Snell’s law

-

We have shown that light travels according to the principa
stationary phase, or least time. Let’s consider how lighgsg
from point P; to P> as it travels across a refractive bounde

The time is distance over velocity, or

@ = L2 _Am

U1 V2 C C
where we have used the phase veloaity = c¢/n. Light
will travel along a straight line within one medium, but wr
about at an interface? What value tofminimizes the travel

time/produces a path of stationary phase?
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Snell’s law 1]

-

To find the path of least time, let's write the lengthsandi-

in terms ofb:

b= \/y2+6  la=/43+ (a—b)>

The travel time of Eg. 1 then becomes

@ ¢= MU s+ (a0

C C

To minimize the time, let’'s set the derivative as we var

equal to zerodt/db = 0.
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Snell’s law 1]

Again, we want to minimize the time of Eq. 2 of

~ nafy? + 022 N naly2 + (a — b)?]1/2

t =
C C
by settingdt/db = O:
L 1 e s P S 01 el Ol B
db 2 C 2 C
b —b
(3) 0 = m — N9 -
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Snell’s law IV

Again our condition for minimizing the time was given i
Eq. 3:

—b

b a
0=mnq —n9
VIR \JuE+ (@b

If we consult again our original diagram, we see that we

also express this as

0O = mnisinf; —nosinbsy

(4) giving nisinf; = mnosinbs

so we have proved Snell’s law.
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Refraction at a curved interface

Consider refraction at an interface with a radius of cur-

vature—R. We'll follow a ray from the pointO as it

travels at some angle and hits the interface at a poir

P. Now Snell's law tells us

nisinfy = mn9osinfs n,
/‘82/
n191 ~ n292 - ,\"d' L
C 1 O \%
(5) nl(Oé — ¢) ~ N9 (O/ — ¢) [ { ________

where we have used the small angle approximation.
get the relationshig; = o — ¢ from considering the
trianglesPCQ, C PO, andPO(Q. We get the relation-
shipfs = o’ — ¢ from considering the triangleBCQ),
C'PI,andPIQ.
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Refraction Il

Again, we had from Eq. 5 the relationship

ni(a—¢) =na(a’ — )

in the small angle approximation. Now let's expre
these angles in terms of distances on the diagram, w

we ignore the distanc@V’: 2.7

ho h h h
nl(g——_R) = nz(_s, — —R)
6 X2 27 M rhpies 10.4)
S s’ R

Notice that we defined the distancésand R to be nega-

tive in anticipation of what will follow. This is a general

relationship for refraction at a curved interface.
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Apparent depth

Let's consider some consequences of the expression of
Eq. 6 of

ni no no — ni
__|__/:—_
S S R

First of all, consider standing on the side @ and
looking at an object at poinD within n{, and letting
R — oo for a flat interface. As you look at the obje:

and as your brain assumes that light travels in stra

lines, you will think that the object is really located

point I. That is, the apparent depths’ of the object

will be at
ny no
S s/
no
(7) ss = ——=5
ni

Lso if you're trying to spear a fish you will miss!
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Magnification

Now let's consider multiple rays from one point to another,
hitting a convex refractive surface with positivé One ray

hits the spherical surface &t = 0 so thatds = 0. Another

ray goes through the centerline of the lens so that the angle

01 from the source to the refractive interface is equal (in the

small angle approximation) th/s. The two rays cross at a

point s’ on the other side of the surface (hence our choice oif

sign convention earlier fos’). The second ray reaches that

point at an anglé> = h’/s’. From Snell’'s law we have

h h'

ni1— = n2—,

S S
. h' !
(8) giving m=—~ = 117
h nas

where the negative sign accounts for the fact that the olgect
inverted.

—n. 8/



Two refractive surfaces

-

Consider two refractive surfaces. For the first surface we hal

ni no no — nq

(9) + —= =

S1 s R

Consider a second surface immediately following. For it, w
have the opposite ordering fer; andno, and we have the

opposite radius of curvature, giving

ny N1 ni — n9
10 + =
(10) S9 sh — R

Here’s the key: if the lens is truly thin, then

(11) S

o

s
I

—S92.
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Two surfaces Il

We can rewrite our expression of Eq. 9 for the first refraciiterface as
1 nog —nyg 1 ny 1
S7 no R no S1

and our expression of Eq. 10 for the second refractive iaterbs

1 — 1 1
(13) 1 _nm-n 1 m x
S2 na Ro n2 S,
Now let’s use the result of Eq. 11 8f = —s2 to combine these two:
ny —no 1 ni 1 . n1—n2 1 ny 1
no R nosy na Ra na2 s
n 1 1 niy — no 1 1
2(2ed) - 2 Chew)
no \ S1 S5 no R Ro
1 1 — 1 1 1
— 4+ — = fe M ( — ) = — (Fowles 10.7)
R1  Ro f

s1 5’2 ni
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Two surfaces Il

For the overall optical system, we’ll writefor s; ands’ for si,. Therefore we have derived the

lensmaker’s equation in Eq. [14:
1 1 — 1 1
4= with -—=12 ”1< _ )
s s f f ni R1  R2

This allows us to calculate the focal length of a lens with sgyof spherical surfaces. This equation

1
f

assumes- R for centers of curvature located “downstream” of the lengps a double-convex lens

we haveR; = —I—|R1‘ andRy = —‘RQ‘.
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