between irradiance and electric �eld of

I =
r

�
�

hE i 2(7)

and remember that the electric �elds are in phase across either side of the refractive index boundary so

we can just as well talk aboutE 2 ashE i 2 . We then have

E 2
0i

r
� i

� i
cos� i = E 2

0r

r
� i

� i
cos� i + E 2

0t

r
� t

� t
cos� t

E 2
0i

r
� i

� i
cos� i = ( rE 0i )2

r
� i

� i
cos� i + ( tE 0i )2

r
� t

� t
cos� t

1 = r 2 + t2
r

� t

� i

� i

� t

cos� t

cos� i
(8)

as our conservation of energy expression thus far.
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Re�ectivity and transmittance III

Again, we have from Eq. 8 the relationship

1 = r 2 + t2
r

� t

� i

� i

� t

cos� t

cos� i

so our guess thatR = r 2 for re�ectivity has turned out to be true. However, the transmittance is a bit

more complicated expression. To evaluate it, let's remind ourselves of the de�nition of the refractive

index:

n �
p

��
p

� 0 � 0
which gives

n t

n i
=

r
� t � t

� i � i
(9)

As a result, in the case where magnetic effects can be ignoredso we can say� i ' � t ' � 0 , we �nd

that the transmittanceT is given by

T '
n t

n i

cos� t

cos� i
t2 = n

cos� t

cos� i
t2(10)

where in the second case we have used the relative refractiveindexn = n t =ni .
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Re�ectivity and transmittance IV

Now that we knowR = r 2 andT ' n(cos � t =cos� i )t2 , we can plot the re�ectivity and

transmittance forn = 1 :5:

0 20 40 60 80
q (degrees)

0.0

0.2

0.4

0.6

0.8

1.0

RTM

n=1.5

qp

RTE

TTE

TTM

– p. 11/27



Re�ectivity and transmittance V

And here's a plot of the re�ectivity on a log scale forn = 1 :50:
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What about relative refractive indicesn < 1?

What happens when the relative refractive index isn < 1? Let's start by looking at the denominator

term in Eqs. 1–4 of
p

n2 � sin2 � . In the situation wheresin � < n we have no problems with this

term. Now remember that� = � i , andn = n t =ni . We can therefore consider the limiting case of

n = sin � as

sin � = n

n i sin( � i = � c ) = n t sin( � t = 90 � )

� c = arcsin(
n t

n i
) = arcsin( n)(11)

where we recognize the middle expression as Snell's law and the �nal expression allows us to

calculate the critical angle� c at which light undergoes total internal re�ection when going from

materials of higher to lower refractive indices (n i > n t , or n < 1). With n = 1 =1:33 we have

� c = 48 :8� for water, and withn = 1 =1:5 we have� c = 41 :8� for a representative glass. We also

have a Brewster's angle� p = arctan( n) of 36:9� and33:7� for water and glass, respectively.
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Consequences of the critical angle

Let's say you're sitting at the bottom of an outdoor swimmingpool, looking up at the sky. You're

going to see a circle of light with a semi-angle of� c; water = 48 :8� that is coming from the sky, then

a boundary where a ray at the critical angle would be refracted right along the surface of the pool

(� i = � c , and� t = 90 � ), and then beyond the critical angle you'll see rays re�ecting from the bottom

of the pool off to your side.
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Immersion lenses

Let's say you want to maximize the light gathering power of a microscope used to examine a wet

specimen (like a cell). If you have an air gap between the celland the microscope objective, you have

the swimming pool problem limiting the maximum angle you cancollect light from. This limits both

the brightness of the image and (as we shall see later when we talk about diffraction) the resolvable

detail of the microscope. Besides, the cell will dry out! You're better off putting a cover slip on the

cell, and then an immersion oil to avoid total internal re�ection.

This is also now being used for printing the �nest possible features in integrated circuit manufacturing.
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Re�ectivity within the critical angle

With those considerations in mind, here's what the re�ectivity looks like forn = 1 =1:50:
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Again, a negative coef�cientr corresponds to a 180� phase change upon re�ection.
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Beyond the critical angle

When we go beyond the critical angle, the re�ection coef�cients become complex. That is, when

n < 1 we have
p

n2 � sin2 � ! i
p

sin2 � � n2 :

In this case we write the re�ection coef�cients of Eqs. 1 and 2as

TE: r ? =
cos� � i

p
sin2 � � n2

cos� + i
p

sin2 � � n2
(12)

TM: r k =
n2 cos� � i

p
sin2 � � n2

n2 cos� + i
p

sin2 � � n2
:(13)

These both have the same form of
a � ib
a + ib

(14)

which we will exploit on the next slide.
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Beyond critical II

Again, we had in Eq. 14 expressions of the form(a � ib)=(a+ ib).

Both the numerator and the denominator have the same magnitude

M = a2 + b2 . This suggests a graphical interpretation of the

result, as shown at right. We can therefore say that

tan � =
b
a

and express the re�ection coef�cient as

r = jr jei' r =
a � ib
a + ib

=
ei ( � � )

ei (+ � )
= ei ( � 2� )

from which we obtain

' r = � 2� = � 2 arctan
�

b
a

�
(15)

M

a
b

b
M

-a
a

– p. 18/27



Beyond critical III

Let us now use the result of Eq. 15 of' r = � 2 arctan( b=a) to �nd the phase of the re�ection

coef�cients of Eqs. 12 and 13:

' TE = � 2 arctan

 p
sin2 � � n2

cos�

!

(16)

' TM = � 2 arctan

 p
sin2 � � n2

n2 cos�

!

(17)

These phases, along with the phases associated with the signof r in the expressions of Eqs. 1 and 2

for n < 1, are plotted on the next page.
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Beyond critical IV

Here are the phases upon re�ection for the case ofn < 1:
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Notice how the phase difference between TE and TM modes is about 45� at an internal incidence

angle of about50� ?
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The Fresnel Rhomb

The Fresnel rhomb is a very simple optical device for producing circularly polarized light. Two

internal re�ections are each at an incidence angle of' ' 50� in glass withn ' 1:5. The net phase

shift of the TE mode is 45+45=90� relative to the TM mode.
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What happens right at the critical angle?

Think back to when we derived the Fresnel equations. We hadE t = E0t e� i (~k t �~r � !t ) , with

~kt � ~r = kt (� sin � t ; 0; � cos� t ; 0) � (x; y; z ) = � kt [� x̂ (x sin � t ) � ẑ(z cos� t )](18)

at the interface (z = 0 ). We can expresscos� t as

cos� t =
p

1 � sin2 � t =

s

1 �
sin2 � i

n2
(19)

using Snell's law and the relative refractive index

n = n t =ni . If we go to an angle� i > � c beyond the

critical anglesin2 � c = n2 , we are better off writing

Eq. 19 as

cos� t = i

s
sin2 �

n2
� 1(20)
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At critical II

We can now rewrite Eq. 18 of

~kt � ~r = � kt [� x̂ � (x sin � t ) � ẑ � (z cos� t )]

using the result of Eq. 20 ofcos� t = i
p

sin2 �=n 2 � 1

to obtain

~kt � ~r =

2

4 x̂ � (kt x
sin �

n
) + ẑ � (ik t z

s
sin2 �

n2
� 1)

3

5

(21)

for wave propagation in thêx and ẑ directions for the

case when� > � c . We see that the wave propagates in

the x̂ direction ase� i [k t (sin � t =n ) x � !t ] which is nor-

mal wave propagation. What about in theẑ direction?
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At critical III

In theẑ direction, the wave propagates ase� i ( k t;z z � !t ) = e� ik t;z z ei!t . Ignoring the normal time

dependenceei!t , and considering a propagation direction out of the medium of + � = � z, we can

use Eq. 21 to write the propagation of the wave out of the refractive medium in the� ẑ direction as

exp[� ik t;z z] = exp

2

4 � i � ik t

s
sin2 �

n2
� 1 � z

3

5

= exp

2

4 + kt

s
sin2 �

n2
� 1 � (� � )

3

5

= exp

2

4 � kt

s
sin2 �

n2
� 1 � �

3

5(22)
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At critical IV

Again, we found from Eq. 22 that the wave propagates according to

exp

2

4 � kt

s
sin2 �

n2
� 1 � �

3

5

Therefore we see that the electric �eld penetrates out of therefractive material asexp[� �=� ]

characterized by a1=edistance� of

� �
1

kt
p

sin2 �=n 2 � 1
=

�

2�
p

sin2 �=n 2 � 1
(23)

so we wouid like to understand the behavior of

�
�

=
1

2�
p

sin2 �=n 2 � 1
(24)

as a function of incident angle� .
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Evanescent waves

The “leakage” of electric �eld out of the refractive boundayafter total internal re�ection (TIR) is

referred to in terms ofevanescent waves. The electric �eld decreases with distance out from the

boundary according toexp[� �=� ] with a characteristic distance� expressed in terms of a fraction of

a wavelength (Eq. 24) as�=� = 1 =[2�
p

sin2 �=n 2 � 1]. The dependence of�=� on incident angle

� is
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To a good approximation,� ' 0:2� over a broad range of TIR angles.
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Evanescent waves II

The fact that evanescent waves tunnel a distance of about0:2� or about 100 nm for visible light has

some very interesting consequences including:

� Fiber optics work (in a simplistic view) by keeping light con�ned within the angle of total

internal re�ection inside the �ber medium. You can “spy” on the �ber if you can bring a

sensor (like another �ber with a grating to couple the signalin) within � 0:2� or about 300

nm for the most common communication wavelength of� = 1 :5 � m. This is used for

deliberate signal coupling, and possibly for espionage.

� If you pump light at an excitation wavelength into the side ofa glass coverslip, you can excite

�uorescence in molecules that drift within a distance of� 0:2� (or < 100 nm at UV

wavelengths) of the coverslip. This can be useful for studies of molecular diffusion, molecular

binding on a coverslip with a biologically active surface coating, and so on.
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