
Complex lens design

This shows an Olympus zoom lens set for two different focal lengths. High quality zoom lenses have

a very complicated design! Notice the achromat doublets in there?
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Light polarization

� Some time ago we discussed the fact that Maxwell's equationsgive solutions for electric and

magnetic �elds of

E = E0e� i (~k �~x � !t ) and B = B 0e� i (~k �~x � !t )

� We also discussed the Poynting vector~S = ~E � ~B which gives the direction of en-

ergy �ow, and which indicates that the electric and magnetic�elds are orthogonal to each other.

(and see Fowles Figs. 2.1 and 2.2)

� Once we've de�ned the direction of energy �ow, we've speci�ed thex̂ direction. However, we

might not have any reason to pick anyparticular orthogonal direction as being thêy direction.
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Arbitrary polarizations

� So how do we deal with electric �elds that oscillate in theẑ plane? By declaring them to

represent a separate polarization.

� And what about electric �elds that oscillate along some plane other than purêy or pureẑ? We

can treatthoseas a linear combination of the two orthogonal polarizations.

� How to deal with this? By treating any particular direction of electric �eld as being a

combination of electric �eld oscillations in thêy andẑ planes.

� This is all �ne and dandy for one pure wave. If we have many waves mixing together, they

may or may not have the same polarization. If partI pol of the intensity is from polarized

waves, and partI unpol is not, then the degree of polarizationP is

P =
I pol

I pol + I unpol
(1)
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Mixing polarizations

Let's think some more about waves with full linear polarization.

� We know from our study of refractive indices that electric �eld

effects dominate, so we'll talk only aboutE for the wave.

� Let's also switch gears and talk about a wave

E0e� i (~k �~z � !t � ' ) traveling in theẑ direction so we can use

trigonometric relationships in̂x andŷ to talk about the

polarization angle� of a wave.

� We can then express the polarized wave in terms of a vector:

E 0 = x̂jE0x jei' x + ŷjE0y jei' y(2)

x

y
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Ey E
a

Wave coming towards you

Right hand rule
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Polarization matrix

� A good way of expressing the net polarization

E 0 = x̂jE0x jei' x + ŷjE0y jei' y of Eq. 2 is in terms of a

vector (see Fowles Sec. 2.5):

E 0 =

2

6
4

jE0x jei' x

jE0y jei' y

3

7
5 )

2

6
4

E0x ei' x

E0y ei' y

3

7
5(3)

where the latter form is a bit less explicit on requiring thatall

sign changes inE be built into' but we'll work with that

implicit assumption in what follows.

� An even better way to express wave polarization might be to

use a normalized vector and pull the �eld magnitude out:

E 0 = E0

2

6
4

cos�

sin �

3

7
5(4)
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Polarization matrices II

This is great! We can now represent lots of different polarizations by some rather simple matrices:

Linearx̂ :

2

6
4

1

0

3

7
5 Linearŷ:

2

6
4

0

1

3

7
5 � = 45 � :

2

6
4

1=
p

2

1=
p

2

3

7
5 In general:

2

6
4

a

b

3

7
5

and so on. But hey, all we required of our matrices is that theybe normalized orjaj2 + jbj2 = 1 .

Well, this matrix is normalized:
2

6
4

1=
p

2

i=
p

2

3

7
5

What does it represent in terms of polarization? Well, it hastheŷ �eld phase shifted by90� relative to

thex̂ polarization, or' y = ' x + 90 � in Eqs. 2 and 3. That means when thex̂ polarization is

reaching zero, thêy polarization is reaching a maximum, and vice versa. The polarization vector spins

around in a circle!
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Circular polarization

We've found that we can talk about circular polarization, where the po-

larization vector spins around in a helix about the beam direction. This is

described in terms of the handedness of the helix. Unfortunately, there is

disagreement in the technical world on this! Let's say the wave is coming

head-on at you:

1=
p

2
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1

i
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5
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A B

1=
p

2
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6
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1

� i

3

7
5

In �gure A, the polarization vector is rotating counter-clockwise, and you'd

use your right hand to describe the polarization change withyour thumb

pointing in the wave's direction. That must be right hand circular polariza-

tion, right?

From Wikipedia
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Circular polarization II

Again, you might think that �gure A represents right-hand circular polariza-

tion, right?

1=
p

2
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Wrong! For whatever reason, the optics world has adopted the de�nition

that, for waves traveling towards you, �gure A is for left-handed circular

polarization, and �gure B is for right-handed circular polarization. From Wikipedia: a

RH circular polar-

ized wave.
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Playing with polarization

� OK, so if we see ani in the lower array term, we know we have circular polarization. What

about if i is in the top term?

1
p

2

2
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4

i

1

3

7
5 =

1
p

2
i

2

6
4

1

� i

3

7
5

So this is really right-hand circular polarization with a prefactor that shifts the start in time.

� What about terms with different magnitudes?

2

6
4

2

i

3

7
5

This is a distorted circle with twice the width in thêx direction as height in thêy direction:

that is, an ellipse (see Fowles Fig. 2.8c). Because the bottom term is positive, it represents

left-hand elliptical polarization.
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Playing with polarization II

� What about terms that are neither pure real nor pure imaginary, such as this?

2

6
4

A

B + iC

3

7
5

This is just a tilted ellipse, where the tilt angle� from thex̂ axis is given by

� = arctan( C=B )(5)

Again, the sign of the imaginary term in the denominator indicates whether it's a right- or

left-handed, tilted, elliptical polarization vector.
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Modifying polarization

Let's consider a polarizing �lter or analyzer, which is a device that only allows one polarization of

light to be transmitted.

� In the microwave range, an array of wires will do this.

� Dr. William Bird Herapath found in 1852 that dogs treated with quinine had microscopic

crystalline needles in their urine. He observed that overlapping perpendicular needles were

black where they crossed, whereas parallel needles were clear.

� In 1928, Edwin Land (who dropped out of Harvard at age 17 in 1926) was inspired by

Herapath's work to develop a synthetic sheet polarizer: iodized quinine salt crystals, ground

for a month in a laboratory mill, suspended in a nitrocellulose lacquer solution, and subjected

to a magnetic �eld. A plastic sheet is then dipped in the liquid suspension. Patent in 1929;

eventual basis for the Polaroid corporation.
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Modifying polarization II

How do we handle this mathematically? Let's preserve thex̂-polarized light only:

2
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1 0

0 0

3

7
5
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B

3

7
5 =

2
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7
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2

6
4

A

0

3

7
5(6)

This is called a Jones matrix for horizontal linear polarization. One can also write an array for a

vertical linear polarizer, one at45� , and so on; see the �rst three entries in Table 2.1 on p. 35 of

Fowles. A linear polarizer with a transmission axis or TA at an angle� from the horizontal axis can be

described by
2

6
4

cos2 � sin � cos�

sin � cos� sin2 �

3

7
5(7)
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Quarter-wave plate

A quarter-wave plate delays light of one polarization by 90� relative to the orthogonal polarization.

Let's rotate (� i ) the phase of the vertical axis by 90� :

2

6
4

1 0

0 � i

3

7
5

2

6
4

1

1

3

7
5 =

2

6
4

1 � 1 + 0 � 1

0 � 1 + ( � i ) � 1
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We've changed linearly polarized light along a 45� axis into right-hand circularly polarized light!

Since this has a polarization vector that spins in the clockwise direction when looking head-on into the

wave, thêy polarization turns on beforêx, so we say that the Fast Axis is in the vertical direction and

the Slow Axis is in the horizontal direction. You'll explorethis more in homework.
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Light at a refractive interface

� At a refractive interface, we have an incoming wave, a

re�ected waver , and a transmitted wavet . We might be

able to divide up the incident electric �eldE into E r and

E t , but right at the interface a maximum in the incident

electric �eld will certainly produce an extremum inE r

and inE t .

� In other words, the phase of the electric waves must be

equal at the interface, or

(~k i �~r � ! i t ) jz=0 = ( ~kr �~r � ! r t ) jz=0 = ( ~kt �~r � ! t t ) jz=0

(9)

� Use a coordinate system centered on the boundary and

consider the point~r = 0 :

! i t = ! r t = ! t t or ! i = ! r = ! t(10)
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Light at a refractive interface II

� Having! i = ! r = ! t means that the~k � ~r products must

satisfy

(~k i � ~r )jz=0 = ( ~kr � ~r )jz=0 = ( ~kt � ~r )jz=0(11)
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Relatingk across interfaces

� We will want to compare values fork across different interfaces. Recall that the phase

velocity is

vp =
!
k

so k =
!
vp

(12)

� Also remember thatvp = c=n in a refractive medium.

� We can then say

k = n
!
c

=
2�f

c
=

2�n
�

(13)

and therefore relatek across interfaces according to the refractive index on either side of the

interface.
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Incident and re�ected rays

Continuing with Eq. 11 of

(~k i � ~r )jz=0 = ( ~kr � ~r )jz=0 = ( ~kt � ~r )jz=0 ,

let's consider it in terms of vector components, keeping

in mind the coordinate system of Fig. 21:

� j k ix j � x � j k iz j � z = �j krx j � x + jkrz j � z

= �j ktx j � x � j ktz j � z(14)

From this we �nd

� j k iz j � z = + jkrz j � z

�
2�n i

� i
sin � i = +

2�n r

� r
sin � r(15)

Is this of any use?
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Incident and re�ected II

Again, we had from Eq. 15 the expression

�
2�n i

� i
sin � i = +

2�n r

� r
sin � r

If we realize thatn i = n r because it's the same

medium, and� i = � r for the same reason, we can boil

the above down to

� � i = � r(16)

which is really just the law of re�ection!
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Incident and transmitted

Let's now look at the terms

� j k iz j � z = �j k it j � z

n i
! i

c
sin � i = n r

! t

c
sin � t

and remind ourselves that the electric �elds must be in

phase-lock at the interface, or! i = ! t . We have there-

fore shown that

n i sin � i = n t sin � t(17)

which is Snell's law!

– p. 19/25



E&M at interfaces

We now want to remind ourselves of some relationships (seee.g., Eq. 7.46 in Sec. 7.3.5 of Grif�ths,

Introduction to Electrodynamics, �rst edition, 1981) for boundaries between media in

electrodynamics:

� 1E1? = � 2E2?(18)

B 1? = B 2?(19)

E1k = E2k(20)

1
� 1

B 1k =
1

� 2
B 2k :(21)

That is, the dielectric constant of a material affects the electric �eld perpendicular to a surface, but not

along the surface plane; and the magnetic permeability� affects the �eldB along the surface plane

but not perpendicular to it. We remind ourselves that� = � 0 for most cases that we care about with

light, and also (seee.g., Grif�ths 1981 Eq. 8.77, Sec. 8.2.4) that for waves traveling alongx̂

Ey =
c
n

B z(22)
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TE waves at the interface

For TE waves, we use Eqs. 19 and 20 plus Eq. 22 to

obtain for TE electricEk

E i + E r = E t(23)

and for TE magneticB ?

B i cos� i � B r cos� r = B t cos� t(24)

n i E i cos� i � n i E r cos� i = n t E t cos� t

where we have made use of the fact thatn i = n t and

� i = � r .

TE waves: Pedrotti and Pedrotti Fig. 20-

1. See also Fowles Fig. 2.11.
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TM waves at the interface

For TM waves, we use Eqs. 18 and 21 to obtain for TM

electricE?

� E i cos� i + E r cos� r = � E t cos� t(25)

and for TM magneticB k

B i + B r = B t

n i E i + n i E r = n t E t(26)

where again we haven i = n r and� i = � r .

TM waves: Pedrotti and Pedrotti Fig. 20-

2. See also Fowles Fig. 2.11.

– p. 22/25



TE: consolidating results

If we substitute Eq. 23 ofE i + E r = E t into Eq. 24 ofn i E i cos� i � n i E r cos� i = n t E t cos� t ,

we �nd

n i E i cos� i � n i E r cos� i = n t (E i + E r ) cos � t

E i (n i cos� i � n t cos� t ) = E r (n i cos� i + n t cos� t )

or

TE: r ? �
E r

E i
=

n i cos� i � n t cos� t

n i cos� i + n t cos� t
(27)

We can also solve forE t =E i to �nd

TE: t? �
E t

E i
=

2n i cos� i

n i cos� i + n t cos� t
:(28)
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TE: further consolidation

It is often convenient to write these expresions in terms of arelative index of refractionn of

n �
n t

n i

and only the incident angle� i ) � . Using Snell's lawn i sin � i = n t sin � t , we �nd (seee.g.,

Eq. 2.22 of Pedrotti and Pedrotti)

n t

n i
cos� t = n

p
1 � sin2 � t =

r
n2 � (

n t

n i
)2 (

n i

n t
)2 sin2 � i =

p
n2 � sin2 � i(29)
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The Fresnel equations

By using the expression of Eq. 29, and a bit more elbow grease,one can come up with the following

expressions which are known as the Fresnel equations (see Pedrotti and Pedrotti Eqs. 20-23 – 20-26,

or Fowles Eqs. 2-56 – 2-59):

TE: r ? =
cos� �

p
n2 � sin2 �

cos� +
p

n2 � sin2 �
= �

sin( � i � � t )
sin( � i + � t )

(30)

TM: r k =
n2 cos� �

p
n2 � sin2 �

n2 cos� +
p

n2 � sin2 �
=

tan( � i � � t )
tan( � i + � t )

(31)

TE: t? =
2 cos�

cos� +
p

n2 � sin2 �
=

2 sin � t cos� i

sin( � i + � t )
(32)

TM: tk =
2n cos�

n2 cos� +
p

n2 � sin2 �
=

2 sin � t cos� i

sin( � i + � t ) cos(� i � � t )
(33)

The case ofn i > n t or n < 1 is that ofinternal re�ection, while the case ofn t > n i or n > 1 is that

of external re�ection. These relationships tell us a lot! We'll explore their consequences in the next

lecture.
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