
Bragging rights

Methodology for crystal structure determination fur-

ther worked out by the Braggs in 1913-1914.

d

q

2d sin � = n�(1)

William Henry Bragg (1862–1942;

Nobel Prize 1915)

William Lawrence Bragg

(1890–1971; Nobel Prize 1915)
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Protein crystals

One powerful use of synchrotron radiation is protein crystallography. One can coax proteins to form

crystals in the right conditions!

While NASA thinks that this is a good use of the space sta-

tion, the National Academies of Sciencessays“To date, the

impact of microgravity crystallization on structural biology as

a whole has been extremely limited.” Overwhelming progress

has been made by earth-bound robots which can try zillions

of permutations of crystallization liquors (seean exampleat

right).

– p. 2/40



Protein structure determination

Lysozyme: 20 kDa,92 � 65 � 38 Å3

– p. 3/40



Protein structure determination II

Perutz (haemoglobin) and Kendrew (myo-

globin): Nobel Prize 1962
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Number of structures deposited in the

protein data bank. Most of these are from

protein crystallography, thanks to advances

in crystallization methods, x-ray sources

(synchrotrons), and software.
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The ribosome

N. Ban, P. Nissen, J. Hansen, P. B. Moore, and T. A. Steitz, “The complete atomic structure of the

large ribosomal subunit at 2.4 Å resolution,”Science289, 5481 (2000).

3 million Daltons (1 Dalton=1 amu=1/12 mass of12 C atom), or more than 200,000 atoms. Protein

synthesis machine; a triumph of modern crystallography.
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The Compton effect

� Photon collides with an electron (initially at rest).

� What happens classically? You shake the electron

with an electromagnetic wave, and the electron

re-radiates at the same frequency. This is how

Rayleigh scattering of visible light (the thing that

scales as� � 4 and explains why the sky is blue)

works.

� If we use very high energy X or gamma radiation,

the scattered light is observed to be at a longer

wavelength/lower energy. No way to explain that

classically; must consider inelastic collisions of a

photon with an electron leading to a lower-energy

scattered photon.

Arthur Holly Compton (1892–

1962; Nobel prize 1927).

His experiment provided many

physicists with the �nal con-

vincing demonstration of the

reality of special relativity.
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Compton effect II

� Conservation of energy:

E0 + mec2 = E 0 + mec2 + Ek(2)

whereE0 is the energy of the incident photon,E 0 is the energy of the scattered photon, and

Ee is the total energy of the scattered electron.

� Conservation of momentum:

~p0 = ~p0 + ~pe(3)

with ~p0 for the incident photon,~p0 for the scattered photon, and~pe for the scattered electron.

� For an electron, special relativity tell usE 2 = p2
ec2 + ( mc2 )2 andE = mc2 + Ek .

Squaring the second expression givesE 2 = ( mc2 )2 + E 2
k + 2 Ek mc2 so we have

E 2 = p2
ec2 + ( mc2 )2 = ( mc2 )2 + E 2

k + 2 Ek mc2

p2
e = (

Ek

c
)2 + 2 Ek m(4)
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Compton effect III

� Consider again the conservation of momentum (Eq. 3) of~p0 = ~p0 + ~pe . Let's use the

relativistic result ofp = E=c for a photon to write

p =
E
c

=
hc
�

1
c

=
h
�

:

� Make a vector diagram of momenta:

h/l 0

h/l '
pe

q

� Law of cosines:

p2
e = (

h

� 0
)2 + (

h

� 0
)2 � 2

h

� 0

h

� 0
cos�(5)
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Compton effect IV

� Return to Eq. 2 ofE0 + mec2 = E 0 + mec2 + Ek and writeEk in terms of incident and

scattered photon wavelengths:

Ek =
hc
� 0

�
hc
� 0

(6)

� Remember Eq. 4 ofp2
e = ( E k

c )2 + 2 Ek m. If we substitute Eq. 6 into this we have

p2
e =

�
h
� 0

�
h
� 0

� 2

+ 2 mc
�

h
� 0

�
h
� 0

�
(7)

� And we had Eq. 5 of

p2
e = (

h
� 0

)2 + (
h
� 0

)2 � 2
h
� 0

h
� 0

cos�

� We can equate the expressions forp2
e of Eqs. 7 and 5:

(
h
� 0

)2 + (
h
� 0

)2 � 2
h
� 0

h
� 0

cos� =
�

h
� 0

�
h
� 0

� 2

+ 2 mc
�

h
� 0

�
h
� 0

�
(8)
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Compton V

� Again, we are at the point of Eq. 8:

(
h
� 0

)2 + (
h
� 0

)2 � 2
h
� 0

h
� 0

cos� =
�

h
� 0

�
h
� 0

� 2

+ 2 mc
�

h
� 0

�
h
� 0

�

h2

� 2
0

+
h2

� 02
� 2

h2

� 0 � 0
cos� =

h2

� 2
0

+
h2

� 02
� 2

h2

� 0 � 0
+ 2 mc

�
h
� 0

�
h
� 0

�

h
� 0 � 0

(1 � cos� ) = mc
�

1
� 0

�
1
� 0

�

h
mc

(1 � cos� ) = � 0 � � 0(9)

giving us in Eq. 9 the wavelength shift of Compton scattering.
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Thinking about the Compton effect

� You know from the homework problems that the wavelength shift � 0 � � 0 is very small—like

hundredths or thousandths of a nanometer. It is partly for this reason that it is not a factor in

the scattering of visible light which has a wavelength of 350–700 nm. However, there is a

related effect of inelastic scattering for visible light where a photon transfers some energy to

vibrational states in molecules; it's called Raman scattering after a scientist from India.

� In fact, the cross section for Compton (inelastic or incoherent) scattering is also very low for

photon energies below a few keV:
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More thinking about the Compton effect

� In fact the inelastic peak is broader than one would expect from the calculation of� 0 � � 0

(people speak of the peak having a “Compton pro�le”). This means that the simple picture of

one photon scattering from an electron that is initially at rest is not quite complete.

� In atoms, electrons are restless rather than stationary! The electron carries some non-zero

initial momentum, and we should really consider a more complicated problem:

! Incident photon, electron in motion, remaining part of atomat rest.

! Outgoing photon, electron in different motion, remaining part of atom with some recoil

momentum.

This means there is a three-way sharing of momentum on the output end, so that the outgoing

photon's momentum (and energy) is less precisely de�ned.
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Electrostatic and gravitational forces

� Recall electrostatic force:F = 1
4�� 0

q1q2

r 2 .

� Recall gravitational force:F = G m1m2
r 2 .

� Ratio is4�� 0 G m1m2
q1q2

.

� Two protons:

4�� 0 G
m1m2

q1q2
= 4 � � 8:854� 10� 12 � 6:674� 10� 11 (1:672 � 10� 27 )2

(1:602 � 10� 19 )2 = 8 :09� 10� 37

� Two electrons:

4�� 0 G
m1m2

q1q2
= 4 � � 8:854� 10� 12 � 6:674� 10� 11 (9:109 � 10� 31 )2

(1:602 � 10� 19 )2 = 2 :40� 10� 43

� Gravity is a wimp!Most things must be electrostatically neutral.
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The discovery of the electron

� The American Institute for Physics has a good

web siteon this.

� Remember that much was swirling about with

cathode ray tubes: �rst the discovery of X rays, then

the discovery of electrons, then the photoelectric

effect, all within a decade.

� Cathode rays: drawn from regular matter (the

cathode). Are they particles? Constituents of atoms?

Do they have some elementary charge?

� J.J. Thomson, director of the Canvendish Lab at Cam-

bridge, thought so, but wanted to prove this.

J.J. Thomson (1856–1940;

Nobel Prize 1906)
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Thomson's experiments

1. cathode rays carry negative charge

(electrometer).

2. with good enough vacuum, electric �eld

de�ects cathode rays

3. use an accelerating voltage to give corpus-

cles with the same charge the same velocity

qVx = (1 =2)mv 2 or v =
p

2qVx =m
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Magnetic �eld alone

Thomson's third experiment with a magnetic �eld alone:

m
v2

r
= qvB )

q
m

=
v

rB
)

q
m

=

p
2qVx =m

rB
=

r
q
m

p
2Vx

rB

giving
q
m

=
2Vx

r 2B 2
(10)

so I'm mysti�ed why Thomson didn't consider this suf�cient!Note that this ignores relativity; it

would have us start out with
mv 2=r = qvB (1909).
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Electric �eld alone

� Acceleration due to voltageVy over plate separation

d: ay = qE=m = qVy =(md)

� Velocity in ŷ changes from 0 to

vy = ay � � t =
qVy

md
�

`
vx

(11)

� Recall velocity inx̂ direction:vx =
p

2qVx =m

� Angle upon leaving electric �eld region:

� ' tan � =
vy

vx
=

qVy

md
`

vx

1
vx

=
q
m

`Vy

dv2
x

(12)

=
qVy

md
`m

2qVx
=

lVy

2dVx

which tells us nothing aboutq or m.
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Electric and magnetic �elds together

� If we start from the electric �eld result of Eq. 12 of

� =
q
m

`Vy

dv2
x

and add in an orthogonal magnetic �eld to cancel out the electric �eld direction, we then have

qvx B = qE so vx =
E
B

=
Vy

Bd
(13)

� We can use this result of Eq. 13 in the expression of Eq. 12:

� =
q
m

`Vy

dv2
x

=
q
m

`Vy

dV 2
y

B 2d2 =
q
m

`dB 2

Vy

giving
q
m

=
�V y

`dB 2
(14)

which also gives us a way to measure the ratioq=m (Serway Eq. 4.7). Why is this better than

the magnetic-�eld-alone result of our Eq. 10? I'm not sure: : : Maybe Thomson felt it was

easier to measure� rather thanr ?
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Thomson's plum pudding model

� Atoms, like nearly all matter, are electrically neutral.

� “Corpuscles” of negative charge have knowne=m

ratio. Since remaining bit of hydrogen atom is

equally positively charged, and mass of atom could

be estimated, Thomson inferred that electrons have

equal but opposite charge and thus carry only

1=800th of the mass.

� Therefore bulk of atom must be positive with little

negative bits inside: the plum pudding model.

� Post-Einstein: “classical” radius of the electronr e = 2 :82 � 10� 15 meters. This equates

energy required to shrink an electron charge from a radius ofin�nity down to a radius at

which electrostatic energy stored is equal tomc2 rest energy. Compare with Einstein's

Brownian motion estimate of atom sizes of about2 � 10� 10 meters.
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Indigestion from plum pudding

Displacing an electron byr from the center of an atom of radiusR and positive chargeZ gives a

restoring force of

F =
Ze2

4�� 0R3
r(15)

(see Krane Eq. 6.1) which has the formF = kr with k � Ze2=(4�� 0R3 ). Therefore for hydrogen

(Z = 1 ) we have a harmonic oscillator with a resonant frequency of

� =
1

2�

p
k=m =

1
2�

e
p

4�� 0 R3 me

=
1

2�
1:602 � 10� 19

p
4� � 8:854 � 10� 12 � (1 � 10� 10 )3 � 9:109 � 10� 31

= 2 :5 � 1015 Hz

This corresponds to a radiation wavelength of� = c=� = 120 nm.
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Elementary charge

� R.A. Millikan and H. Fletcher at the University of

Chicago, 1909: Charge always comes in integer

multiples of a basic value. So now we really havee

pinned down, and therefore we also knowme !

� Millikan also carried out further studies of the pho-

toelectric effect, con�rming Einstein's prediction and

obtaining an improved value for Planck's constanth

during the time period 1912–1915.

R.A. Millikan (1868–1953;

Nobel Prize 1923)
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Meanwhile: : : Radioactivity!

� Early 1896: Henri Becquerel noticed that uranium

compounds would fog photographic plates–the

discovery of radioactivity.

� 1898: Marie Sklodowska Curie measures

radioactivity by looking at ionization of air.

Unaffected by chemical binding, heat, etc.! Husband

Pierre then joins research; they discover radium and

polonium.

� Radioactive decay releases energies in the MeV

range!!!

� Becquerel, and Marie and Pierre Curie share the 1903

Nobel Prize in Physics. Marie is awarded the 1911

Nobel Prize in Chemistry.

Antoine Henri Becquerel

(1852–1908)

Marie Curie (1867–1934) and

Pierre Curie (1859–1906)
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Enter Rutherford: the alpha male

� Grew up on a farm in New Zealand, and studied at

the University there. Applied for a graduate

scholarship at Cambridge and worked at home while

awaiting a reply. When the scholarship letter came

(1894), he threw down his shovel and said “That's

the last potato I will ever dig.”

� McGill University in Montreal, 1898–1907.

University of Manchester, 1907–1919. Cavendish

Professor at Cambridge, 1919–1937.

� “All science is either physics or stamp collecting”

Ernest Rutherford (1871–

1937; Nobel Prize in Chem-

istry, 1908)
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Discovery of the alpha particle

Rutherford at McGill in Montreal, 1905:

� Fill thin-glass-wall tube with radon, which emits alpha particles (� ).

� Surround that tube with another thick-walled, evacuated tube.

� After a few days, helium identi�ed in the outer tube by its characteristic spectrum.

� Alpha particles are helium nuclei (2 protons, 2 neutrons, or4
2He2 , usingA

n XZ).

� Other radioactive decay emissions:� � are electrons,
 are very energetic photons.

1908 Nobel Prize in Chemistry.
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Use� particles to probe the nucleus

� Radium emits� particles with 5 MeV kinetic energy. Assume for now (not quite right) that

m = �938:3 + 2 � 939:6 = 3757:8 MeV/c2 ; gives

v = 2
q

5 MeV=(3757:8 MeV/c2 ) = 0 :365c = 2 :2 � 107 m/s.

� Equivalently,m = 2 � 1:673 � 10� 27 + 2 � 1:675 � 10� 27 = 6 :696 � 10� 27 kg and

v = 2
p

(5 � 106 eV) � (1:602 � 10� 19 J/eV)=(6:696 � 10� 27 kg) = 2 :2 � 107 m/s.

� Gold nucleus signi�cantly outweighs� . Gold can be hammered into very thin foils.

Interatomic spacing:

�
A

�N A

� 1=3

=
�

197 g/mol

(18:9 g/cm3) � (6:02 � 1023 mol� 1 )

� 1=3

= 2 :6 � 10� 8 cm

� While at McGill, Rutherford had noticed signi�cant scattering at large angles. That seemed

odd: : :

� After receiving Nobel Prize, Rutherford is offered position at Manchester in U.K. Assigns

further investigation of this to Ernest Marsden (18 year oldundergrad at start of experiments),

aided by Rutherford's “postdoc” Hans Geiger.
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Thomson scattering I

� Particle of chargeze approaches a sphere of charge

Ze in a radiusR, with an impact parameter (distance

off from the centerline) ofb.

� For small� , distance particle travels through sphere

is chordc at b, or

b2 +
� c

2

� 2
= R2 or c = 2

p
R2 � b2 :

� Time that particle spends inside the sphere is (Krane

Eq. 6.5)

T = 2

p
R2 � b2

v

Scattering geometry (like

Krane Fig. 6.3):

b

r

j
q

Chord of sphere:

c/2

R b
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Thomson scattering II

� What force does particle experience? Use Eq. 15:

Fy = F cos' ' kzr
b
r

' kzb with k �
Ze2

4�� 0R3

� Momentum impulse transferred to the scattered particle (like Krane Eqs. 6.2, 6.6):

� py =
Z

Fy dt =
Z

kzb dt = kzbT =
2kzb

v

p
R2 � b2 :

� Scattering angle� is then (Krane Eq. 6.8)

� '
� py

p
=

2kzb
mv 2

p
R2 � b2 :(16)

� Forb = R=2 and using Eq. 15, we have (like Krane Eq. 6.9)

� typ. = 2 k
z(R=2)

Ek
R

r
3
4

=
p

3
Ze2

4�� 0R3

zR2

2Ek
=

p
3 zZe2

8�� 0 R E k
(17)
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Thomson scattering III

� Usez = 2 , Z = 79 , R = 2 :6 � 10� 10 m,

Ek = (5 � 106 eV) � (1:602 � 10� 19 J/eV) = 8 :0 � 10� 13 J to obtain

� typ. =

p
3 zZe2

8�� 0 R E k

=

p
3 � 2 � 79 � (1:602 � 10� 19 )2

8� � (8:854 � 10� 12 ) � (2:6 � 10� 10 ) � (8:0 � 10� 13 )

= 1 :5 � 10� 4 rad= 0 :15 mrad(18)
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Rutherford's suggestion

� So: : : What's inside the bowl of plum pudding? Let's shoot bullets of � 8000� mass of

electron to �nd out!

� Gold hammered to 2� m thickness: about104 atoms thick.

� Net de�ection angle forN uncorrelated scatterings of value� each is
p

N�

� Thus for gold foil we expect about100� typ., or about 15 mrad.

� Not at all consistent with Rutherford's earlier observations! Look into it more closely.

� Rutherford assigns experiment to Ernest Marsden (age 20) and Hans Geiger. They use a

microscope focused on a ZnS screen to observe �ashes of lightfrom single� particles.
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The unexpected

Marsden and Geiger �nd signi�cant scattering at large angles! Rutherford:

It was quite the most incredible event that has ever happenedto me in my life. It was

almost as incredible as if you �red a 15-inch shell at a piece of tissue paper and it

came back and hit you. On consideration I realised that this scattering backwards

must be the result of a single collision, and when I made calculations I saw that it was

impossible to get anything of that order of magnitude unlessyou took a system in

which the greatest part of the mass of the atom was concentrated in a minute nucleus.

As reported by Rhodes inThe making of the atomic bomb
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Rutherford's interpretation

� Return to Eq. 17 of

� typ. =

p
3 zZe2

8�� 0 R E k

� We need to scale up from single scattering of 0.15 mrad to 1.5 rad, or a factor of104 .

� What's the chance of havingall 104 scattering events give� > � typ.? Assume probability of

(1/2) for each scatter to be larger than� typ.; net probability is then(1=2)104
. If we have

A = B C , then

log10 A = log 10 B C = C log10 B;

so(1=2)104
= 10 104 log 10 (1 =2) = 10 � 3000 .

� To do this byN uncorrelated scatters, we would need
p

N = 10 4 or N = 10 8 or a foil

thickness of108 � 2:6 � 10� 10 m = 2 :6 cm. Ludicrous!

� What can we change?R is the only thing! Must scale it down by10� 4 , from 2:6 � 10� 10 to

2:6 � 10� 14 .
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Re-examine the situation

� Conclusion: the nucleus isverysmall. When Rutherford �gures it out (early 1911), he

marches into Geiger's of�ce humming “Onward Christian Soldiers” and announces, “I know

what the atom looks like!”

� With a point-like nucleus, electrons must be in some sort of orbital motion.

� Now we re-think the problem, withR � b. It can be shown that a particle follows a

hyperbolic path when it passes near a point source of a1=r 2 repulsive force. For Coulomb

repulsion, one obtains (Krane Eq. 6.12)

1
r

=
1
b

sin ' +
zZe2

8�� 0b2Ek
(cos ' � 1);(19)

whereEk is the kinetic energy of the alpha particle.

� For scattering angles of� = � � ' , one can solve forb to obtain (Krane Eq. 6.13)

b =
zZe2

8�� 0Ek
cot(

1
2

� ):(20)
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Rutherford scattering II

� Fractionf of scatterings at an angle of� or larger will be given by the fractional area taken up

by atoms with impact parameterb in a foil of thicknesst ; this can be found to be (Krane

Eq. 6.15)

f >� =
�N A

A
t �b 2 :(21)

� To �nd the range of impact parametersb to b+ dbwhich produce scattering within an angular

ranged� , we must �nd

d(f >� ) =
NA �

A
t (2�b db ):(22)

� Thedb term can be found from Eq. 20 to be (Krane Eq. 6.16)

db =
zZe2

8�� 0Ek
(� csc2 [

1
2

� ])(
1
2

d� );(23)

which gives (Krane Eq. 6.17)

d(f >� ) =
NA �

A
�t

�
zZe2

8�� 0Ek

� 2

csc2 (
1
2

� ) cot(
1
2

� ) d�:(24)
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Rutherford scattering III

� In fact, our detector is not likely to collectall events at an angle larger than� ; instead, we will

consider the fraction of events which fall in a ring at a distancer from the scatterer which

collects an angular range ofd� about� .

� The detector area integrated over2� azimuthally, the radius of thed� ring is r sin � , and the

width of the ring isr d� , so the detector area is2�r 2 sin � d� .

� The fractionN (� ) of events we expect to detect can then be shown to be (Krane Eq.6.18)

N (� ) =
NA �

A
t

4r 2

�
zZe2

8�� 0Ek

� 2 1

sin4 ( 1
2 � )

:(25)
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Angular distribution

Agreement between Rutherford's theory and Marsden's experiments (Krane Fig. 6.14):
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Effect of foil thickness

Rutherford predicts thatN (� ) / t , the foil thickness, whereas recall that the Thomson model would

have predictedN (� ) /
p

t . See Krane Fig. 6.11:
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Effect of atomic numberZ

Rutherford predictsN (� ) / Z 2 , which stands in contrast to the linear dependence onZ in Eq. 17.

See Krane Fig. 6.12:
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Distance of closest approach

� In backscattering, the kinetic energy of the alpha particlemust be converted completely into

electrostatic potential energy at the point of closest approach.

� This gives a minimum radius of (Krane Eq. 6.22)

r min =
1

4�� 0

zZe2

Ek
;(26)

which for a 5 MeV alpha on gold givesr min = 5 � 10� 14 m.

� In fact, an absolute measurement ofN (� ) was shown to be consistent with a radius of the

nucleus which is almost a tenth of this value, which is why thealpha particle does not induce

�ssion in gold.
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The Rutherford atom I

� Rutherford model: electrons orbiting nucleus.

� Orbital frequency? Coulomb force provides centripetal force, or

m
v2

r
=

1
4�� 0

e2

r 2
(27)

from which we can calculate a velocity ofv = 1 :6 � 106 m/sec and a kinetic energy of

1:2 � 10� 18 Joules or 7 eV.

� Oscillation frequency is

f =
v

2�r
=

s
1

2(2� )3 � 0

e2

mr 3
:(28)

If we user = 10 � 10 m to represent atomic dimensions, we obtainf ' 3 � 1015 Hz, which

corresponds to UV light with a wavelength of about 100 nm.

� Therefore it is not unreasonable to expect that the Rutherford model of the atom will

somehow provide a way of explaining atomic spectra.
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The Rutherford atom II

� How long will the electron be able to orbit the atom? The acceleration can be found from

ma =
1

4�� 0

e2

r 2
:(29)

� In classical electrodynamics, one can calculate the power radiated by an accelerated charge by

the Larmor formula of

P =
1

4�� 0

2
3

e2a2

c3
;(30)

from which we �nd that the power radiated by the electron would be expected to be

P ' 4 � 10� 9 J/sec.

� The electron of energy1:2 � 10� 18 J would therefore be expected to last only 0.3

nanoseconds before it would have radiated all its energy andcrashed into the nucleus!
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